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1st Part 
SPACE TIME AND MAPS 1 

 

Abstract 

Concepts of space and time were important for man, at various levels, for philosophy, science and religion. 

Astronomy, Philosophy, Mathematics, Physics, Geography and Cartography were most involved topics. 

Actually, shape and history of Universe, and specially of Earth, are related to their representation: so, ideas 

about space and time have largely coped with survey and mapping, from Geodesy to Geomatics. 

 

1. Introduction 

Concepts of space and time have always been important to man, at different levels, for everyday life, for 

philosophy, science and religion. The perspective here relates more closely to European science, while 

acknowledging the independent development of science in Middle, South and Far East. Partition of time and 

space is somewhat different in different ages and cultures (Chinese, Indian, Arabic / Persian, etc.). As for 

space, for instance, Darwin (Odifreddi, 2010) used a certain number of particular homogeneous areas: 

 

 Asia, Europe, Mediterranean Africa and North America; 

 Latin America, which ends with the desert highlands of present United States; 

 Sub-Saharan Africa; 

 Madagascar; 

 Australia, New Guinea and New Zealand. 

 

Indeed all cultures define time and space around them, by a imposition of a specific order (physical, mental 

and cultural). The following is a short history of the evolution of the concepts of space and time in Western 

culture, from the myths to the scientific concepts. A sense-based conception of space and time defines, that 

space recognizes the physical extension and it’s the main object of measurement, calculation and analysis of 

surveying and mapping disciplines; however the notion, that time flows in one direction is merely a property 

of human consciousness. 

Astronomy, Philosophy, Mathematics, Physics, Geography and Cartography are the subjects most involved. 

Indeed the shape and history of the Universe, and especially of the Earth, relate to how these have been 

represented. Thus ideas about space and time largely dealt with survey and mapping, from Geodesy to 

Geomatics. Understanding space involves two human operations, different but closely related, vision and 

handling. They let classify spaces and objects: 

 
1 Bellone T., Mussio L. (2018): Space, Time and Maps. In: R. Cefalo, J.B. Zieliński, M. Barbarella (Ed’s.) New Advanced GNSS and 3D 
Spatial Techniques – Applications to Civil and Environmental Engineering, Geophysics, Architecture, Archeology and Cultural Heritage 
– Lecture Notes in Geoinformation and Cartography, Springer, Berlin/Heidelberg, p. 15-34 
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 objects, that may stay in hands; 

 objects, that may be seen just moving the head; 

 objects, that may be seen just walking around them; 

 object, contained in a space, which may be visited by a simple walk; 

 the same as above, to be recognized by more trips; 

 Earth space; 

 Universe space. 

 

The first object of this classification has specific Cartesian orthogonal characteristics. Exactly by extension, 

the same Cartesian characteristics are attributed also to the second and third objects. On the contrary, 

starting from the fourth object, an important feature is the spherical form, relative to the observer’s vision, 

which separates into a flat projection of the image and in a measure of the spherical distance. Thus 

according to Husserl, due to axis rotation, where distance becomes altitude and, due to curvature inversion, 

where a concave form becomes a convex one, recognizing the spherical form of the Earth. 

Plant and animal behaviours are referred to space and time (and also number), e.g., vertical direction, 

season sensitivity, etc. Human behaviours extend, but not contradict their original physical nature. Animals 

have a kind of intuitive sense-based knowledge of physics, registered in the brain as a result of natural 

selection. Some animals are able to estimate quantities and to count to four. Thus shaping a branch to get a 

stick, in order to measure the depth of a river, is in any case an example of an elementary Geomatics 

procedure. 

The ability to represent themselves by the mind, in the past and in the futures, is a mental time travel. 

Cognitive scientists haven’t yet determined whether this capacity belongs to animals. Anyway, there are 

neurons in the brain of some animals selectively sensitive to the number of objects, regardless of their size, 

shape or location (generally only until four). 

However only the human being, through language, is able to apply grammar and syntax to the phrases and 

consequently to the numbers by the so-called recursively rules. For these reasons, the Kantian a-priori form 

intuition includes the number and the capability to measure. Therefore according to Chomsky (Chomsky et. 

Al., 2002), two a-priori forms: broad and narrow, are the unique human component of the linguistic faculty: 

 

 the Linguistic Faculty: broad, includes a sensory motor system, a conceptual intentional system and the 

computational mechanisms for recursion; 

 the Linguistic Faculty: narrow, based on the computational mechanisms for recursion, provides the 

capacity to generate an infinite range of expressions from a finite set of elements. 

 

Darwin conducted experiments on plants and animals, which still today affect the research: 

 

 plants are aware of gravity and they can distinguish up from down; 

 plants to survive must know the direction of the surrounding light; 

 plants don’t measure the length of the day, but that of the continuous period of darkness; 

 a common structure for time, space and number exists in the brain of animals and humans; 
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 an animal evaluates how many trips it is necessary to make to obtain a finite supply of food. 

 

 

Fig.1 Chimpanzee preparing a stick (from it.dreamstime.com) 

 

 

Fig.2 Orangutan measuring the depth of a ford (from ViralSpell.com) 

 

2. The thought of the ancient Greeks 

Many ancient cultures believed, that the Universe was developed from the centre of the Earth, which holds 

together the Universe. 

The axis of the world establishes an order in the cosmos, but the problem, is that really the axes are two: the 

first axis, materialized by the feeling of gravity, connects the zenith, the location on the Earth and the nadir: 

this axis divides the space into three parts: Earth, Heaven and Underworld, and it’s symbolized by the 

human being himself and by a sword; the second axis is the polar axis: this axis is indicated by a whirlpool, a 

mill or a round walk of an animal. 
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Many ancient rites provided for the alignment of the axis of gravity with the polar axis, and the ancients 

feared, that would return chaos, if the centre of the Earth had collapsed. For these reasons, from the 

beginning human beings have felt the need of a reference system (De Santillana et Al., 2011). 

The Greeks travelled in the Mediterranean Sea (e.g., Argonauts, Ulysses and circumnavigation of Africa by 

Phoenicians), approaching new concepts of space and time. Therefore geographical data, represented in 

maps, are acquired according to celestial and terrestrial measurements; nevertheless numbers, weights and 

measurements became much more important since Middle age, thanks to contributions of Indian, Persian 

and Arabs. 

Going deeply at the origin of Western scientific thought, Cartography from the beginning has two aspects: it’s 

the representation of the entire world, in the broadest sense, but it’s often a representation of a certain 

territory, for immediate purposes. Indeed, Greek Geography is related to Cosmology rather than to practical 

purposes. Anaximander (Rovelli, 2014) believed, that everything derives from a primordial substance, in 

which everything dissolves later (the contemporary philosopher Popper believes, that Anaximander was at 

the origin of scientific thought). 

According to Anaximander and his Greek followers, time is derived by a cyclical conception and space is 

homogeneous, so that the Earth is floating in space, without falling, without the need to lean on something. 

There aren’t absolute directions, so things don’t fall to an absolute low (a direction that is the same 

everywhere in the universe). However the things fall to Earth and the very meaning of high and low becomes 

ambiguous.  

Successively the concepts of space and time develop largely in the thought of ancient Greeks (Abbagnano, 

1982, Vol.1). The Greeks, in particular the Pythagoreans and Aristotle, founded it difficult to conceive of the 

nothing and the non-being. Thus space is occupied by the objects, which it contains; however in Indian 

thought the idea of zero, the possibility of nothingness and the empty space are present from early times. As 

said above, time is mostly cyclical; indeed the Earth's rotation around its axis determines the alternation of 

days and nights, and its rotation, around the sun in the ecliptic, determines the changing of the seasons. 

Plato and Aristotle believed the cosmos to be a finite amount of spherical form, because only the sphere is 

perfect. In Aristotelian cosmology, in turn, also accepted by Ptolemy, the idea of space itself doesn’t change, 

because only individual substances exists, of which space is the premise. 

On the other hand, the classical Greek thought wasn’t so uniform as one may think; indeed among 

Pythagoras’ pupils, for example, there were different opinions about the possible finiteness of the Cosmos. 

Also the exclusion of the void wasn’t so general; indeed for Democritus and Epicurus atoms move in an 

empty space. 

Furthermore Democritus realized, that the matter can’t be a continuum. Indeed if an object is continuously 

divided, in the end, points without extension are obtained, but putting together these un-extended points, it 

would be impossible to remake the object. The alternative is to assume, that any piece of matter is made up 

of a finite number of discrete indivisible particles, called atoms. 

According Democritus, the space became the container of the world, whose constituent elements are the 

same for all beings. It’s an immense space, undifferentiated and absolute, the space which will be found 

again in the physics of Newton. Therefore Greek geometry doesn’t directly affect the space, but the shape of 

things that fill it. These forms are considered independently of the objects, which can be assigned. 
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Moreover since any object of the world perceived by the senses can have the perfect forms of geometry, 

these can only exist as ideas. Plato's ideas are original essences, the prototype of all the sensible things. 

These are generated by a demiurge in the image and likeness of those ideals, which are perfect, eternal and 

immutable. 

After Alexander's death, his empire was divided and his general Ptolemy I chose Alexandria as the capital, 

where he began the construction of the legendary library. Just in Alexandria, the mathematician and 

philosopher Eratosthenes calculated the radius of the Earth and founded the mathematical geography, 

where Hipparchus invented America, due to different tides in two oceans and Ptolemy drew the map of the 

known Earth. 

For Aristotle the spheres, made of ether, rotate materially, with the planets fixed on them, but Ptolemy had 

an abstract perspective, as a mathematician, so that the spheres aren’t real nor material. Aristotle and 

Ptolemy said, that a state of rest is the most favourable and the Earth doesn’t move; in contrast, in modern 

times, both Galilei and Newton were interested to the motion of bodies. Going against the geocentric 

favoured configuration Aristarchus of Samos and Archimedes proposed an innovative heliocentric 

configuration, as Persian astronomers in the Middle Ages and Copernicus in the Renaissance would do. 

 

 

Fig. 3. Eratosthenes’ map (from Wikipedia) 

 

3. From Middle Age to the Renaissance 

As for time, Greeks saw it as cyclical and absolute; in contrast, in modern times, it will be linear and absolute 

(according to Newton), or linear and relative (according to Einstein). Quite the opposite was Augustine of 

Hippo’s view, who stated, that time is related to physical perception, as it’s in Leibnitz, Herbart, Gestalt 

theory and Psychoanalysis. Indeed the Middle Age, time was created by God with the universe, but its 

nature remained deeply mysterious. 

Augustine criticized Aristotle’s conception of time as a measure of motion of stars and stated, that time was a 

stretching of the soul (distentio animi), so that time lost its absolute meaning, becoming interior time. The 

subject, while living only in the present, is aware of the past thanks to the memory and of the future by virtue 

of waiting. 
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Fig. 4.Ptolemy’s map (from Ancientcoinsforeducation.org) 

 

From Augustine on, Christian thinking conceived the time as linear-progressive and not cyclical-circular as in 

the ancient world. 

Travels, from Renaissance to XVIII century and over, stimulated production of maps and related instruments, 

finding that correct geographical coordinates are essential at sea. While fixing latitude was comparatively 

easy, the problem of longitude required a good timepiece; availability of accurate watches and good lenses 

depended on the alliance of science and technology, founding the Nova Scientia of the modern times (it’s 

perhaps no coincidence, that Spinoza himself was a lens-maker). Renaissance went over certain limits of the 

Middle age: 

 

 a copy of Lucretius’ De Rerum Natura was found; 

 the Elements of Euclid and the Geography of Ptolemy were translated into Latin from Greek, becoming 

accessible to European scholars; 

 Erasmus of Rotterdam published the Encomium Moriae and Thomas More his Utopia; 

 the claim of Reform favoured an increment of the economic development in Netherland and England, 

and promoted the production of new maps. 

 

For these reasons, the concept of space as an entity in itself derives from the Renaissance. It would be a 

symbolic form, in the sense given by the neo-Kantian Cassirer. The T-O maps expressed a Christian imago 

mundi (Fig.5), but were not a realistic description of the world. (Brotton, 2013). Nevertheless, it was medieval 

minds which invented perspective (Fig. 6), dispensing with religious reference. Just in the Middle age, 

numbers, weights and measurements became much more important, thanks to contributions of Indian, 

Persian and Arab scientists and people. 
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Fig. 5 An example of TO map (from Pinterest.com) 

 

4. The modern age 

In the middle of XVI century, a group of cartographers and cosmographers was formed in the Netherlands, 

including Mercator, who reformed the Cartography. As a consequence, a map results from a plane design of 

Earth’s surface, taking into account the Cartesian reference system, as well as Euclidean geometry and 

Galilean physics. The mathematician and cosmographer Mercator, that studied at the Catholic University of 

Leuven (the same at which Erasmus had been a student), is also known for a treatise on triangulation. 

According Descartes: the extension in length, breadth and depth, which constitutes the space occupied by a 

body, is exactly the same as that which constitutes the body; consequently there can’t exist a space 

separate from body; space, time and motion are just relations among bodies and not separately existing 

entities or attributes, which are in any way independent of material bodies; also motion only exists as a 

relative difference among bodies. 

According to Spinoza: number is used to determine the discrete amount and measurements determine 

continuous quantity; man, as mind and body, is a simple determination of two dimensions of the essence of 

God: thought and extension. Time, in contrast, explains duration, being relative and not an absolute entity; 

since it is not a divine property. 

Indeed if a man observes a phenomenon knowing all its causes and all its premises, he will arrive at a 

statement devoid of any reference to time, and always true. However a man can’t know all causes and 

consequences of things, and that's why he sees things arise and perish only. During the globalization of the 

modern era the early development was accomplished by practicability of seas, largely enhanced by 
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availability of better maps. Also Columbus stated, that all points on Earth surface are equivalent as they may 

be described by merely two coordinates. 

 

 

Fig. 6 Perspective view of the Baptistery of Florence (Brunelleschi) (from istitutomaserati.it) 

 

Willem Blaeu,a pupil of the astronomer Tycho Brahe, returned to the Netherlands, drew high-quality maps of 

various States, also forming important Atlases, and became cartographer for the Dutch East India company. 

Matteo Ricci, with the Chinese mathematician Xu Guangqi, translated the first books of Euclid's Elements in 

Chinese; he also drew a world atlas for Chinese, personally taking care of the translation of European names 

in the local language, and introduced in Europe many aspects of Chinese civilization. 
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In the same period, the Modern Physics was born. Newton assumed, that space is absolute in nature, some 

sort of void container of objects and facts, based on Euclidean geometry. Quite the opposite was Leibnitz’s 

view, where space derives from relationships between objects, as in Gestalt theory and Psychoanalysis. 

The philosophical insights of Cusa, Copernicus, Giordano Bruno, etc. gradually changed the conception of 

the Cosmos and the idea of a well-ordered world, finite and finalized. Gassend presented the atomistic 

conception with energy, saying that space and time were pre-conditions for the existence of the substance, 

not its attributes, and with his statements, he risked charges of heresy. His geometrical and mechanistic 

conception, which supports the origin of modern physics is the product of Plato’s mathematics, evolved into 

a strange alliance between Plato and Democritus. 

Newton founded his mechanics on the idea, that space was distinct from bodies and time would pass 

uniformly. His universe is an infinite space, in which the bodies move in a straight line unless they are 

deviated by another body exerting a force. Leibnitz, the great rival of Newton, believed that space is the 

order, which makes the bodies to be placed and, since they exist together, they have a relative position to 

each other, and the time also is a similar order, in relation to their next position. 

The laws of mechanics are the same for all inertial reference systems, whatever is the velocity, is the well-

known discovery of Galileo. Newton worried it, because of his belief in an absolute God. However Newton 

was criticized for his irrational conception, particularly by Berkeley, who believed, that all material objects, 

space and time were illusions 

The relativity of space was implied in Bruno, who stated, that there are infinite heavenly bodies and endless 

motions of the universe, all of which can be used to define the time. Galileo saved only relativity of motion, 

Leibnitz instead followed the idea of Bruno about general relativity of motion, time and space. The 

phenomenological conception of Leibnitz is a necessary step to understand the next revolution done by 

Kant. 

Locke analysed human intellect, to identify the possibilities and limits. Space and time aren’t absolute 

realities, because space is born from simple ideas, that come from the sight and touch, and time is born by 

the interior experience of a continuous flow of ideas, which come one after the other (Abbagnano, 1982, Vol. 

2). Hume didn’t accept any external reality, but only impressions and ideas, of which people have immediate 

consciousness: people don’t perceive a pure and absolute space, but only coloured dots, arranged in a 

certain order. The idea of space rises from aggregating them in a general name and the same is applied to 

the time. The geometry is an empirical science, because only arithmetic and algebra are rationally 

demonstrable. The modern philosopher Russell stated, that Hume’s philosophy overcomes also Kantian 

critical synthesis. 

 

5. The Enlightenment 

The Enlightenment and Kant are strictly linked. Indeed according to Kant’s philosophical legitimation of 

Euclidean geometry and Newtonian physics, space and time are inner conditions of mankind, which allow 

the perceptions and will later be ordered by logical categories, refusing religious assumptions, as generally 

not done before. 

Kant believed, that space and time aren’t objective realities, but subjective constraints, which allow sensory-

cognitive capacity of the human mind to represent objects, e.g., a priori forms of sensitive intuition. 
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Fig. 7 Map of Africa (Mercator, 1595) (from Wikipedia) 

 

 

Fig. 8 Map of the World (Blaeu, 1635) (from Wikipedia) 

 

Appearances are phenomena, things in themselves noumena, while space and time, a priori forms of 

intuition, are transcendental and universal, i.e., they belong to human beings, endowed with reason, 

thorough logical categories. 

The efforts to demonstrate the fifth postulate of Euclid, by Saccheri and Legendre, resulted in the emergence 

of new non-Euclidean geometries. Thus hyperbolic geometry was due to Gauss, Bolyai and Lobačevskij, and 

later, Riemann founded spherical and elliptical geometry. Riemann questioned also the uniqueness of 

Euclidean geometry, which was before considered the ideal abstraction of actual physical space. 

At that time, the principal question was if the Earth was a spheroid flattened at the poles or at the equator. 

Newton preferred the second hypothesis, on the basis of physical considerations, Descartes and Cassini, 

according Descartes, the first one, on the basis of philosophical considerations. 

Kant (Kant, 1999) taught at Koenigsberg University physical geography and wrote in lecture notes for his 

students, that two journeys were organized to measure the degree of meridians: La Condamine, Godin, 

Bouguer left for Quito, a town then belonging to Peru in South America, and in the following year, 
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Maupertuis, Clairaut, Camus and Monnier went to the Finnish town of in Tornea, to measure the meridian, 

which crosses the Arctic Circle. After that, the Peruvian expedition, returned in France, confirmed the 

hypothesis of Newton. Nevertheless the prestige of Cassini wasn’t obscured; indeed their methods were 

used throughout the world, nor were affected by their beliefs. Cassinis and his entire family created a 

crystalline symbolism, typical of the views of the Enlightenment, the esprit de géometrie, without ornaments 

or frills, which became the rule for all the maps, since then. 

 

 

Fig. 9. A map of Paris by the Cassini family, (1750-1818) (from Wikipedia) 

 

 

Fig. 10 Kant’s lessons on Physical geography (from www.spaziofilosofico.it) 
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6. The crisis of science 

Initially the crisis of science (Husserl, 2008) opened the discussion questioning even Kant’s philosophical 

perspective, if sensations were organized according to the a-priori space and time. Enriques and the Gestalt 

theory examined the relationship among physical, psycho-physiological and geometrical spaces. Projective 

Geometry and Topology are closely related to Photogrammetry and Image Analysis, where the last one 

gives new interst to Projective Geometry. 

Poincaré said there isn’t an absolute space and only relative motions are conceived, there isn’t even an 

absolute time and the equality of two durations of time depends on conventions, the intuition of the 

simultaneity of events occurring in different places doesn’t exist. Geometric space is different from the one 

perceived by proper senses: continuous, infinite, three-dimensional, homogeneous and isotropic. 

Relativity’s Theory and Quantum Mechanics were the most important developments of the Physics, in the 

last century. Restricted and General Relativity Theories are related to Space Geodesy, while Quantum 

Theory relates to Nuclear medicine and Spectral Analysis of materials (whose needs may involve Survey 

and Mapping disciplines). 

Heisenberg (Heisenberg, 1994), summarizing the achievements of Quantum Mechanics, said that at the 

heart of the question is always the antinomy of Kant, so it’s very difficult to imagine, that the matter can be 

divided indefinitely, on the other hand, it’s equally hard to imagine, that this division has at one point an 

abrupt end. He put some questions: what is the proton? … the electron can be divided or not? … the 

quantum of light is simple or compound? … and stated, that all these questions are ill-formed, because the 

terms split or consist of have largely lost their meaning. 

Problems, language and thoughts, i.e., natural philosophy, should be adapted to this new situation created 

by the experiments, but this is unfortunately very difficult. The word “split” loses its meaning. If one wants to 

compare the knowledge of the current particle physics to some previous philosophy, this may just be the 

Platonic philosophy. In fact, the particles of modern physics, as taught by the quantum theory, are 

representations of symmetry groups and thus are comparable to symmetric bodies of the Platonic doctrine. 

Aristotle wondered: if between a substance and another there is nothing, how can coexist space and void? 

… The philosophical question was overwhelmed by the success of Newtonian physics, which allows great 

practical results, but remained in the background. 

Einstein, with his Theory of Relativity, placed geometry within physics, where space and time aren’t 

separate, but they are a complex structure, able to account for the limit of light speed and the effects of 

gravity, with the curvature of space-time. He was initially influenced by Mach, reflecting on the problem of 

being and non-being and answering, that the gravitational field was thus not within the space, but it was the 

space itself. As a consequence, space isn’t a rigid container, but bends, twists, is flexible, so that the Sun 

bends space around and Earth then moves straight into a space, which tilts. 

Moreover not only the space sags, but also the time; indeed time flows more quickly rather at the top than at 

the bottom, near the Earth. These concepts were no more absolute, but relative, i.e., dependent on the 

reference system, in which is the observer. Space and time vary in function of the speed, with which the 

observer moves with respect to another at rest, so that the higher the speed, where the light speed in the 

void is the limit, the more extreme effects will be measured (the time dilatation and the contraction of the 

lengths). Gravity is due to geometric deformation of space-time, due to the presence of masses. 



 

13 
 

If philosophy, according to Kant, has always to be referred to a scientific fact, historically variable, what about 

the a-priori system, shaped on the Euclidean-Newtonian geometric-scientific paradigm, that seems to be 

surpassed by Relativity Theory as and Quantum Mechanics. However, Cassirer (Cassirer, 2015) 

incorporated Reimann’s geometry and the Relativity Theory into neo-Kantian critical philosophy, and showed 

how the Kantian philosophy enters in the development of modern science from Galileo up to Einstein and 

Gödel. In contrast, Reichenbach believed, that the Kantian method wasn’t else than an analysis of 

Newtonian mechanics and the original Kantian conception of the a-priori must be adjusted by the historic 

awareness of relativity and its new formal apparatus. The ontology should make place to the analytic 

intellect, studying the conditions in advance, also historical and transcendental, which govern the formation 

of the object of investigation in the different sciences. Terms like energy, air, atom, space and time, don’t 

designate realities, but they are only symbols for the description of the context of possible relationships. 

It’s known, that the two theories are contradictory, so a new challenge of contemporary science is to find a 

theory, which includes the gravity into Quantum Mechanics. Anyway describing the physical laws without 

reference to geometry is similar to describing thoughts without words and the foundations of geometry had 

deep physical meaning in this problem. Both Einstein and Gödel believed, that the world was independent of 

the minds, yet rationally organized and open to human understanding. Both believed, that the progress of 

knowledge was due to a contamination of science and philosophy and, why not, symbolic moments. 

Logic increased in complexity, growing from De Morgan, Boole, Frege, Peano and Russell, in the 19th 

century, to Tarsky, Quine, Gödel, Reichenbach, Schlick, Carnap and Popper, in the 20th century, 

recognizing its limits and the conflictual balance between experimentation and demonstration. As a 

consequence, neo-positivism philosophy is no more knowledge and becomes a mere fact of linguistic 

clarification. This results in a change of ontological status for Survey and Mapping disciplines, with 

conjectures and confutations replacing experience and, for Data Processing, Bayesian probabilities rather 

than frequentist inferences. 

In the Knowledge of the External World, Russell had even positioned logic as the locus of scientific method 

in philosophy. Thus the philosopher can’t do more than analyse the only meaningful discourse and, in 

particular, the scientific one (Abbagnano, 1982, Vol. 3). The propositions of metaphysics aren’t simply false, 

but meaningless, because its aim is to study entities about which nothing can be said, according to the first 

Wittgenstein, in the Tractatus Logicus-philosophicus. Then for the second Wittgenstein, in the Philosophical 

Research, philosophy is something whose place is above or below the natural sciences and the human 

histories, not beside them. 

The Vienna Circle was organized by Schlick, who was murdered on the steps of the university by a Nazi. 

Logical positivism (or neo-positivism, or logical empiricism) spread to the rest of Europe and in English-

speaking countries. Many of the logical empiricists could see in some version of verifiability the tool, by which 

to carry on their anti-metaphysical program. Only empirical propositions are meaningful: they are verified by 

repeated experiments (as scientific theories, according Carnap and Reichenbach), or by analytic statements, 

which are true by definition (as mathematical propositions) and become false only by contra-examples 

(Popper, 1970). 

The goal was the Kantian theory of a-priori synthetic judgments. To the logical empiricist, all statements can 

be divided into two classes: analytic a priori and synthetic a posteriori, where there aren’t synthetic a priori 
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statements. An important aspect of Carnap's and Quine’s analysis were their attempt to give precise 

definition to the distinction between analytic and synthetic statements, by the Logical Syntax of Language. 

A path, starting from Herbart, passing through Mach, Helmholtz and Boltzmann and leading to the 

mathematics of Hilbert and the philosophy of Husserl, accompanied the grow of science and technology after 

Kant until the modern time. Therefore the crisis of science flew along different paths. 

Mach shook the faith in the mechanics, also considering, that scientific theories are only easier ways to 

describe large amounts of data coming from the existent. The physiological space is for Mach perspective, 

where all spatial sensations have the function to drive in properly movements, in order to take due care for 

human beings. The geometric space instead is accurate and free from any finality, where the distinction 

between the two spaces is based on their function. 

In opposition to Mach, Boltzmann claimed, that every physical-mathematical formulation idealizes an event 

and must necessarily be beyond the experience, but right through the succession of hypotheses science 

tends to give a representation of the world more and more appropriate. Therefore science doesn’t 

necessarily develop in a gradual way, but may progress through conflict, crisis and reconstruction, in a 

dialectical way. The universe is a system globally in equilibrium, where the equations of mechanics don’t 

distinguish between what is above and below, and also the distinction between past, present and future is 

meaningless, because the arrow of time flows only for the people. 

In this context, at the end of a long path concerning algebra and mathematical analysis, principally due to 

Euler and Lagrange in the 18th century, and in parallel, Kronecker, Dedekin and Cantor (for theory of 

numbers), Cauchy and Weierstrass (for the functional analysis), Jordan and Klein (for the topology) in the 

19th century, Hilbert founded the axiomatic mathematics, incorporating geometry into algebra and 

mathematical analysis, and fixing common principles for arithmetic and logic. For these reasons, 

Mathematical analysis has a direct impact on theoretical Geodesy (and sometimes the last one promoted the 

grow of Mathematical analysis), while Topology has an impact on Cartography and GIS. 

At the same time, Husserl founded Phenomenology, observing that the act of reflection is a process in time, 

so that human consciousness has an immediate experience of space and time. Empty space hasn’t an 

independent meaning, because it’s based on the concept of absence. 

In the last two centuries, a similar path, concerning Linguistic analysis, was drawn by the contributions, 

among many others, of comparative grammar by von Humboldt, structural grammar by De Saussure and 

transformational-generative grammar by Chomsky, also reaching principles, sources and applications of 

surveying and mapping disciplines. The very immaterial nature of current Survey and Mapping disciplines 

may require a grammatical, syntactical and semantic analysis of their language. 

 

Conclusion 

After Wittgenstein, philosophy appeared to focus mainly to linguistic analysis; however developments in 

science and technology reopened some concepts, like space and time versus a new philosophical thought 

(Hawking, 2006), again both had to do with Geodesy and Geomatics. Indeed sometimes, it happens, that 

different disciplines find their close interaction, when searching for high accuracy measurement. This is the 

case of the relationship between the geodetic measurements of the heights and the metrology of time and 

frequency, leading towards a realistic scenario of relativistic geodesy. Therefore the geographical universe 
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isn’t just the information supplied by maps, the spatial isn’t just the visible, the temporal isn’t an independent 

domain and not all users see the world through the same eyes. Geography is no more than History in space, 

as well as History is Geography in time. 

Geomatics, e.g. space geodesy, image analysis and GIS, deals with the concepts of space and time: for 

example, space-time integration, mapping starting from different cultural viewpoints about space and time, 

different scenario investigation, etc. Ideas remain ideas and have no claim to absolute truth, so that truth can 

only be sought step by step, but convergence isn’t granted (Fig. 11). 

 

 

Fig. 11: The dark side of the Moon (from planet.racine.ra.it) 
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2nd PART 
3D STRUCTURE ANALYSIS: ARCHITECTURE AS AN EXPRESSION 

OF THE TIES BETWEEN GEOMETRY AND PHILOSOPHY 2 
 

Abstract 

In recent decades many Geomatics-based methods have been created to reconstruct and visualize objects, 

and these include digital photogrammetry, Lidar, remote sensing and hybrid techniques. The methods used 

to process such data are the result of research straddling the fields of Geomatics and Computer Vision, and 

employ techniques arising from approaches of analytical, geometric and statistical nature. One of the most 

fascinating fields of application concerns Architecture, which, moreover, has always depended on 

Mathematics generally and, more specifically, on Geometry. 

Throughout history the link between Geometry and Architecture has been strong and while architects have 

used mathematics to construct their buildings, geometry has always been the essential tool allowing them to 

choose spatial shapes which are aesthetically appropriate. Historically, mathematics and philosophy have 

been interrelated; many philosophers of the past were also mathematicians. 

The link between Philosophy and Architecture is twofold: on the one hand, philosophers have discussed 

what architecture is, on the other, philosophy has contributed to the development of architecture. We will 

deal with the ties between Architecture, Geometry and Philosophy over the centuries. Although there are 

artistic suggestions that go beyond time and space, and there are genial precursors, we can identify, in 

principle, some epochs: the ancient era, the modern era and finally the contemporary epoch, from the crisis 

of positivistic sciences to globalisation. 

 

1. Introduction 

Architecture, Geometry and Philosophy are connected by some interrelations. Indeed, throughout history the 

link between Geometry and Architecture has been strong and while architects have used mathematics to 

construct their buildings, geometry has always been the essential tool allowing them to choose spatial 

shapes which are aesthetically appropriate. The link between art and mathematics is recognizable in the 

works of painters and architects throughout history. 

Historically, mathematics and philosophy have been interrelated; many philosophers of the past were also 

mathematicians. Plato went as far as saying that without mathematics there would be no philosophy as 

mathematics was a precondition for its birth. The truth of mathematics is not guaranteed by an external 

authority: mathematics introduces a universality free from mythological and religious assumptions, because it 

depends on rational and refutable demonstrations (Badiou, 2017). 

Descartes introduced mathematical reasoning, but also the reductio ad absurdum into philosophy, while 

Spinoza's texts resemble mathematical proofs, and Leibniz invented infinitesimal calculus. Kant also 

believed that mathematics was indispensable to philosophy, and his conception of mathematics is of the a 

priori type. 

The link between Philosophy and Architecture is twofold: on the one hand, philosophers have discussed 

what architecture is, on the other, philosophy has contributed to the development of architecture An 

important stage in the relationship between philosophy and architecture opens with the publication of Kant's 

 
2 Bellone t., Mussio L., Porporato C.M. (2019): 3D structure analysis: architecture as an expression of the ties between geometry and 
philosophy. Int. Archives Photogrammetry and Remote Sensing Spatial Information Sciences, vol. XLII, part 2/W9, Bergmo, p 109-118. 
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Critique of Judgment. Previously the only architectural theorists in the West had been two Vitruvius and Leon 

Battista Alberti. 

Currently, the Philosophy of Architecture is a branch of the Philosophy of the arts dealing with aesthetics, 

semantics and the relationship between Architecture and culture. Below, we will deal with the relationship 

between Architecture, Geometry and Philosophy over the centuries. Although there are artistic suggestions 

that go beyond time and place, and there are genial precursors, we can identify, in principle, some specific 

epochs: 

 

 The ancient era is characterized by Euclidean geometry, the birth of western philosophy, and proportion 

and harmony in Architecture, obtained through the golden ratio amongst other mathematical 

approaches. This period goes up to and includes the Romanesque. 

 The construction of perspective and projective geometry, rationalistic philosophy linked to the birth of 

modern science, characterize the second architectural period (modern era), whose styles range from 

Gothic to Baroque, through the Renaissance. During this period, the structure, often hidden, of the 

building takes on great importance (Odifreddi, 2017); indeed, many architects are also mathematicians. 

 The departure from Euclidean geometry, initiated by the development of projective geometry, continued 

from the mid-eighteenth century, with a reflection on the logical foundations of geometry, which led to 

the analysis of Euclid's fifth postulate (Stewart, 2007). Non-Euclidean geometries, topology, the 

discovery of n-dimensional space, on the one hand, and the crisis of Positivism and the Sciences, along 

with the Theory of Relativity on the other, had an overwhelming impact on art and architecture in the 

third epoch. 

 Nowadays, Mathematics is everywhere, innovative media are based on binary language and on more 

and more innovative algorithms, but there is no link between mathematics and philosophy (Badiou, 

2017). On the contrary, mathematics and computing are linked to contemporary art (computer art), and 

are an important part of architectural projects. 

 

2. From Antiquity to the Renaissance: the Golden ratio 

The Pythagoreans believed that the universe was founded on numbers. The main empirical support to 

Pythagorean concepts came from music: there is a connection between harmonic sounds and numerical 

ratios. If a string produces a note of a certain tone, a mid-length string produces a very harmonious note, 

called an octave. 

But one of Pythagoras' followers, Hippasus of Metapontum, proved that the diagonal of a unitary square 

cannot be expressed in an exact fraction: the discovery of irrational numbers was devastating for the 

Pythagoreans. 

A solid is regular (platonic) if it has equal rectangular polygon faces, positioned in the same way in the 

vertices. The Pythagoreans associated solids (tetrahedron, cube, octahedron, dodecahedron and 

icosahedron) to the four primary elements (earth, air, water, fire) and quintessence. 

Euclid proved that there are no other regular solids. The dodecahedron and icosahedron call the pentagonal; 

if we inscribe a five-pointed star in the pentagon, the relationship between the star's side and the pentagon 

side is an irrational number: 1,618 … Remember that we denote the golden number by φ (in honour of 
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Fidias). If a segment AB is divided into two parts, such s: AB:AC=AC:CB, point C divides the segment in 

the so called golden ratio. The number AB/AC is the golden number. Where AB is equal to 1, φ is 1,618 

…. Indeed: 
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Thus, Euclid studied regular solids in order to study irrational numbers. 

Since antiquity this proportion has been considered a symbol of the harmony and beauty of the universe, 

and Kepler, indeed, came to believe that the order of the universe was based precisely on divine proportions: 

"I am convinced that this geometric proportion served from the idea to the Creator, when He introduced the 

continuous generation of shapes similar to each other.” Johannes Kepler (1571-1630) was very interested in 

the golden ratio. He wrote, "Geometry has two great treasures: one is the theorem of Pythagoras, the other 

the division of a line into mean and extreme ratios, that is , the Golden Mean. The first way may be 

compared to a measure of gold, the second to a precious jewel." 

Indeed, Kepler's triangle (Fig. 1) combines these two mathematical concepts—the Pythagorean theorem and 

the golden ratio. Kepler first demonstrated that this triangle is characterised by a ratio between short side 

and hypotenuse equal to the golden ratio. 

 

 

Fig.1 Kepler’s triangle 

 

A golden ratio pyramid is based on a triangle whose three sides represent the mathematical relationship that 

defines the golden ratio. The golden section and architecture have a long historical relationship: the ancient 

Egyptians and ancient Greeks incorporated this and other mathematical relationships, such as the 3:4:5 

triangle, into the design of monuments including the Great Pyramid and the Parthenon. 

The Cheops pyramid has the following dimensions: height of about 146.5 m, the other cathetus of 115.2 m 

(the side of the square is 186,4 m): the hypotenuse is therefore 1,864 m. If we give the minor cathetus a 

value of 1, we obtain the following ratio: 1.27:1:1.61; since the square root of 1.61 is 1.27, we can deduce 

that in the construction of the Cheops pyramid the golden section was applied (Fig. 2). 
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In fact, the angle between the base and the cathetus of a 3:4:5 rectangular triangle is ¾, that means a 75% 

slope (53°): actually Cheops pyramid has a 51° slope. 

 

 

Fig. 2 Cheops pyramid 

 

Pre-Columbian stepped pyramids (Fig. 3) also have square base, while Guimar (in Tenerife) pyramids have 

a rectangular base, as do ziggurats (Fig. 4). 

The golden ratio, for the very reason that it is seen as an ideal of beauty and harmony, is also found in many 

classical Greek sculptures, such as the Doryphoros by Polykleitos. 

Homer knows hybris (ύβρις): at the beginning of the Iliad, Achilles shows a deathly anger, as Agamemnon 

has taken for himself, with arrogance and violence, his prey, Briseid.  

Nemesis is the punishment for hybris; the opposite of hybris is the sense of limits (well known also in politics, 

as in the case of Solon). The sense of limits is clearly linked to harmony, symmetry and proportion. 

Ancient Egyptians and Greeks had a long-lasting intercourse: Pythagoras discovered in Egypt his measuring 

techniques: thus, geometry and numbers were associated from the beginnings of history. 

 

 

Fig. 3 El Castillo pyramid, Chichen Itza, Mexico 

 

Numbers were matched to divinities (the Egyptian god Thot, or Prometheus, Uranus), so that geometry had, 

at certain times, a sacred value (Zellini, 2016). The Greeks thought of celestial movements as precise and 

perfect, but also said that perfection is not of our world, which is inexact and ruled by “more-or-less” 

situations (Koyré,1967). Similarly, in morality: mathematical approximations to an irrational number resemble  
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excess and deficiency in our moral life (Zellini, 2016). 

 

 

Fig. 4 Ur Ziggurat, Iraq 

 

In contrast, the association of the material world of forms and the abstract world of numbers may be the 

origin of the link between natural sciences and mathematics, which in turn is the basis of Newton’s physics in 

the 17th century (Capra, Mattei, 2017). However, art is an access to the world of exactness and perfection, 

since art evokes cosmic order.  

Golden rectangles are observable on the façade of the Parthenon (Fig. 5). In the Parthenon, the overall 

height is the golden section of the width of the front part; thus, the facade has the size of a golden rectangle. 

This golden ratio is repeated several times between different elements of the front, for example, between the 

overall height and the height of the entablature. 

 

 

Fig. 5 The Parthenon, Athens 

 

It might indeed appear that constructions designed using the golden ratio are based on an aesthetic 

archetype: Puerta del Sol near La Paz, for example, is based on golden rectangles (Fig. 6). In 1876, Gustav 

Fechner (1801-1887), the inventor of Psychometry, performed a statistical test on a number of people 

without any artistic background, asking them to choose one of a number of rectangles: the most frequent 

choice was a golden rectangle. 
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Fig. 6 Puerta del Sol, Teotihuacan, Bolivia 

 

The “most beautiful relation” (according to Plato’s Timaeus) is present in the theatre at Epidaurus (Fig. 7), 

built by Polykleitos the Younger. The stage is surrounded by a first group of 34 steps; thereafter a double-

step space, a second group of 21 steps is present; the ratio 34/21, which is 1.619, as 55/34 is to say 1.617. 

 

 

Fig. 7 Theatre at Epidaurus 

 

Also, in a regular pentagon, some φ ratios are present: two diagonals without a common vertex are mutually 

bisected into golden proportions. In a regular pentagon, too, the diagonal and one side have a golden ratio. 

Diagonals of a regular pentagon, cross in the shape of a five-vertex star, plus a smaller pentagon. The 

procedure can be iterated indefinitely, as proved by Hippasus of Metapontum. 

Military engineers have generally used a pentagon (Fig. 8) in the design of fortresses (see also the Pentagon 

at Washington, DC). Even in several, important paintings, an underlying pentagonal and five-pointed star 

structure may be discerned. 

Indeed, Euclidean geometry informed architectural styles right up to the Romanesque period. The Sectio 

aurea was of great interest during the Renaissance, from Leon Battista Alberti to Leonardo da Vinci to: one 

charming example (Fig. 9) of such is Sant’ Andrea Church in Mantua (Leon Battista Alberti,1460). 
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Fig. 8 The design of the citadel of Turin 

 

The most important architectural theory treatise is “De Architectura” by Vitruvius, according to whom the 

architect must know philosophy in order to be motivated not only for practical purposes but also for 

aesthetics. 

The architect must build taking into account stability (firmitas), utility (utilitas)  and beauty (venustas). 

The idea of Vitruvius, and later of Leon Battista Alberti and others, is that beauty, born of proportion and 

symmetry, is the result of an underlying ideal reality in which there is regularity and order. 

 

 

Fig. 9 Sant’ Andrea, Mantua (Alberti, 1460) 
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3. The Modern era: The birth of the infinite 

Thomas Aquinas says that a thing is beautiful not because it is pleasing but because it is beautiful in itself. 

Each thing is beautiful in so far as it manifests: wholeness (integritas), harmony (consonantia) and radiance 

(claritas) (Haldane, 1999). 

Panofsky proposes a parallel between the Gothic cathedral and scholastic philosophy: both aspire to totality, 

articulation and coherence. The expressive architectural form, typical of the gothic style, reflects and is built 

thanks to a precise mental habit, articulated according to the principles of scholastic philosophy (Panofsky, 

2016). 

Renaissance artists invented perspective, in order to more realistically represent the three dimensions on a 

flat surface. 

The construction of perspective remains within the domain of Euclidean geometry. Brunelleschi and Leon 

Battista Alberti (De pictura, 1435) simplified human vision by imagining that the artist saw the scene from a 

single eye.  

The relation of parallelism is not maintained, in fact if we are the center of a road we see that the edges, in 

parallel relatives, meet in a single point, on the horizon: the core of the technique lies in the vanishing point 

placed at infinity. 

Central perspective is often considered natural and immediate. According to Erwin Panofsky (Panofsky, 

1961), however, space as conceived by Brunelleschi and Alberti is mathematical and rational, preceding the 

analytic geometry of Descartes and the Copernican revolution: perspective is a symbolic construction (this 

concept was introduced by Cassirer).  

The artists who painted the orthodox icons could never have invented perspective, as they had to place 

Christ in a spiritual and unrealistic space. In this regard, we compare three paintings on the same theme, the 

crucifixion of Christ: an orthodox icon, a Renaissance painting and a painting by Chagall, which deliberately 

returns to anti-perspective (Fig.s 10, 11 and 12). 

In ancient times the purpose of natural philosophy was to understand nature in order to live in harmony, while 

from the seventeenth century onwards the philosophy of nature turned into the science of nature and its 

purpose became to use science to use nature, not to understand it: the world was res extensa, while man 

was outside nature, res cogitans. 

Copernicus, Tiho Brahe, Cardano are referred to the artistic Renaissance, but the new science (Galileo, 

Kepler, Descartes, Harvey, Huygens, ...) does not have the same vision of the Baroque. Indeed the 

ambiguity, illusion, emotionality and sensoriality inherent in Baroque, do not coincide with the values of the 

new science: clarity, truth, rationality. Some artists began to introduce ambiguity between constructed space 

and perceived space, starting with anamorphosis.  

Generally, architects and painters of the 16th century used, particularly for ceiling frescos, a series of 

vanishing points in order to limit the paradoxical effects of perspective. Some innovators, such as Niceron, 

Maignan and Andrea del Pozzo, used a unique, central viewpoint which resulted in significant distortion at 

the edges. 

Moreover, the quadrature, which developed from the sixteenth century onwards, together with the studies on 

perspective, created the illusion of spaces different and broader than the real: there are numerous 'fake' 

vaults in baroque churches (Fig. 13). 
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 Fig. 10 The crucifixion, (14th century), at Ohrid 

 

Fig. 11 The crucifixion, Raphael (1520)   
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Fig. 12 The white crucifixion, Chagall (1938) 

 

Baroque architecture is linked to the projective geometry and mathematics of the time. In the meantime, in 

fact, a new type of geometry, later called projective, had developed from the studies of the architect 

Desargues. This new geometry does not negate the presuppositions of Euclidean geometry, but it extends 

its boundaries: in fact it allows us to represent the infinite through the improper points. 

 

 

Fig. 13 False dome, Sant’Ignazio di Loyola, Rome (Andrea Pozzo,1685) 
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Projective geometry rediscovered conics, Baroque architects used them in an innovative way compared to 

the ancient Greeks. Moreover, the design of these structures was made easier by the introduction of 

descriptive geometry, which permitted the design of the volumes. 

Desargues was an architect and a mathematician, he wrote an essay on the results of taking plane sections 

of a cone” (Brouillon proiect d’une atteinte aux evenemens des rencontres du cone avec un plan). 

Shapes and sizes change according to the plane of incidence that cuts the cone of the projection, but certain 

properties remain the same throughout such changes, or remain invariant under the transformation, and it is 

these properties that Desargues studied. Conic sections, including parabolas, ellipses, hyperbolas, and 

circles, can be obtained by continuously varying the inclination of the plane that makes the section, which 

means that they may be transformed into one another by suitable projections and are therefore continuously 

derivable from each other (Fig. 14). 

Space is considered to be that which enables such transformations. In other terms, perspective produces a 

series of corresponding shapes which are very different from the originals. Nonetheless, they share some 

proportional properties based on the involution relation. The dissimilitude between the projected objects and 

their originals appertains to the relative positions of the eye (or the vertex of a cone) and the projection plane 

(Debuiche, 2012). 

According to Leibniz, each monad expresses the world from its own particular point of view. He often refers 

to the transformations of projective geometry, which he had learned directly from Desargues. 

Even Leibniz, like many other thinkers of the seventeenth century, tries to find a solution to the problem 

inherited by Descartes on the relationship between res cogitans (spirituality) and res extensa (materiality): 

Leibniz will find  a solution to the question diametrically opposed to that of Hobbes, arguing that there is only 

res cogitans: the only existing reality, for the German thinker, ends up being the spiritual reality and what we 

commonly call "matter" is nothing but a secondary manifestation of res cogitans. 

 

 

Fig. 14 Conics 

 

If the monads are representations of reality, they must necessarily also be perceptions of reality, that is, 

ways of grasping what in reality takes place. Each monad, as we said, has perception (because it 

represents) of the universe from a single point of view, but the monad that counts most of all (God) collects 

in itself all the infinite points of view on the universe. 

Appearances, on the other hand, are perceptions endowed with self-awareness. Man is endowed with it, but 

also many other animals: for Leibniz there is not that clear distinction between man and animal asserted by  

Descartes. In other words, those who have apperceptions not only represent the world, but also have the 

awareness of perceiving it. 
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For Newton, in contrast, first there is space and time, and then, later, other things: and moreover it is 

impossible to imagine bodies without resorting to space. Space for the English thinker ends up being a sort 

of container in which all things and subjects are perceived, a container that was born before and that would 

continue to exist even if there were no longer things and subjects that occupy it. For Leibniz, however, before 

space and time there are things, which he calls monads, and space and time are simply relations that are 

established between the same: they are the material monads that establish reciprocal relationships giving life 

to space; in the same way, time is the succession of states of the monads. 

Caramuel and Guarini were mathematicians as well as architects (and ecclesiastics). 

Juan Caramuel y Lobkowitz (1606-1682) traveled across Europe ending up, as a punishment, in Vigevano. 

He is considered one of the forerunners of  binary calculation and the inventor of oblique architecture, he 

adhered to the philosophical probabilism, according to which conscience could prevail, in certain cases, over 

religious doctrine. 

Caramuel's concept is distant from that of Bacon and Descartes: for him the world is not mechanistic, but 

complex and full of interactions and connections. 

The façade of the Cathedral of Vigevano (Fig. 15) is oblique and strongly offset from the axis of the cathedral 

and also from the axis of the square, and it opens onto the square like a stage. 

Gradually, we have passed from circular designs to the oval and then to elliptical ones: how then could we 

not think of Kepler's celestial geometries? 

In contrast, Guarini supports the thesis that all the arts depend on mathematics and philosophy: these 

sciences deal with relationships between objects and with their proportions; his mathematical-philosophical 

treatise Placita philosophica reveals the influence of Descartes' thought. 

The works of Guarini are completely imbued with the aspirations of the Baroque style, for example, the 

structure of Guarini's Chapel of the Holy Shroud Dome (Fig. 16) consists of 5 parts, the main cone in turn 

consists of six levels of triangles, tapering upwards, so as to obtain an illusion of greater height. 

 

 

Fig. 15 The Cathedral of Vigevano, 17th century 

 

Moreover, the famous colonnade of St. Peter's Square by Bernini (Fig. 17) reflects, in a certain sense, the 

principles of Caramuel's oblique architecture. 



 

28 
 

 

Fig. 16 The Chapel of the Holy Shroud, Turin (Guarini, 1668) 

 

 

Fig. 17 colonnade of St. Peter's Square 

 

What appears to be seen from one particular viewpoint, at the center of the hemicycle, gradually transforms 

as the observer proceeds towards the large portico: the columns swell, the bases and capitols are deformed, 

the pillars become oblique, above all in the areas on the margins, just like in the horrors of the artists who 

apply anamorphosis. (Fig.s 18a and 18b). The first anamorphosis depicts Saint Francis of Paula in prayer, 

under a tree: this image can be seen from the end of the corridor. If you stand directly in front of the fresco, 

the Fig. of the saint is deformed, while a marine landscape appears beneath him. 

Thanks to the rhythmic succession of concave and convex wavy parts and to the adoption of innovative and 

unusual designs, the Baroque buildings give the illusion that a fantasy world is opening up before the 

onlooker. (Fig.s 19 and 20). 

 

4. From Crisis of knowledge, to Globalization 
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Euler, had noticed that a surface in a three-dimensional space, described by an equation, could also be 

studied if a pair of coordinates, u(x,y,z) and v(x,y,z) upon the surface were to be associated: for instance, 

latitude and longitude upon a spherical surface. 

 Fig. 18a fresco at Trinità dei Monti convent, Rome 

 

Fig. 18b fresco at Trinità dei Monti convent, Rome         

 

 Fig. 19 Sant’Ivo alla Sapienza, Rome (Borromini, 1662) 
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Fig. 20 San Carlo alle Quattro fontane, Rome (Borromini, 1667) 

 

Gauss, for his part, initiated “intrinsic” investigation of surfaces. Thus, in Euclidean space, a surface may be 

studied both “from outside”, by its equation, and “intrinsically”, having its local metrics described as intrinsic 

coordinates by a differential (Borzacchini, 2015). 

In this respect, Gauss anticipated hyperbolic and elliptical geometries (Lobačevsky and Riemann).  

It is easy to see that all triangles upon a sphere (i.e. the Earth, more or less...) have angles whose global 

amplitude is over 180°. Also, all geodesics meet at two points only. In this case, we can say that curvature is 

positive. Moreover, in the said geometry, parallels are quite absent. In contrast, for hyperbolic geometry, total 

amplitude of inner angles for triangles is less than 180° and the curvature is described as negative: in this 

case, the number of parallels at a single point to a given geodesic is unlimited (Fig. 21). 

In an approach to the mathematical problem seeking a unitary understanding of different geometrical 

theories, as suggested by Klein, new developments in geometry also raise a philosophical question: what is 

the connection between geometry and the real world? 

Cayley shows reciprocal connections between Euclidean and projective geometry, and it is due to him that, 

to this day, that the distinction is made between “elliptic” and “hyperbolic” non-Euclidean geometries, with 

normal Euclidean geometry defined as parabolic, seen as a transitional case. 

All the aforementioned geometries may be taken to be special cases (or sub-geometries) of projective 

geometry, which proves independent from the Euclidean postulate of parallel lines (Stewart, 2016). 

The curve perception of straight lines depends on the physiology of the eye: the retina is curved. Our eye 

experiences all three geometries: Euclidean, spherical and hyperbolic (Odifreddi, 2011). For Poincaré too, 

mathematics has a dual nature, on one side it shares a border with philosophy, on the other with physics. 

Newton returns to Democritus' idea that space is an empty container, in which bodies move freely, until they 

encounter forces acting on them. Before Newton, the idea of a space as an entity separate from objects was 
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not accepted, it was about extensive objects, that being was not separate from space, space was the 

extension, a prerogative of being (the res extensa of Descartes). In fact, Aristotle, himself, was already 

asking how, if there is nothing between one substance and another, space exists, if indeed it does. The 

philosophical issue was overshadowed by the success of Newtonian physics, which allows great practical 

results, but nonetheless remained in the background. And Einstein, initially influenced by Mach, reflected on 

the problem of being and non-being. 

 

 

Fig. 21 Geodesics on different surfaces 

 

Furthermore, it was said that Newton's absolute space could be the gravitational field. The world no longer 

consists of particles in space, gravitational fields and magnetic fields, but only with particles and fields, it is 

not necessary to hypothesize absolute space. The gravitational field is therefore not within space, but it is 

space itself. Space is not a rigid container, but it bends, twists, is flexible. The Sun folds space around: the 

Earth then moves straight into a tilting space (Rovelli, 2014). Not only does space spin, but time too: Einstein 

feels that time runs faster higher up and slower, nearer the Earth. The story of the two twins is well-known: 

the one who lived in the mountains is a little older than the other one who lived at sea level. 

For Kant, mathematics is universal not because it relates to reality, but because it relates to the universal 

cognitive structure, Kant's thesis is not similar to that of Wittgenstein, for whom mathematics is only one of 

the possible languages (he was interested in many different topics, e.g. Architecture, indeed he built a house 

for his sister as shown in Fig. 22): for Kant mathematics is a transcendental type of formalism. 

 

 

Fig. 22 Wittgenstein’s house, (Engelmann and Wittgenstein, 1928) 
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The Kantian doctrine of space and time did not arise from psychological considerations, but mathematical 

and physical ones. Space and time are forms, that is, their reality is not that of things, but of conditions, of a 

priori presuppositions for all our empirical knowledge: space and time are objective without being absolute. 

There is a great difference in the Philosophy of Architecture before and after Kant. According to Kant’s 

Critique of Judgment (1790), Architecture like any other form of art, is considered an expression of abstract 

aesthetic ideas, and not merely a result of the pursuit of utility and beauty as it had been for Vitruvius. 

Indeed, for Kant the aesthetic judgment differs little from theoretical and moral judgments: all are “a priori”. 

The concept of space and time, as forms of intuition- said Cassirer- does not require any change, in the 

perspective of the theory of relativity, provided that we continue to interpret them as conditions of every 

possible intuition. 

Heisenberg says: "... At the heart of the question, there is always Kant's antinomy, as I have already said, so, 

on the one hand, it is very difficult to imagine that matter can be subdivided indefinitely, and on the other. it is 

equally difficult to think that this subdivision finds at a certain point, abruptly, an end. Ultimately, antinomy 

was born, as we now know, from the erroneous application of our intuition to the situations of the 

microscopic world. The greatest influence on the physics and chemistry in the last century has undoubtedly 

been exerted by Democritus' atomic theory; it allows for an intuitive description of chemical processes at the 

microscopic level. Atoms can be compared to the point masses of Newtonian mechanics and such a 

comparison leads to a satisfactory statistical heat theory. In fact, the atoms of the chemists were, at the time, 

not considered pointy masses, but small planetary systems; the atomic nucleus was composed of protons 

and neutrons, but it was thought that electrons, protons and possibly even neutrons could be considered as 

real atoms in the sense of the last indivisible bricks of matter. The atomic representation of Democritus thus 

became, for the last hundred years, an integral part of a physicist's general materialistic framework; it was 

easily understandable and rather intuitive, and also determined the scientific thinking of those physicists who 

did not want to have anything to do with philosophy. At this point, I would like to justify my hypothesis that in 

today's elementary physics, good physics is unknowingly ruined by bad philosophy. Use of a language that 

derives from traditional philosophy is inevitable. One wonders: ‘What is the proton? Can the electron be 

subdivided or not? How light is simple or composed?’ And so on. But all these questions are wrong, because 

the "split" or "consist of" expressions have largely lost their meaning. We should therefore adapt our 

problems, our language and our thoughts, that is our natural philosophy, to this new situation created by the 

experiments. But this is unfortunately very difficult. Thus, in the physics of particles, there are constantly 

misunderstood false questions and incorrect representations. [...] 

If we want to compare the knowledge of current particle physics to some previous philosophy, this could only 

be Platonic philosophy; in fact, the particles of today's physics, as the theory teaches, are representations of 

symmetry groups, and are thus comparable to the symmetrical bodies of Platonic doctrine.” 

Note that the first signs of the twentieth-century revolution in art and architecture were, on the one hand, the 

Impressionists and their precursors (divisionists, macchaioli, symbolists, ...), on the other hand the Art 

Nouveau (Modernism, Jugendstil) and the Catalan school of Gaudì (Fig. 23). Quadratic surfaces and 

catenary curves have been present in modern architecture only since Gaudì. 
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The most famous exponent of the modern movement was Le Corbusier, according to whom architecture had 

to be human-friendly. Indeed, Le Corbusier reawakened the interest in human proportions and Vitruvian 

rules, he created the Modulor (from “module”, unit of measure, and “or”, golden section). The The High Court  

Of Justice (Fig. 24) is a mix of traditions and modernism. 

 

Fig. 23 Casa Batllò, Barcelona (1906)  

 

 

Fig. 24 The High Court of Justice, Chandigarh (1951-56) 
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The exploration undertaken by the so-called avant-gardes (Expressionism, Abstractionism, Cubism, etc.) 

began in 1907 with Les demoiselles d'Avignon by Pablo Picasso (Fig. 25), and influenced all the arts, 

architecture above all. Both non-Euclidean Geometry and the Theory of Relativity are at the root of Cubism. 

Cubist painting introduces a fourth dimension: time; in point of fact, one picture can have simultaneously 

different viewpoints, permitting analysis at different times (Fig. 26). 

The Einstein astronomic Observatory at Potsdam (1917-21) is convex and concave in its surfaces, with 

many openings. (Fig. 27). 

 

 

Fig. 25 Les demoiselles d’Avignon, (Picasso, 1907) 

 

   

Fig. 26 Dora Mar au chat (Picasso, 1941)   Fig. 28 Cow and violin (Malevich, 1913) 
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Fig. 27 Einstein astronomic observatory, Potsdam 

 

After October 1917, despite its highly critical situation, with civil war and famine all around, the Soviet Union 

displayed a sudden flowering of artistic trends: actually, Anatolij Lunačarskij as the minister of Culture, 

granted great freedom to artists. Consequently, two trends emerged: pure, abstract art represented by 

Kandinsky and Malevich. (Fig. 28), and a more realistic art, linked to social needs (Tatlin, Rodchenko), 

known as Constructivism. 

The most representative result is the design for a monument to the 3rd International (1919-20) by Tatlin, 

which was however cancelled for economic reasons: it should have been a steel skew structure, able to 

support a mobile glass cover (Fig. 29).  

Lissitzky conceived the idea of building a cluster of horizontal skyscrapers in Moscow (Fig. 30), but this idea 

was never realized. 

After 1924, an authoritarian political trend suffocated Constructivism, and in 1932, Soviet architecture 

returned to Classicism, a typical effect of reactionary involution (Montanari, 2017). 

Globalized society has lost touch with the strong views of the previous two centuries. 

 

 

Fig. 29 The monument to the third International (Tatlin) 
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Fig. 30 Horizontal skyscraper (1925) 

 

In the nineteen-eighties, Derrida thought that the time had come, to take care of hidden aspects, even in 

architecture (Deconstructivism). So, new buildings began to appear, far removed from old rules, as a 

superimposition of diverse volumes, which appear as interpretable in different ways. 

The Deconstructivistic Architecture Exhibition at New York (1988) shows plans by Frank O. Gehry (Fig. 31), 

Peter Eisenman. Danile Libeskind, Zaha Hadid (Fig. 32), Bernard Tschumi, Rem Koolhas and the Coop 

Himmelbau from Wien. They all pay due attention to the Russian experiences of the twenties. 

 

 Fig. 31 Dancing House, Prague (Gehry, 1996) 

 

It should also be noted that Fig.s in these buildings are derived from fractal geometry, as well as from non-

Euclidean geometries, as in the architectural realizations of Gehry and Libeskind (Fig.s 33 and 34). Notice 

that this part of Mathematics goes beyond the traditional one (composed of Algebra and Geometry) and 
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moves towards abstract contents, as presented by Topology. In this context, Mathematical Analysis enlarges 

its field of interest, just as Art and Architecture assume non- conventional aspects. 

 

Fig. 32 Cristal Hall, Baku (Hadid, 2012)        

 

5. Conclusion 

The aim of this paper is to emphasize the link between sciences and humanities, recognizing that a unified 

culture persisted until the end of the 18th century and the beginning of the 19th. 

An important demonstration of this is given by architects and physicians, who studied Mathematics and 

Physics at the time, at the école preparatoire, before entering their proper universities. Unfortunately, after 

this period the situation changed, particularly in Italy, where those studying Mathematics and Philosophy, like 

Peano, Enriques, etc., became marginal in the diffusion of culture.  

Another aspect deals with the connections among Architecture, Mathematics and Philosophy, as studied 

mainly in continental Europe. Such connections can represent attempts towards a theory which interprets 

modern architectural realisations through mathematical and philosophical ideas. 

Obviously, these are only attempts, but culture develops one step at a time, overcoming its errors, as stated  

by Engels in Antiduring (Engels, 1971). A new proposal could be a philosophy of Geodesy and Geomatics. 

Indeed, since geodetic and geomatics contents are becoming more and more immaterial, it is conceivable 

that Geodesy and Geomatics, besides having close relations with Mathematics and Physics, can meet 

Human Sciences. 
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Fig. 33 Centre for brain health, Las Vegas (Gehry, 2010) 

 

 

Fig. 34 Royal Ontario museum, Toronto (Libeskind, 2007) 
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3rd PART 3 
THE COMMON EVOLUTION OF GEOMETRY AND ARCHITECTURE: 

A COMPLEMENT FROM A GEOMATIC POINT OF VIEW 
 

Abstract 

Throughout history the link between geometry and architecture has been strong and while architects have 

used mathematics to construct their buildings, geometry has always been the essential tool allowing them to 

choose spatial shapes which are aesthetically appropriate. Sometimes it is geometry which drives 

architectural choices, but at other times it is architectural innovation which facilitates the emergence of new 

ideas in geometry. Among the best known types of geometry (Euclidean, projective, analytical, Topology, 

descriptive, fractal) those most frequently employed in architectural design are: 

 

 Euclidean Geometry; 

 Projective Geometry; 

 The non-Euclidean geometries. 

 

Entire architectural periods are linked to specific types of geometry. Euclidean geometry, for example, was 

the basis for architectural styles from Antiquity through to the Romanesque period. Perspective and 

Projective geometry, for their part, were important from the Gothic period through the Renaissance and into 

the Baroque and Neo-classical eras, while non-Euclidean geometries characterize modern architecture. 

 

Introduction 

For centuries geometry was effectively Euclidean Geometry: it was thought to be the one real geometry, 

representing space in a realistic way and, thus, no other geometry was believed possible. (Stewart, 2016). 

When global navigation began, the natural, roughly spherical geometry of the earth's surface was revealed 

(Stewart, 2016). On a sphere, geodesics will necessarily meet: in this geometry parallel lines are absent. 

However, hyperbolic geometry was developed (in the 19th century) before elliptic geometry, and in the former 

there are infinite lines parallel to a given line at a given point. 

Today there are a variety of non-Euclidean geometries, corresponding to curved surfaces. The general 

theory of relativity demonstrated that in the vicinity of bodies of great mass such as stars, space-time is not 

flat but, rather, curved. There is another type of geometry, called projective geometry, the development of 

which was based the perspective techniques used by painters and architects. If we are on a Euclidean plane 

between two parallel lines, we see that these meet on the horizon: the horizon is not part of the plane but is a 

"line at infinity". 

Sometimes it is geometry which drives architectural choices, but at other times it is architectural innovation 

which facilitates the emergence of new ideas in geometry: anyway, throughout history, the link between 

geometry and architecture has been strong. Entire architectural periods are linked to specific types of 

geometry. Euclidean geometry is the basis for architectural styles from Antiquity through to the Romanesque 

period. Perspective and Projective geometry were important from the Gothic period through the Renaissance 

and into the Baroque and Neo-classical eras, while non-Euclidean geometries characterize modernity. 

 
3 Bellone T., Fiermonte F., Mussio L. (2017): The Common Evolution of Geometry and Architecture from a Geomatic Point of 
View. . Int. Archives of Photogrammetry and Remote Sensing, vol. XLII, part 5W1. Firenze, p. 623-630. 
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1. Euclidean geometry 

From Antiquity through to the Renaissance, architects defined the proportions and the symmetry of their 

buildings, and the relationship with the environment by means of geometrical solutions. Flooding of the Nile 

symbolized the annual return of chaos, geometry, used to restore the boundaries, was perhaps seen as 

restoring order on earth: geometry acquired a kind of sacredness. 

A golden ratio pyramid is based on a triangle whose three sides represent the mathematical relationship that 

defines the golden ratio. This triangle is known as a Kepler triangle, where φ is 1,618 … Leonardo Pisano, 

Fibonacci (1170-1250), discovers a series of particular numbers: the first two terms of the sequence are 1 

and 1. All other terms are the sum of the two terms which precede them. A remarkable feature of these 

numbers is that the relationship between any Fibonacci number and the one immediately preceding it tends 

to φ as n tends to infinity. 

“Do the wonderful arrangement of the petals of a rose, the harmonious cycle of certain shells, the breeding 

of rabbits and Fibonacci's sequence have something in common? Behind these very disparate realities there 

always hides the same irrational number commonly indicated by the Greek letter φ (phi). A proportion 

discovered by the Pythagoreans, calculated by Euclid and called by Luca Pacioli divina proportione” (Mario 

Livio, The Golden Section) . A logarithmic spiral where the constant relationship between the consecutive 

beams is equal to φ is called ”golden” (Fig.1). 

 

 

Fig.1 The golden spiral 

 

While some scholars assert that aesthetics did not exist in Ancient Greece, it is well known that the Greeks' 

architectural works adhered to well-defined standards. Art was any object whose creation derived from the 

technical skills or expertise of a craftsman and which recreated an order evoking the order of nature 

(Koσμος). 

The dimensions of an object of beauty are determined by the relationships between its component parts. The 

golden ratio was introduced by the Pythagoreans as the ratio between the diagonal and the side of the 

regular pentagon. The symbol of the pentagonal star was the sign of the Pythagoreans, for whom it 

represented love and beauty, health and balance (Corbalan, 2010). 

Temples represent the quintessence of Greek architecture, and Euclidean geometry was the canon defining 

the proportions of the component parts of these buildings. Harmonic ratios derived from the study of this type 

of geometry, in turn, linked to musical intervals musical intervals. Thus, Greek architecture considers ratios to 

be bound up with Mathematics, Philosophy and Music. This tradition is based upon the idea expounded by 
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Pythagoras and by Plato that numerical proportions and symmetries are the pillars holding up the world. 

Greek architects also used the sectio aurea (the golden ratio) since proportions could not be free, but had, 

rather, to align with the cosmic order. Golden rectangles are observable on the façade of the Parthenon. In 

Parthenon the overall height is the golden section of the width of the front part; then the facade has the size 

of a golden rectangle. This golden ratio is repeated several times between different elements of the front, for 

example, between the overall height and the height of which is located the entablature. 

In any case, the argument that the architecture of the famous monument was based on the golden section 

appears unprovable, as it is, moreover, for all the buildings of antiquity. It might indeed appear that 

constructions designed using the golden ratio are based on an innate human sense of the aesthetic: Puerta 

del Sol near La Paz, for example, is based on golden rectangles. 

Thales calculated the height of the Great Pyramid of Cheops, demonstrating that the real height of the 

pyramid and his pole were in equal proportion to their shadows: this is, at one and the same time, a classical 

indirect measurement and a basic theorem of Euclidean geometry (Fig. 2). 

Harmony engendered by proportions and symmetry is also observed and celebrated in Vitruvius’s “De 

Architectura”. Vitruvius describes the three limits of architecture: firmitas, utilitas, venustas (solidity, utility, 

beauty respectively. Geometry is involved both in visible and structural characters (venustas and firmitas) 

 

 

Fig. 2 The Great Pyramid of Cheops (2550 b.C.) 

 

Geometry is involved both in visible and structural characters (venustas and firmitas). Euclidean geometry 

informed architectural styles up to the Romanesque period. Sectio aurea was of great interest during the 

Renaissance, from Leonardo da Vinci to Leon Battista Alberti: one charming example of such is the 

Malatestian Temple at Rimini (L.B. Alberti, 1450-1468) (Fig. 3). 

The Holy Family by Michelangelo is organized according to the pentagonal star (Fig. 4). Basic thought of 

Pythagoreans is that the number is substance of reality: mathematical measurement (μετρου) is adequate for 

comprehension of the order in the world. For Pythagoras, numbers exist in the space: so, no contradiction 

takes palec between mathematics and geometry. Also, at the end of Plato’s research, the science of 

metrology is formalized as the key of knowledge. This is worth even for man and his behaviour, also related 

to intercourse with other men and with his own activity, both mental and social. 

 

2. Perspective and Projective Geometry 

As early as 1435, Alberti wrote the first book about the new technique of perspective, the “De Pictura”. If 

some scholars assert that this principle is quite obvious, since the retinal image is in perspective, it is a 
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different matter when discussing vision: Phidias made statues which, in order to be coherently proportioned 

atop a column, had to be altered in form. Columns closer to the observer seem narrower than those further 

away, and one famous correction of perspective is to be seen in the inward-slanting columns of the 

Parthenon. It is interesting to compare two paintings depicting the Annunciation, without (Fig. 5) and with 

(Fig. 6) the use of perspective. 

 

  

Fig. 3 The Malatestian Temple (Rimini, 1503)  Fig. 4 The Holy Family (Michelangelo, 1506-1508) 

 

  

Fig. 5 Annunciation (Andrej Rublev, 1410)       Fig. 6 Annunciation (Leonardo da Vinci, 1472-1475) 

 

In this context, the way to acquire a correct perspective is shown by a comparison between a flat byzantine 

representation (Fig. 7) and an attempt to draw the perspective in Gothic pictures (Fig. 8). Euclid's optics had 
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already determined that objects create a cone of rays converging in the observer's pupil. Perspective was 

concerned with the intersection of cone and plane of representation. 

Perspective conceives of the world from the viewpoint of a “seeing eye”, that is an individual who is free to 

represent the world beyond mere religious dogmas: the relationship between individualism and perspective 

is an important one. The painting The ideal city (Fig. 9), is a precise central projection. The author is 

unknown, possibly of 15 th century.4  The only vanishing point is at the portal of the temple 

 

           

Fig. 7 The port of Classis (Sant’Apollinare nuovo, Ravenna, VI century) 

Fig. 8 Joachim and Anne’s meeting (Giotto, Scrovegni Chapel, Padua, 1303-1305) 

 

 

Fig. 9 The ideal city (Anonymous, 1490) 

 

In architecture, a solid perspective gives the beholder the illusion of a greater depth than is real. One clear 

example is the apse of Saint Mary by Saint Satyrus Church in Milan by Bramante (Fig. 10). Although the 

artist had at his disposal a depth of only 97 cm, he gave the building a monumental impact through the 

optical illusion provided by an apparent barrel vault. 

Perspective was a Renaissance invention, but the basic idea of projection is much older and stemmed from 

the need to represent the Earth on a plane. Both the Greeks (Hipparchus, Ptolemy) and the Persians (Al 

Biruni, the astronomer and mathematician who discovered the Earth's radius by indirect measurements, 

different from those of Eratosthenes, whose work was, nonetheless, known to him), were able to project the 

globe on a plane and to detect single points using coordinates (latitude and longitude). The Arabs indeed 

 
4 Some scholars think of Leon Battista Alberti as the author of the painting. 
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imported into Europe Indian, Arabic, and Persian ideas, not to mention ones from the Greek tradition, in the 

fields of Mathematics, Cartography and Geography. 

 

 

Fig. 10 Saint Satyrus Church (Milan, 1482) 

 

Ptolemy’s world map is a polar stereographic conformal projection which was in use until explorations from 

Marco Polo through to Columbus led first to its modification, and later to its abandonment (Mercator, 1569). 

Generally, architects and painters of the 16th century used, particularly for ceiling frescos, a series of 

vanishing points in order to limit the paradoxical effects of perspective. 

Some innovators, such as Niceron, Maignan and Andrea del Pozzo, used a unique, central viewpoint which 

resulted in significant distortion at the edges. In the convent of Trinità dei Monti, images of saints which are 

clearly visible from a precise, lateral viewpoint, dissolve as one comes closer to the center of painting. In 

1632, Niceron wrote “De perspectiva curiosa”, a treatise on Anamorphosis. 

The invention of perspective, together with cartographic and anamorphic experimentation, also inspired 

Projective Geometry. Desargues, a Lyonnais painter, architect and mathematician, broadens perspective, 

increasing the use of vanishing points (points at infinity). He believed that a geometrical entity could be 

distorted continuously: when one moves one of the foci of an ellipse to infinity, a parabola is obtained.  

Subsequently, Baroque architecture would express ideas of infinite time and space, in step with the 

philosophical views of Giordano Bruno. According to Desargues: 

 

 two points identify one and only one straight line 

 two straight identify one and only one point 

 

The consequence is that there are no parallel lines and the conical are indistinguishable. (Odifreddi, 2011). 

Projective geometry is concerned with the study of the properties of figures, with respect to a series of 

transformations, defined as projective, obtained by operations of projection and section that can alter the 

metric properties, but not the projective ones  
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The Baroque is constantly in search of free and open surfaces, elliptical and in constant transformation. 

Guarini, in the Chapel of the Holy Shroud (end of XVII century) creates optical effects and continuous 

geometric transformations; in the San Lorenzo Church (also in Turin), he brings together convex and 

concave surfaces (Fig. 11). During his stay in Paris, Guarini studied infinitesimal calculus and the theories of 

Desargues; many scholars suppose that in the domes of Guarini projective geometry is a theoretical basis. 

 

 

Fig. 11 San Lorenzo Church (Guarini, Turin, 1668-1687) 

 

Borromini shapes undulating architraves, skewed arches and oblique forms (Fig. 12). 

 

 

Fig. 12 Sant’Ivo alla Sapienza (Borromini, Rome 1642-62) 
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The colonnade of Piazza San Pietro (by Bernini), which is straight to the eye of the observer at the center of 

the piazza, appears continuously transformed as the closer up he comes with the columns seemingly 

oblique. 

Since the advent of Computer Vision a few decades ago, projective geometry has been arousing renewed 

interest. In fact, any understanding of how images are formed depends on an analysis of the process by 

which a (three-dimensional) scene is projected onto a (two-dimensional) plane. In a very concise terms, the 

process can be divided into two distinct parts, one being essentially geometric and while the other 

radiometric): 

 

 the determination of the image point position; 

 the determination of the resulting image point brightness. 

 

Thus, the first phase itself of the process is dependent on concepts and methods of projective geometry. In 

particular, projective transformations of the plane shape the geometric distortions, which are present when 

an object is represented in a flat image (captured by a sensor, such as a digital camera, however arranged in 

3D space). 

Some properties of the object, then, are retained in the passage from object to image (such as collinearity), 

while others are not (for example, parallelism is not preserved, at least not generally). Therefore, projective 

geometry models image formation and favours its mathematical representation, adapted to the calculation, 

i.e. by introducing algebra into geometry, to describe geometric entities in terms of coordinates and other 

algebraic entities. 

 

3. Non-Euclidean Geometries 

Perception of parallelism is shaky, perhaps a cultural issue, while perspective vision is perhaps a symbolic 

form (Panofsky): the time is ripe to abandon the Euclidean space in science and the arts. It is interesting to 

compare the paintings of Van Gogh or Cézanne that represent what the artists see, with perspective 

drawings of the same scene: the effect is of alienation. (Fig. 13). 

The curve perception of straight lines depends on the physiology of the eye: the retina is curved. Our eye 

knows all three geometries Euclidean, spherical and hyperbolic (Odifreddi, 2011). Topographic work for the 

Duchy of Hanover caused Gauss to deal with geodetic triangles and theoretical Geodesy, and thus to 

anticipate hyperbolic and elliptical geometries (Lobačevsky and Riemann). 

It is easy to see that all triangles upon a sphere (i.e. the Earth, more or less) have angles whose global 

amplitude is over 180°. Also, all geodesics meet at two points only. In this case we can say that curvature is 

positive. Moreover, in the said geometry, parallels are quite absent. 

On the contrary, for hyperbolic geometry, total amplitude of inner angles for triangles is less than 180° and 

the curvature is said negative: in this case, the number of parallels at a single point to a given geodesic is 

unlimited.  

Above a spherical surface, when a triangle is enlarged, also the width of inner angles increase (positive 

curvature); the opposite happens on hyperbolic surfaces (negative curvature). On a flat surface the 

amplitude doesn’t change. (O’Shea, 2007). 
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The Earth continues to appear flat in restricted areas, i.e. the sphere can appear, in small scale, Euclidean 

(Fig. 14) 

 

       

Fig. 13 The Montréal Biosphère (Fueller,1967)         Fig. 14 Le café de nuit (Van Gogh, 1888) 

 

A forewarning of later artistic revolutions was the dissolution of classical geometric forms led by the 

Macchiaioli and the early Impressionists (Fig. 15 and Fig. 16). 

 

   

Fig. 15 Il caffé Michelangiolo (Ceccioni, 1867)   Fig. 14 The red jacket (Zandomenghi, 1895) 

 

The theory of relativity concludes that the three geometries Euclidean, hyperbolic and elliptic can be 

successfully apply in different areas. 

Both non-Euclidean Geometry and the Theory of Relativity are at the basis of Cubism. Cubist painting 

introduces a fourth dimension: time; in point of fact, one picture can have simultaneously different viewpoints, 

permitting analysis at different times. 

The idea of watching an object from all viewpoints has to do with going beyond the third dimension, Objects 

are broken and re-assembled as well as being displayed in a broader context. Non-Euclidean geometries are  
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present in the work of artists like Picasso and Malevich, and in architectural Constructivism and 

Deconstructivism (Fig. 15).  

 

 

Fig. 15 The Woodcutter (Malevich, 1912) 

 

Shukhov, architect, engineer and mathematician, devised, like Gaudi (Fig. 16) double-curvature structures, 

hyperboloids of revolution, based on non-Euclidean geometry.  

 

 

Fig. 16 Casa Milà (Barcelona, 1906-12) 

 

The hyperboloid tower (Fig. 17) built by Shukhov for the Nizhny Novgorod Exhibition (1896) was the 

prototype for many industrial buildings, and perhaps it was thanks to this that he had some influence on 

Russian Constructivism. Indeed, Constructivism encouraged the use of industrial materials and of shapes 

derived from technical processes. Constructivism created buildings and monuments which broke the rules of 

compositional unity. Vladimir Tatlin, artist and architect, projected a Tower in honor of the Third International, 

that was never built (Fig 18). In a period of reaction, Soviet architecture returned to Neo-classicism. 
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In the nineteen-eighties, some architects declared themselves Deconstructivists, in reference to Derrida and 

Deconstructionism, on the one hand, and, on the other, to Russian Constructivism - destroyer of Euclidean 

geometry based upon harmony and proportion - which they sought to infuriate and supplant. 

 

      

Fig. 17 The Shukhov Tower (1920-1922)         Fig 18 Tower of Third International (Petrograd, 1919-20) 

 

Walls of buildings slope and open out, and the buildings themselves are out of place in their locations: cuts, 

fragmentations and asymmetry are their main characteristics. One important representation is the 

Guggenheim Museum in Bilbao, by Frank Gehry (1997) (Fig. 19). 

 

 

Fig. 19 Guggenheim Museum (Bilbao, 1997) 
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Frank Owen Gehry and Le Corbusier are two symbols in modern architecture. Le Corbusier, in his times, is 

impressed by the cubistic rationalism (he was a personal friend of some of most important painters of this art 

movement). 

The golden number entered in the architecture of Le Corbusier, as in the Villa Savoye (Fig 20.), or in La Ville 

radieuse in Marseille, although in the course of times a noticeable evolution is to be seen in his many works 

(Zeri, 1994) (Fig. 21) 

Frank O.Gehry is an eclectic personality; a special feature in his work is avoiding forms and shapes of 

Euclidean geometry and perspective, with special preference for what appears as disharmonic and 

asymmetric (Zeri, 1994) (Fig. 21). 

 

 

Fig. 20 Villa Savoye (Poissy, 1928-31) 

 

 

Fig. 21 Chapelle Notre dame du Haut (Ronchamp,1950) 
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4th Part 
EXAMPLES OF SEMANTIC AMBIGUITIES IN PATTERN RECOGNITION 5 

 

Abstract 

A number of pattern recognition applications shows some distortion (due to noise). Also, patterns of a certain 

class are more frequent than others inside the same class. Parsing techniques show some degree of 

ambiguity, as the pattern may have two or more parses, that is different rewrite rules of a grammar (or 

language) may be involved in the derivation of strings. In this case, stochastic languages are used for pattern 

description; proper types (stochastic, generally) of syntactic analysis, or parsing, are also foreseen for 

pattern recognition. Quite the same as for natural languages, ambiguity should be kept into account: a 

sentence may actually bear different meanings, due to possible differences at recognition or interpretative 

level. In formal grammar ambiguity is noticed as a string may derive from other grammars also, or in more 

than one way: a formal grammar is ambiguous, when a string-belonging to a given language may also be 

derived in some other way. 

 

1  The theory of formal languages 

In the theory of formal languages, a language is defined as a set of strings: a string is a finite sequence of 

symbols chosen from some finite vocabulary called set of terminal symbols. In natural languages, a string is 

a sentence, and the sentences are sequences of words chosen from some vocabulary of possible words. A 

language is generated by a grammar: a grammar is defined as a four-tuple G = (VN , VT , P, S) where VN and 

VT  are the non-terminal and terminal vocabularies of G, P is the set of the production rules, and S is the start 

symbol. A formal language is indeed defined by: 

 

 a terminal vocabulary of symbols (the words of the natural language); 

 a non-terminal vocabulary of symbols (the syntactic categories, e.g. noun, verb); 

 a set of productions (the phrase structure rules of the language); 

 the so called start symbol. 

 

In a language generated by a grammar, where the set of strings satisfies the following conditions: 

 

 each string is composed only of terminals; 

 each string can be derived from S by suitable applications of productions from the set of P. 

 

Chomsky (1957) introduced a hierarchy of classes of languages, based upon the complexity of the 

underlying grammar: 

 

 Unrestricted grammars (0 type grammars) 

 Context-sensitive grammars (1 type grammars) 
 

5 Bellone T., Mussio L. (2001a): Semantic Ambiguity Questions for Pattern Recognition. In: A. Carosio, H. Kutterer (Ed's) Robust 

Statistics and Fuzzy Techniques in Geodesy and GIS, IGP - Bericht Nr. 295. ETH, Zurich, p. 221-226. And, Bellone T., Mussio L. 

(2001b): Examples of Semantic Ambiguity in Pattern Recognition. In: A. Vettore (Ed) 3D Digital Imaging and Modeling Applications of: 

Heritage, Industry, Medicine &Land. AGRIPOLIS, Padua, S5_8 p. 8. 
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 Context-free grammars (2 type grammars) 

 Finite state or regular grammars (3 type grammars). 

 

The most general class of grammar is type 0, which has no restrictions on the form that rewrite rules can 

take; for the other grammar types, the form of the rewriting rules is increasingly restricted and the generated 

languages are correspondingly simpler. The simplest languages, generated by 2 type and 3 type grammars, 

are unable to describe human languages. However it is difficult to handle computationally the most general 

formal languages. 

Although many classes of patterns appear context-sensitive, context-sensitive grammars have rarely been 

used, because of their complexity. Context-free programmed grammars have been used, probably due to 

their effectiveness in describing natural languages, they are able to capture much of natural and artificial 

languages, but many problems required extensions: 

 

 Transformational grammars; 

 Graph grammars; 

 Stochastic grammars. 

 

Context-free grammars cannot model all the characteristics of natural languages. One example is the 

conversion of sentences from active to passive voice, Chomsky (1965) developed the theory of 

transformational grammar, in which a sentence is derived as a deep structure, then modified by 

transformational rules and finally converted in surface form by phonological rules. The deep structure is 

derived by a context-free grammar, which generates “proto” phrases: strings like “the bridge crosses the 

river” and “the river is crossed by the bridge” have the same deep structure, but a completely different 

surficial structure. 

In syntactic pattern recognition problems, it is often important to represent the two or three dimensional 

structure of sentences in the languages. Traditional context-free grammars generate only one dimensional 

strings. Context-free graph grammars have been developed in order to construct a graph of terminal nodes 

instead of  a string of terminal symbols. 

A statistic approach to language started as the scholars realized the value of statistic methods in the 

recognition of speech. Hidden Markov’s model was first used by the same for modelling the language of 

“Evgenij Onegin” (Markov, 1913). A grammar normally divides strings in just two classes: the grammatically 

correct ones and the others. In any case, ambiguity is very frequent and it is even deliberately pursued as 

sometimes happens in poetry. The simplest way of accounting for ambiguity is the usage of a stochastic 

grammar. 

 

2. Stochastic languages 

It is common in context-free grammars to use recursive rules to represent repetition. For example, the 

sentence “the bridge crosses the river” is derived by the rules of a context-free grammar like the following: 

 

S → AZV 
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V → X, V → XAO, V → VP 

P → WAZ, P → WAO 

A → a, A → the 

Z → bridge, Z → hill 

W → before, W → on, W → with 

O → river, O → town, O → lake 

O → railways 

X → crosses, X → guards 

 

Also the sentence “the bridge crosses the river before the lake with the railway” is derived by the production 

rules of the same context-free grammar, using the production rule: V → VP, which is recursive (Fig. 1). This 

sentence is less used than the previous one. But we can also obtain the following sentence: “the bridge 

crosses the river before the lake with railways on the town” (Fig. 2). Although this sentence is technically 

grammatical, it is unacceptable (being impossible to find this scene, in the real world). 

If we apply this recursive rule over and over again, we can generate sentences which may be rare or even 

absurd: it would be useful to represent the degree of acceptability, on the basis of the relative frequency or 

the likelihood of a given sentence.  

Context-free grammars and also transformational grammars can represent the phrase structure of a 

language, however they are not able to cope with the real relative frequency or likelihood of a phrase (Cohen 

et al., 1981). 

Stochastic grammars provide one approach to this problem: to each production rule of the grammar is 

assigned a probability of selection, a number between one and zero. 

During the derivation process, productions are selected for rewriting according to their assigned probabilities: 

each string of the language has a probability of occurrence computed as the product of the probabilities of 

the rules in its derivation. A stochastic grammar is four-tuple: 

 

G = (N, T, Ps, S) 

 

where: 

 

N and T are the non-terminal and terminal vocabularies of G; 

S is the start symbol; 

Ps is the set of stochastic production rules each of which is of the form: 
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Fig. 1        Fig. 2 

 

If we assign in the previous example the following probabilities to all the rules: 



 

55 
 

p1 1 

P2, p3, p4 0.1, 0.4, 0.5 

P5, p6 0.1, 0.9 

P7, p8 0.5 

P9, p10 0.5 

P11, p12, p13 0.33 

P14, p15, p16, 

p17 

0.25 

P18, p19 0.5 

 

we find the following probabilities for the sentences. The string “the bridge crosses the river” has probability: 

 

pt = p1 p3 p8 p9 p8 p14 = 1 0.4 0.5 0.5 0.5 0.25 = 0.0125 

 

On the contrary, the string “the bridge crosses the river before the lake with the railways” has probability: 

 

pt = p1 p4 p4 p6 p6 p3 p8 p9 p18 p8 p9 p14 p11 p8 p16 p13 p8 p17 = 1 0.4 0.4 0.9 0.9 0.4 0.5 0.5 0.5 0.5 

0.25 0.33 0.5 0.25 0.33 0.5 0.25 = 0.000001378 

 

according to the intuition that the second sentence is not common. 

Finally the string “the bridge crosses the river before the lake with railways on the town” has probability: 

 

pt = p1 p4 p4 p6 p6 p3 p8 p9 p18 p8 p9 p14 p11 p8 p16 p13 p8 p17 p4 p6 p12 p8 p15 = 1 0.4 0.4 0.9 0.9 0.4 0.5 

0.5 0.5 0.5 0.25 0.33 0.5 0.25 0.33 0.5 0.25 0.5 0.9 0.33 0.5 0.25 = 0.0000000025 

 

according to the observation that the given sentence is meaningless. 

 

3. Stochastic languages for pattern recognition 

Languages have been used for pattern description and algorithms of syntactic analysis have been used as 

recognition procedures. In some applications a certain degree of uncertainty exists. Syntactic Pattern 

Recognition consists of three major steps: 

 

 pre-processing, which improves the quality of an image, e.g. filtering, enhancement, etc.; 

 pattern representation, which segments the picture and assigns the segments to the parts in the model; 

 syntax analysis, which recognizes the picture according to the syntactic model: once a grammar has 

been defined, some type of recognition device is required, the application of such a recognizer is called 

Parsing. 
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An attraction of this method is the possibility of description of an object, a scene. But noise may complicate 

the process of computing the string structure: extraneous primitives may be generated by spurious edges, or 

actual primitives of a shape may be undetected due to the poor quality of the image. Another problem is the 

ambiguity of the primitives that are extracted to represent the patterns, how this ambiguity can be accounted 

for in the model or in the analysis (in the construction of the grammar or in the parsing). If piecewise linear 

approximation are first fit to the boundary of a shape, then using these primitives as input for syntax analysis 

will suppress the noise proportionally to the degree that the linear segments fit the boundary. A difficulty is 

also the construction of a simple grammar, preferably regular or context-free which generates only these 

strings. The formal theory of automata can be used to parse strings of shape primitives 

Stochastic grammars have been employed in Pattern Recognition in noisy and uncertain environments, 

where it is better to have an indication of the degree of grammaticality of a sentence. Indeed, languages 

used to describe the noisy and distorted pattern are often ambiguous: one string or pattern can be generated 

by more than one language, so patterns belonging to different classes may have the same description, but 

with different probabilities of occurrence (Fu, 1982) 

Also, a pattern grammar may generate some strings which are unwanted: very small probabilities could be 

assigned to the unwanted strings. When a string has two or more parses, we can use the more probable 

parse as description of the string (pattern): the most probable parse is that according to which the generated 

string has the highest probability. If the strings (patterns) and their associated probabilities are known, it is 

possible to estimate the probabilities of the production rules. 

The following example will clarify the role of stochastic grammars: an equilateral triangle and a right-angled 

triangle are shown with their noisy versions: the probability of the occurrence of these versions are known, 

and it is possible to generate a grammar, which derive all the strings representing the patterns. Let us have a 

right-angled triangle and some of noisy variations. 

 

 
 
As described by the following grammars: 
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S → aA1 p1 

A1 → b3A2 p2A1 → b1A3 p3 

A1 → b2A4 p4 

A2 → c3  p5 

A2 → c  p6 

A2 → c4  p7 

A3 → c3  p8 

A3 → c  p9 

A4 → c3  p10 

A4 → c  p11 

 
Let’s suppose to know probability to get each string x: 
 

 P(x) 

ab3c3 1/3 

ab3c 1/9 

ab3c4 1/9 

ab1c 1/9 

x 1/9 

ab2c3 1/9 

ab2c 1/9 

Table 1 
 

Of course: 

 

p1 = 1 

p2 + p3 + p4 = 1 

p5 + p6 + p7 = 1 

p8 + p9 = 1 

p10 + p11 = 1 

 

Let’s take ab3c, whose probability is: 

 

p(ab3c) = p1 p2 p6 = = 1/9 

 

From probability theory ensues that: 
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p1 p2 (p5 + p6 + p7) 

 

shows probability that the assets (strings) occur ab3c3, ab3c and ab3c4: 

 

p1 p2 (p5 + p6 + p7) = 1/3 +1/9 + 1/9 = 5/9 

 

Since 1 p2 1 = 5/9, we have: 

 

p2 =5/9 

 

and from: 

 

p(ab3c) = p1 p2 p6 = 1/9 

 

we have again: 

 

p6 = 1/5. 

 

Then from: 

 

p(ab3c3) = p1 p2 p5 = 15/9p5 = 1/3 

 

we have: 

 

p5 = 3/5. 

 

The same way, we have: 

 

p1 p3 (p8 + p9) = 1/9 + 1/9 = 2/9. 

 

Since 1p3 1 = 2/9, we have: 

 

p3 =2/9 

 

and, being analogously : 1 p4 1 = 2/9, we have again: 

 

p1 p4 (p10 + p11) =1/9 + 1/9 = 2/9 

so that: 
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p4 = 2/9 

 

Let’s keep again at hand all previous assets, so we get: 

 

p(ab3c4) = 1/9 = p1 p2 p7  = 1 5/9 p7: p7 = 1/5 

p(ab1c) = 1/9 = p1 p3 p9 = 1 2/9 p9: p9 = 1/2 

p(ab1c3) = 1/9 = p1 p3 p8 = 1 2/9 p8: p8 = 1/2 

p(ab2c3) = 1/9 = p1 p4 p10 = 1 2/9 p10: p10 = 1/2 

p(ab2c) = 1/9 = p1 p4 p11 = 1 2/9 p11: p11 = 1/2 

 

An equilateral triangle and some distorted versions are shown: 

 

 

 

 

These variations are described by the following grammar: 

 

S → aA1 p1 

A1 → bA2 p2 

A1 → bA3 p3 

A2 → c p4 

A2 → c1 p5 

A2 → c2 p6 

A2 → c3 p7 

A3 → c p8 
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A3 → c2 p9 

A3 → c3 p10 

 

Let’s suppose to know probability to get each string x: 

 

 P(x) 

Abc 1/4 

abc1 1/8 

abc2 1/8 

abc3 1/8 

ab1c 1/8 

ab1c2 1/8 

ab1c3 1/8 

Table 2 

 

Of course: 

 

p1 = 1 

p2 + p3 = 1 

p4 + p5 + p6 + p7 = 1 

p8 + p9 + p10 = 1 

 

The same way as in the former case, we get the following results: 

 

p(abc1) = 1/8 = p1 p2 p5 

p1 p2 (p4 + p5 + p6 + p7)= 11(¼ + 1/8 + 1/8 + 1/8) = 5/8 

p2 = 5/8 

p5 = 1/5 

p(ab1c) = 1/8 = p1 p3 p8 

p1p3 (p8 + p9 + p10) = 3/8 

p3 = 3/8 

p8 = 1/3 

p(abc2) = p1 p2 p6 = 1/8 

p6 = 1/5 

p(abc3) = p1 p2 p7 = 1/8 
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p7 = 1/5 

p(ab1c2) = p1 p3 p9 = 1/8 

p9 = 1/3 

p(ab1c3) = p1 p3 p10 = 1/8 

p3 = 1/3 

p(abc) = p1 p2 p4 = 1/4 

p4 = 2/5 

 

and finally: 

 

p10 = 1/3 

 

Notice that the ab1c string appears in both tables. If we observe patterns as described on strings of table 1 

and table 2, the ab1c string may belong to both the pattern classes. In case of syntax analyzers (parsers) 

planned on the basis of context-free, non-stochastic (i.e. traditional) grammars, the two classes of patterns 

could not be distinguished: that could mean the string belong to both patterns. 

However, what we already know about probable occurrence plays a meaningful role. In the present case, 

since probability of occurrence of the string for the first grammar p(ab1cG1) is 1/9 and probability of the 

same string for the second grammar p(ab1cG2) is 1/8 , we have that pattern represented by ab1c string may 

be classified as derived from the second class of patterns, the one of equilateral triangles. Therefore, for 

construction of analyzers (parsers), this last information should be taken into account. 

The parsers, in this case, are made up according to a likelihood criterion. However, parsers may also be built 

according to a further criterion, i.e. the Bayes’s theorem. In this case, some utter a priori information is 

required about the starting probability to deal with a square triangle or an equilateral triangle in the said 

context. Let’s recall the Bayes’s theorem, in order to use it for the previous example: 

 

)B(p

)A/B(p)A(p
)B/A(p


  

 

Let’s suppose that the probability of having a square triangle be 0.6, and the one for an equilateral triangle 

be 0.4, so we obtain the following conditional probabilities: for a square triangle, if we have the string: x = 

ab1c2: 

 

572.0
8.04.09/16.0

9/16.0
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xp

squarexpsquarep
xsquarep  

 

And for an equilateral triangle, if we have the same string: x = ab1c2 
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in this case, with due account to the starting probabilities, we have a result just opposite to the previous one. 

 

4. Stochastic automata 

A way of specifying a language is in terms of the strings that are accepted by a recognition device. The 

simplest recognizer is the finite-state automaton, which can accept languages produced by finite state 

grammars. Recognizers for 0, 1 and 2 type languages and extensions (like programmed languages) have 

been introduced. The theory of stochastic automata defines the class of languages accepted by stochastic 

automata. A stochastic finite state automaton is a five tuple: 

 

SA= (, Q, M, 0 , F) 

 

where: 

 

  is a finite set of input symbols for the strings (the alphabet); 

 Q is a finite set of internal states; 

 M is a mapping of  into the set of nn stochastic state transition matrices; 

 0 is the n-dimensional initial state distribution vector; 

 F is a finite set of final states. 

 

Indeed the generation process from a stochastic finite state grammar can be assimilated to a finite state 

Markov process. 

Let GS = (VN, VT, PS , S) is a stochastic grammar, we can construct a stochastic automaton: 

 

SA = (, Q, M, 0) 

 

accepting languages generated by GS: T(SA). 

 

 The alphabet  is equal to the set of terminal symbols VT; 

 the state set Q is the union of the set of non-terminals VN and the states T and R, state of termination 

and of rejection respectively; 

 0 is a row vector with the component equal to 1 in the position of state S; 

 the other components equal to 0; 

 the state transition matrices M are formed on the basis of the stochastic productions; finally a n vector f 

represents the final state. 
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Let’s consider the stochastic finite state grammar G = (VN, VT, PS, S), where: VN = (S, A), VT = (a, b) and 

PS: 

 

S → aA p1= 1 

A → aA p2 = 0.8 

A → b  p3 = 0.2 

 

We have, according to the above described procedure:  = (a, b), Q = (S, A, T, R), 0 = (1 0 0 0 ) and F 

= T. The language accepted by the stochastic automaton is T(SA) = amb. We can construct the transition 

state matrices M(a) and M(b): 
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According to the Markov chains theory, we can calculate for example the probability of the string x = aab. 

M (aab) = 0 M2 (a) M (b) f 
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If we calculate the probability of the string x= aab, taking into account how it is generated:  

 

S → aA → aaA → aab 

 

we obtain the same result: 

 

p(x) = p(aab) = 1 0.8 0.2 = 0.16 

 

5. Further developments 

The following Fig. shows the result of an automatic matching: it is, as obvious, a noisy representation, which 

should be interpreted by a process so called "transforming spaghetti into a topologically consistent Fig.” 

(Fig.3). Fig.s 4 and 5 complete this reconstruction, adding the left part (much more complete) to the hidden 

right part, and cancelling all the segment, which are too short. 
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For this process, the usage of stochastic grammars may be envisaged. In fact, the Fig. may be seen as a 

noisy variation of a window, a portal. So, first a stochastic grammar should be made up, able to show the 

parts of a window (pilasters, shutters, actually a number of rectangles): to them, a low probability should be 

trusted. Later, other variations should be taken into account, giving them higher probability of occurrence, 

after the view of experienced geomaticians. 

In the same way, a grammar should be devised for the portals, … 

At last, a parser is to be planned, based on probability that the noisy configuration belongs to the pattern of 

windows, of portals. Also, in the process of parser planning, a higher probability may be trusted to the class 

of windows, according to common sense and experience: of course, a much lower probability should be 

trusted to different classes. If the probability is known that, in the course of restitution of some type of facade, 

a window comes out, rather than a portal or anything else, then the Bayes’s theorem is to be preferred, 

instead of the likelihood criterion. 

As an example, let’s suppose that the probability of noisy configuration as depicted on Fig. 3 be p(x) = 0.8 

for a window, but probability of a regular window be 0.1, as p(x) = 0.2 for a portal, being also p(x) = 0.3 for 

a regular portal. It is also known that the probability of finding a window on the facade be 0.7, as probability 

of having a portal be 0.3. 

So we get the probability to deal with a window when we have the configuration in Fig.: 
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and the probability of having a portal: 
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Fig. 3 
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   Fig. 4       Fig. 5 
 

6. Conclusions 

Many new problems arise in some information technology procedures, especially in Pattern Recognition. At 

present time, many cases are solved in different ways, by means of different approaches, but the variety of 

the experiments is still chaotic. 

In any case, the Bayes’s theorem (Bayes, 1764) states that the probability of the a-posteriori estimate is 

larger than the probability of the a priori information. 

Indeed it is evident that every procedure is applied in order to have an a posteriori probability (and 

conditioned probability) greater than the a priori probabilities. 

However this theorem provide a criterium of judgement, but doesn’t give any suggestion on the way to be 

followed. 

Stochastic languages for Syntactic Pattern Recognition prove useful according to this theorem, also being 

promising and fascinating approach, because of the connections with other disciplines, at first sight far from 

technology and natural sciences. 
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5th Part 
AN EXAMPLE OF SYNTACTIC AND SEMANTIC TIES AMONG IMAGES, TEXTS AND MAPS 6 

 

Abstract 

This study-experiment analyses the syntactic and semantic ties among images, texts and maps by using a 

blend of Geomatics and Linguistics techniques. Specifically, this work deals with the construction of a map 

on the basis of a written text representing a pictorial description of a panoramic mountain view. The aim is to 

demonstrate the aforementioned linkages and to measure the quality results in quantitative terms: the whole 

procedure is performed in seven steps (described in the introduction) and it closes with a final statistical 

evaluation. In order to achieve this task, a photograph was taken from the top of Mount San Giorgio, in 

Switzerland (Canton of Ticino), near Lake Lugano. 

 

1. Introduction 

The experiment aims to prove the existence of a logical continuity among images, texts and maps (Husserl, 

1998). It starts with an actual image as a data source, which gives rise to a written text; from this text, an 

attempt to reconstruct the original image was performed, drawing a picture referred to as a “map”. 

The entire process is performed in seven steps, starting from an acquired image: 

 

 Production of a written text, 

 Drawing of an unsupervised map, on the basis of this text alone, 

 Supervision of the unsupervised map, by indirect interaction between text drafter and map producer, 

 Correction of the map, under supervision, 

 Improvement of the text, identifying explanation failures, by visual observation of the newly-produced 

map 

 Drawing of a supervised map, using the text alone 

 Evaluation of results obtained, step by step, through statistical analysis 

 

Regarding the use of the words, while “image” and “text” are self-explanatory, “map” should be 

contextualised: indeed, this term describes a human product resulting from a specific technique. Obviously, 

this case does not involve a cartographic creation, but rather a picture (an artistic product).  

These considerations highlight the fact that this experiment seeks to establish syntactic and semantic ties 

among images, texts and maps, including images in the field of Language Analysis (Akmajian et al., 2008 

and Robins, 1997). Moreover, the “fuzzy” aim of this work is to offer a first and simple contribution from 

Geomatics to Linguistics, recognizing that conversely large contributions have come to Geomatics from 

Linguistics, e.g. through Syntactic Pattern Recognition. On the other hand, this process cannot be 

considered to be a production technique in the field of Image Analysis and map production, and cannot take 

into account any question concerning transferability. 

 

To emphasise the possible correspondence amongst images, texts and maps, a picture of Mount Sainte 

Victoire might even be matched with two famous paintings by Paul Cézanne7 (Fig. 1): 

 
6 Bellone T., Dante V., Mandelli A., Mussio L. (2020): An example of syntactic and semantic ties among images, texts and maps. 
Applied Geomatics, Vol. 8, Issue 2, p. 77-89. 
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 Montagne Sainte-Victoire, view from Bibemus’ cave (1898-1900), in the Musée d'Orsay (Paris); 

 and Montagne Sainte-Victoire (1905), in the Kunsthaus (Zurich). 

 

   

Fig. 1 Picture of Montagne Sainte Victoire, with two paintings by Paul Cézanne (Montagne Sainte-Victoire, 

view from Bibemus’ cave and Montagne Sainte-Victoire). 

 

Similarly, other artists explored the existing relationship between images and texts: for example, Giovanni 

Pascoli8 wrote poems about the mural frescoes in the convent of San Marco in Florence painted by Fra’ 

Giovanni da Fiesole9. The method could also apply to representation of man - made objects in the 

landscape, from a text description. A text could represent an example of cultural or environmental heritage, 

thus allowing better evaluation of assets, whether archaeological, architectural, or landscapes. 

 

2. The elementary syntax of an image 

Geometry is characterised by points, lines and planes, according to Euclidean axioms, where the most 

important lines are segments of straight lines and arcs of circles, because much more complex lines could be 

approximated by these segments and arcs. In this context, the most important geometric relations are: 

collinearity, parallelism, concentricity, incidence and intersection. 

Since most images show 3D objects, perspective conditions compress the three-dimensional space into a 

2D one, where shadows add to colours in order to save a part of the 3D information. Additional information, 

as qualities, actions, movements, etc., depends on semantic contents, which are beyond the scope of this 

study. 

In the following paragraphs, the linguistic analysis of the language is summarised, observing that image 

grammar is a new task, as yet not fully analysed. A number of scholars have analysed the relationships 

between images and languages. For some, language is compositional, that is, it is recursively constituted by 

means of modular units. 

According to the Gestalt theory (Metzger, 1941), perception consists in adapting the stimulus material to 

really simple patterns, visual concepts or visual categories (Arnheim, 1974). The Greeks believed that direct 

vision was the primary source of wisdom. According to Aristotle, the soul never thinks without an image 

(Arnheim, 1969). 

Modern Linguistics is commonly said to originate as early as the 5th century BCE, although in a true sense, 

its birth may be placed much closer to the present, whether it be around: 1820 (W. Von Humboldt), 1916 (De  

 
7 Paul Cézanne (1839 –1906) was a French artist and Post-Impressionist painter. Paintings convey Cézanne's study of his subjects. 
8 Giovanni Placido Agostino Pascoli (1855 – 1912) was an Italian poet, symbol of Italian literacy at the end of the XIX century. 
9 Fra’ Giovanni da Fiesole (born Guido di Pietro; 1395 - 1455) was an Italian painter of the Early Renaissance. In modern Italian, he is 
called Beato Angelico (Blessed Angelic friar). 
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Saussure), 1926 (Trubeckoj) or 1957 (Chomsky). 

In the theory of formal languages, a language is defined as a set of strings: a string is a finite sequence of 

symbols chosen from some finite vocabulary. In natural languages, a string is a sentence, and sentences are 

sequences of words chosen from some stock of possible words. In 1957 Chomsky introduced a hierarchy of 

language classes, based upon the complexity of the grammars.  

The most general grammar class has no restrictions on the form that rewritten rules can take; for other 

grammar types, the form of rewriting rules is increasingly restricted and the generated languages are 

correspondingly simpler. The simplest languages are unable to describe human languages, however it is 

difficult to handle computationally the most general formal languages (e.g. context-sensitive grammars). 

In the opinion of the authors, that however should be more and more deeply studied, 

 

 images are context-free only at small scale, where a regular analysis is performable; 

 images are context-sensitive at medium and large scale, where a detailed analysis is necessary. 

 

Grammars have been widely used in the natural language processing field, and they are also applied to 

many pattern recognition problems in Computer Vision (Fu, 1982) and in Geomatics. 

In syntactic pattern recognition problems, it is important to represent the two or three-dimensional structure 

of sentences in the languages. Traditional context-free grammars generate only one dimensional strings. 

Context-free graph grammars developed in order to construct a graph of terminal nodes, instead of a string 

of terminal symbols 

In Linguistics, statistical methods have come into use early decades of past century (Markov, 1913).  

Chebyshev's great pupil examined the first 20,000 characters of Pushkin’s “Eugene Onegin” with attention 

paid to the probability of alternance vowel/consonant. Later, Markov applied the same statistical technique to 

Aksakov’s “The childhood of Bogrov the grandson”. Many other scholars, after him, worked on such text 

analyses. 

Although some sentences are theoretically grammatical, in practice they are unacceptable in language use. 

Indeed, where a recursive rule is applied, unusual or even absurd sentences may be generated: thus it 

proves useful to represent the acceptability degree of a sentence, on the basis of the relative frequency or 

the likelihood, as given in stochastic grammars. Indeed, stochastic grammars provide a single approach to 

this issue: a probability of selection is assigned to each production rule of the grammar (Fu and Huang, 

1972). 

Despite the uncountable algorithms that are now studied and used, for example the tabular algorithms for 

parsing or the Hidden Markov models, many cases are commonly solved in different ways. Still, this creative 

approach to a variety of experiments is chaotic; a successful procedure wins out in one individual situation 

and does not apply to another circumstance, then there is no general theory. 

The problem concerns both the construction and the recognition of the pattern. The same is true, a fortiori, in 

the field of Image Analysis, where rules are neither defined nor fixed, because a proper vocabulary, grammar 

and rules are still required. 

In order to attempt a generalization of the aforementioned theory, the authors have started with this 

experiment, which made it possible to understand if language could represent an image with an adequate 

degree of approximation, and the result obtained has been to positive. 
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3. Dataset 

The chosen amateur photographic image was taken from the top of Mount San Giorgio (Canton of Ticino, 

Switzerland: Fig.s 13 and 14, at the end of this part, show the geographic position), a UNESCO site in the 

Lake Lugano area. Since it is not a mass tourism location, it was to be expected – and later it was confirmed 

– that those involved in the experiment had not visited this place before. 

The selected photograph (Fig. 2), printed in full colour, is 13.5 cm in length and 10 cm in height; since it 

comes from a non-professional camera with display 5.4 cm x 4 cm, it shows a slight areal magnification, 

measured in 6.25 times. The calculated area of this image is 135 cm2: therefore, as the authors arbitrarily, 

decided to go with ten words per square centimetre, they establish a description of a total of no more than 

1,350 words. On the other hand, if authors were to write a hundred words for each square centimetre (that is, 

just one for each square millimetre), they would indicate the colour of every square millimetre, finally coming 

to a rough raster description of the whole image. Concerning the areal/spatial scaling, each square millimetre 

corresponds to 0.16 mm2; due to the overall quality of the amateur digital photo camera used, this value 

compares to the maximum possible definition of the smallest pictorial details. For this reason, the number ten 

is justified only by common sense considerations, while different numbers close to ten are obviously 

possible. 

As said, the original text is written in the Italian language, for convenience and ease of use, noting that the 

translation into English does not comply with the same constraint (limit set to 1,350 words). 

 

Image description with object-based structure 

 

 

Fig. 2 Original picture 

 

The picture shows a landscape, without panorama. 

Background is light blue, tending to azure in the lowest part of image. There is an object from left to right, that 

raises from 1/20 to 1/10 of image full height:  
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- on the left, till middle of image width, there are two lines, composed by 20 small grey elements that long 

in the horizontal direction (they become three lines in the second quarter); 

- the right part shows, on half, four rectangular elements turning high (inclined 45° on the left and raising a 

level); moreover a thin green line covers the left part only; 

- the last quarter being formed by a flat green/brown cupola raising another level and getting down to the 

image bottom (on the left, a brown rectangular element covers over half of previous quarter). 

 

On the foreground, there are two brown linear elements, irregularly screened (their width is respectively 1/10 

and 1/20 of the whole width of the image, tapered upward). The second shows a bipartition on the left, after 

the first third, and then another on the left after the second third, on the right part: 

 

- the first element is located above the "base", after the first third on the left of the image. It raises 

vertically, up to half, leaning to the left, after 1/4 of its height; 

- the upper 2/3 of this element are covered by a dark green stain (lighter in its upper right part), composed 

of small lanceolate parts, partially overlapping (size of a postage stamp). 

 

The gross form of the spot (though undulating in outline) is: 

 

- an isosceles trapezoid (with an oblique vertical side equal to 6/10 of image height and the two bases 30° 

descendent on the right over the horizontal axis; one doubles the other and the longest is higher, as long 

as the oblique side); 

- surmounted by a scalene trapezium that climbs up to the top (the foundations of which originate from the 

larger base of the isosceles trapezoid, returning to the left and right about 1/10 of its base and ascending 

to the right of 60° to the horizontal). 

 

The background is glimpsed on the left, for an extension between 1/10 and 1/20 the width of the image (the 

shape has two humps, near to the margin, separated by a creek, up to 2/3 of the bush, and thence it has a 

few undulations): 

 

- in the upper part, shattering the scalene trapezoid (where an irregular thin brown element stems to the 

left, 30° to the horizontal); 

- centrally, between bipartitions of the second element; 

- on the left and on the right of the second element, after the first third. 

 

The second element is born in the bottom right corner (covering the "base") and it rises almost vertically, 

leaving a space at the top right, equal to 1/15 of the width of the image. The two bipartitions form a 45° angle 

to the horizontal, straightening before reaching the summit (both at half the height): 

 

- the last third is covered by a dark green stain (lighter in its upper part and on the right), composed of 

small lanceolate parts, partially overlapping (size of a postage stamp), that reveal this element, as well as 

the background in the central part; 
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- to the right of the first bifurcation, and to the left of the second, respectively protrude two and three 

shaves spots of the same nature (equally spaced). 

 

The gross form of the spot (though undulating in outline) is an angled trapezium (with the larger base on the 

top, length 1/3 of the width of the image, and the oblique side descending towards the right with a 60° angle 

of to the horizontal, up to 1/4 of the height of the image). In the background, in the lower half of the image, 

there is a central body. It leaves, on both right and left, two spaces each equal to 1/6 of the width of the 

image). Colours are different: 

 

- milky white, with a rectangular texture (in staggered rows of half the rectangle), is the lower part of the 

central body. Two parts form: 

 

 to the left, a pentagon (with two right angles, compared to the "base", with a slight uphill. They also 

point upwards at the intersection of two sides, at 45° to the horizontal); 

 to the right, an isosceles trapezium with vertical bases (the greater on the left and the minor on right) 

and the lower oblique side hidden by the flattened dome and by the rectangular brown element. 

 

- there are three grey elements, spotted with milky white: 

 

 two respectively extend the pentagon on the right and the isosceles trapezoid on the left; 

 the third stops in the centre of the isosceles trapezoid. 

 

- there are the two elements in a homogeneous grey, which extend upwards, the isosceles trapeze and the 

pentagon. All elements have a parallelogram shape (that of the trapezoid is slightly tapered, in the same 

taper direction). The area ratio is: 

 

 1:1 milky white and grey spotted; 

 as between milky white and grey uniform, for the isosceles trapezoid; 

 2:1 between milky white and grey uniform, on the pentagon. 

 

- brown, shiny and wavy in the highest part, is a profile that rolls along the upper side of the uniform grey, 

above the isosceles trapezoid and the pentagon, up to the first linear element (in the foreground); 

- six small elements (equally spaced) are dark green: 

 

 three are inside the pentagon; 

 and three are inside of the isosceles trapezoid. 

 

In both cases: 

 

 the first on the left are both rectangular and elongated; 
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 the other rectangular, inside the pentagon (they are connected, from left to right, by two rectangular 

elements in milky white and uniform grey, decreased in height by two thin grey horizontal elements, 

underlying and overlying); 

 but they are square, inside the isosceles trapezoid. 

 

Overlying the brown profile, there are three vertical elements: 

 

- the first block is over the elongated rectangular dark green element, on the isosceles trapezoid; 

- the second two, partially overlapping, are above the square dark green piece on the left (of isosceles 

trapezoid). 

 

They all have a height equal to the homogeneous grey below and are topped with a thin rectangular profile, 

shiny brown, with slightly sloping gable. 

A third level consists of two grey/green elements, respectively in the lower left corner (above the "base") and 

just behind the second linear element (in the foreground): 

 

- infrequent and tangled, the part on the left rises up to 1/3 of the image. The approximate form (though 

undulating in outline) is a kite with one side along the left edge, the next side horizontal and the major 

diagonal upward to the right by 60° to the horizontal, intersecting with the minor one in a ratio of 3:1); 

- the right part is a spot (which underlies a vertical bright brown element). It comes 1/12 more than half of 

the image. The approximate form (however undulating in outline) is a rectangular trapeze with horizontal 

bases, where the angle between the minor base and the oblique side is on the extension of the oblique 

side of the rectangle trapezoid belonging to the stain overlying the second linear element (in the 

foreground). 

 

Other details: 

 

- in the pentagon, to the left and above the dark green elongated rectangular element, there are two grey 

square elements. Around them, there is a thin element (milk white), consisting of two vertical elements, 

joined by a semi-circular element; 

- between the pentagon and the isosceles trapezoid, starting from the base to the brown profile, a thin 

brown linear element stands vertical for the height of the milky white and inclined at 45° to the height of 

the homogeneous grey (connected, before and after, with short curved sections); 

- in the isosceles trapezoid, over the elongated rectangular dark green element, there is a thin horizontal 

element with a full semi-circular element above. Both are milk white. To the right of these elements, there 

is a linear brown element; 

- in the first half of the first bifurcation of the second linear element (in the foreground), a linear black 

element is superimposed (partially, it overlaps also the vertical brown element in the third level), with an 

orange tip at the top left; 

- to the left of the same linear element, above the first bifurcation, there is a circular yellow element, with a 

black dot at the centre; 
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- in the centre of the flattened dome and of the brown rectangular element, there are two rectangular 

elements, respectively, yellow/green and milky white; 

- in the top of each of the three vertical elements (in the central body) there is a black square element. 

 

4. Methods 

An image is similar to a central projection (and often matched to a frontal perspective), albeit with a 

remarkable number of corrections/anomalies such as height, width, slope, distortions, refractions, bend. 

Therefore, a text describes an image, which, for this specific experiment, was written by a native Italian 

speaker; thus, it benefits from a proper use of semantics, syntax and grammar plus all literal and linguistic 

tools needed. As clearly stated in the title of this work, the aim is to draw a map (a frontal perspective) on the 

basis of the photograph taken on site. Thus the coordinator of the team provided a controlled description of it 

to draughtsman, who handled it without having viewed the original image or seen Mount San Giorgio directly. 

The experiment aimed to produce a representation (a perspective map) of the original image, on the basis of 

the written text, with computer graphics tools. 

The following two observations must be made: 

 the only way to produce a cartographic product is to acquire data (e.g. images), then to process 

them (using suitable geometrical and statistical models) and, finally, to form maps. Thereafter, the 

resulting perspective map should be transformed into a topographical chart (definite orthogonal 

projection, with dimensions), using perspective and map transformations, such as collinearity 

equations and formulas for either a conformal, equivalent, or aphylactic map. 

 Neither objections, nor suggestions are formulated in this work. Indeed, in this experiment, a text 

collects all descriptive contents. In fact, the text description only contains geometrical and 

colorimetric details for the draughtsman working on reconstructions, without suggesting any 

represented theme: e.g., a triangle is a triangle and it is not referred to as a chimney top; likewise for 

“blue”, which indicates a colour and does not mean the presence of sky. In this way, the 

draughtsman only has geometrical and colorimetric information, without any thematic data. 

The experiment took quite a long time because it involved four people with different skills: one person 

produced independently the written text, a second drew the reconstruction (no direct contact was established 

between the first and the second person), while the remaining two people coordinated the entire work (a co-

coordinator was included in the team for the purpose of emphasizing the syntactic and semantic aspects of 

Language Analysis, and their link with Image Analysis). 

The entire process consists in the unsupervised and supervised reconstructions, where the draughtsman 

drew alone in the first case, while he had the chance to discuss the text with the coordinator in the second 

case, prior to drawing. Due to the nature of the work, the writing of the text and the drawing of the picture 

were performed manually, using common software only (e.g. Microsoft Word, Autodesk Autocad, Microsoft 

Excel). 

Few contributions are known linking Geomatics and Linguistics; in particular, this experiment seems to offer 

a rather novel approach. Studying previous contributions, examples may be observed in the artistic field (e.g. 

Cézanne, Magritte), as well as in the philosophical-linguistic context (e.g. Gadamer, Chomsky), while some 

attempts of geomatic approaches are relevant in Pattern recognition, as shown in thematic literature (Cook, 

1985). 
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The contribution of this work to the scientific process lies in highlighting the links between different cultures, 

offering various points of view in both directions (Chomsky, Foucault, 2006). As regards Geomatics firstly, no 

immediate contribution can be detected. On the other hand, in the past, Geodesy, Surveying and 

Cartography grew together with Mathematics and Physics. The future is uncertain, but a selected collection 

of materials could be an occasion for new ideas. 

 

5. Results 

There are two series of three images each, in sequence, they show the sketch, a squared (geometrical) try 

and the reconstruction for both first and second attempts (Fig.s 3 and 4). 

A subsequent single image (Fig. 5) shows the second reconstruction, complete with a 60/40 scaling in height 

between the upper and lower half of the reconstructed image: the scaled upper occupied a larger portion in 

the reconstructed image, while the scaled lower half was reduced in dimensions. 

Indeed, the visual evaluation of the produced image (second try) showed a different distribution of the objects 

in their heights, thus suggesting the scale of image should be modified, specifically in height. 

 

The two series refer respectively to: 

 

-  the first (unsupervised) reconstruction, when the draughtsman read the text independently 

- the second try, which is performed with a careful (supervised) reading of the original text; in this case, the 

dataset did not change, while the coordinator highlighted details to the draughtsman 

 

The checking phase involved both a coordinator and the draughtsman and only allowed for a scan of 

geometrical and colorimetric information provided, without adding any data about patterns in the image. 

Through this activity, the supervised reading of the text provided the draughtsman with further information 

that was missed in the first attempt, eventually leading to an improved (asseverated) version of 

reconstruction. Results are satisfactory and the second try is far better than the first one; errors are still 

present. 

 

6. Improvement of description and third try reconstruction 

Then, the authors attempted to revise the original text, still in Italian, again committing to the limit of 1,350 

words. Once more, the same description translated into English (not exactly 1,350 words long) is provided. A 

specific analysis of the rewritten text, with its detailed modifications, requires a careful comparison of it with 

the original one. In any event, the most important modifications and improvements are summarised: 

 

1. shape of the stair on the right side of the basement, 

2. concave profile of the central branch of the tree on the right side of the image, 

3. position of the tufts on the same branch, 

4. profile of the twig on the upper side of the tree on the left side of the image 

5. details about the building, 

6. location and shape of the three chimneys, 

7. refinement of the description of the bird on the tree, on the right side of the image. 
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Fig. 3 The full sequence: sketch, squaring and first try 

 

   

Fig. 4 The full sequence: sketch, squaring and second try 

 

 

Fig. 5 Second try reconstruction of the image, after height scaling 

 

The picture (13.5 x 10 cm2) shows a landscape, without panorama, with light blue background, tending to 

lighter blue in the lowest part of the image. There is an object from left to right that raises from 1/20 to 1/10 of 

full image height: 

 

 on the left, till the middle of image width, there are two lines, composed of 20 small grey elements 

that long in the horizontal direction. They become three lines in the second quarter; 



 

 76

 the right part shows, on half, four rectangular elements turning high (inclined 45° on the left, on both 

sides, and raising a level while turning darker); moreover a thin green line covers the left part only; 

 the last quarter being formed by a flat green/brown cupola raising another level and getting down to 

the image bottom (on the left, a brown rectangular element covers over half of previous quarter). 

 

In the foreground, there are two dark brown linear elements, irregularly screened (their width is respectively 

1/10 and 1/20 of the whole width of the image, tapered upward). The second shows a bipartition on the left, 

after the first third, and then another on the left after the second third, on the right part: 

 

 the first element is located above the “base”, after the first third on the left of the image. It raises 

vertically, up to half, slightly leaning to the left, respectively after 1/4 and 1/2 of its height; 

 the upper 2/3 of this element are covered by a dark green stain (lighter in its upper right part), 

composed of small lanceolate parts, partially overlapping (their actual size compares to a postage 

stamp). 

 

The rough shape of the spot (undulating in the outline) is: 

 

 an isosceles trapezoid with: 

 

 a slightly concave oblique vertical side, in the lowest third, equal to 6/10 of image height  

 and both bases 30° descendent on the right over the horizontal axis; one doubles the other, and 

the longest is higher, long just as the oblique side); 

 

 surmounted by a scalene trapezium that climbs up to the top (the foundations of which originate from 

the larger base of the isosceles trapezoid, returning to the left and right about 1/10 of its base and 

ascending to the right with a horizontal slope of 60°). 

 

The background is glimpsed on the left, for an extension between 1/10 and 1/20 the width of the image (the 

shape has two humps, near to the margin, separated by a creek, up to 2/3 of the spot, and thence it has a 

few undulations): 

 

 in the upper part, shattering the scalene trapezoid (where an irregular thin brown element stems to 

the left, sloping 30° on the horizon); 

 in the centre, between bipartitions of the second element; 

 on the left and the right of the second element, after the first third. 

 

The second element is born in the bottom right corner (covering the “base”), and it rises almost vertically, 

with a slight swelling on the second quarter and a subsequent abrupt narrowing; it hence leaves a space top 

right, equal to 1/15 of the width of the image. The two bipartitions form a 45° angle on the horizon; the first 

one is slightly concave upwards, they both straighten before reaching the summit, at half the height of the 

second one: 
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 the last third is covered by a dark green stain (lighter either in its upper part, either from right to left), 

composed of small lanceolate parts, partially overlapping, with the actual size of a postage stamp; 

the composition reveals this element, over the background in the central part; 

 respectively to the right of the first bifurcation, and to the left of the second one, two and three 

shaved and equally spaced spots of same nature protrude. 

 

The rough shape of the spot (undulating in the outline) is an angled trapezium (with the larger base on the 

top, length 1/3 of image width, and the oblique side descending towards the right with a 60° angle on the 

horizon, up to 1/4 of image height). 

In the background, there is a central body with height up to 2/5 of image height. It leaves, on both right and 

left, two spaces each equal to 1/6 of the width of the image. Colours are: 

 

 milky white, with a rectangular texture (in staggered rows of half the rectangle), is the lower part of 

the central body. Two parts form: 

 

 to the left, a pentagon (with two right angles, compared to the “base”, slightly uphill. They also 

point upwards at the intersection of two sides, 45° on the horizon); 

 to the right, an isosceles trapezium with vertical bases (the greater on the left) and the lower 

oblique side hidden by the flattened dome and by the rectangular brown element; 

 

 there are three elements grey, spotted with milky white: 

 

 one extending the pentagon on the right; 

 one extending the isosceles trapezium on the left; 

 the third sits in the centre of the isosceles trapezoid; 

 

 there are two elements in a homogeneous grey, which extend upwards both the isosceles trapezium 

and the pentagon. All elements have a parallelogram shape; the trapezium is slightly tapered, in the 

same taper direction. The area ratio is: 

 

 1:1 for the isosceles trapezium, between milky white and spotted grey; 

 1:1 between milky white and homogeneous grey, for the isosceles trapezoid; 

 2:1 between milky white and homogeneous grey, on the pentagon; 

 

 a profile that rolls along the upper side of the homogeneous grey shape is brown; it is shiny and 

wavy in the highest part; it rolls above the isosceles trapezoid and the pentagon, up to the first linear 

element (in the foreground); 

 six small equally spaced elements are dark green: 

 

 the first one, inside the pentagon, on the left, is rectangular and longs toward half of the 

pentagon; 
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 two are rectangular, inside the pentagon, vertical on pentagon centre; they are connected, from 

left to right, by two rectangular elements in milky white and homogeneous grey, shadowed in 

height by two thin horizontal grey elements (on both the lowest and the highest part); 

 one is rectangular, sits inside the isosceles trapezoid, on its left and is elongated on the full 

height of milky white parts; 

 two are squared, inside the isosceles trapezoid, at the top of the milky white parts; 

 all narrow in the same direction of their components; 

 

 overlying the brown profile, there are three vertical elements, in milky white, vertically cut with slight 

stretch: 

 

 the first block is isolated over the elongated rectangular dark green element on the isosceles 

trapezium; 

 the second two, partially overlapping, are above the square dark green piece on the left of an 

isosceles trapezoid. 

 

They all have a height equal to the homogeneous grey below and are topped with a thin rectangular profile, 

shiny brown, with two slopes: on the left, a horizontal trait; on the right, a 30° slope on the horizon. 

A third level consists of two grey/green elements, respectively in the lower left corner (above the “base”) and 

just behind the second linear element (in the foreground): 

 

 infrequent and tangled, the part on the left rises to 1/3 of image height. The rough shape (undulating 

in the outline) is a kite with one side along the left edge of the picture, then a horizontal side and the 

major diagonal leaning upward to the right by 60° on the horizon, intersecting with the minor one in a 

ratio of 3:1); 

 the right part is a spot (which underlies a vertical bright brown element). It comes 1/12 more than half 

image height. The rough shape (undulating in the outline) is a rectangular trapeze with horizontal 

bases, where the angle between the minor base and the oblique side is on the extension of the 

oblique side of the rectangle trapezoid belonging to the stain (overlying the second linear element in 

the foreground). 

 

Details: 

 

 in the pentagon, on the left and above the dark green elongated rectangular element, there are two 

grey square elements; 

 in the pentagon, around them, there is a thin element (milk white), consisting of two vertical 

elements, joined by a semi-circular element; 

 between the pentagon and the isosceles trapezoid, starting from the base to the brown profile, a thin 

brown linear element stood vertically for the height of the milky white and inclined 45° on the height 

of the homogeneous grey (connected, before and after, with short curved sections); 
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 in the isosceles trapezoid, over the elongated rectangular dark green element, there is a thin 

horizontal element with a full semi-circular element above. Both are milk white. To the right of these 

elements, there is a linear brown element; 

 in the first half of the first bifurcation of the second linear element (in the foreground), a linear black 

element is superimposed; its length is 1/8 of image width; it partially overlaps the vertical brown 

element in the third level and has a symmetrical shape, with an orange tip at the top left; 

 to the left of the same linear element, above the first bifurcation, there is a circular yellow element, 

with a black dot at the centre; 

 in the centre of the flattened dome and of the brown rectangular element, there are two rectangular 

elements, respectively, yellow/green and milky white; 

 on the top of each of the three vertical elements (in the central body) there is a black square 

element. 

 

  

Fig. 6 Third try reconstruction, paired with the original picture 

 

7. Discussion on reconstruction quality 

The result (shown in Fig. 6) is satisfactory and positively relates to expectations, since it shows an increase 

in the likelihood index from 75% (obtained with the first reconstruction, without supervision) to 89% (the so-

called definite reconstruction, from a duly revised text), through two intermediate reconstructions, featuring 

an improved description and proper scaling. Both percentages coincide with two noteworthy values of 

Chebyshev’s inequality, showing almost complete tails (as expected from a largely arbitrary and quite 

subjective operation). Of course, the result depends on the number of words used in the text description (and 

also, naturally, on both its accuracy and precision); furthermore, the significant correspondence is not yet 

complete. On the other hand, the most detailed summary cannot, in any case, lead to a re-writing of the 

same text, word by word. 

By analysing both reconstructions, some provisional remarks can be drawn, which will be quantified, here 

below, by means of error maps and Chebyshev statistics. The first-attempt reconstruction displayed some 

“reading errors” that could have been prevented with a supervised reading (even without adding any 

information to the bare text). With the second try, a different hypothesis was arrived at: the written text 

required adjustments to improve detail quality and the vertical scale of the representations. Thus, the authors 

revised the description to overcome critical issues, eventually coming to the third-attempt reconstruction. The 
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final result did certainly improve, while it became clear that many more words should be used if the 

draughtsman's 'creativity' to fill out to produce a “better image” is to be prevented.  

Ultimately, it is possible to go from an image to a map, through a written text. Of course, the result will depend 

on the number of words used in the text description, as well as on lexical accuracy and precision. The 

correspondence is more than noteworthy, albeit incomplete: no identity has been found, thus excluding 

automatic procedures (Wiener, 1961). Indeed, seeing, writing, reading and drawing, just as speaking and 

listening and handling, are activities linked to reflective thinking: they are intrinsically human qualities and 

require artificial intelligence, not merely mechanical and automatic procedures. 

Four pictures, in black and white (created using the open-source software DIFFIMG), show error maps (Fig.s 

7 and 8); white represents the coincidence between the original image and the reconstruction, while black 

indicates discrepancy. Therefore, a perfect reconstruction would lead to a completely white map, while 

accidental errors would form black spots with random positioning. These four maps, to varying degrees, still 

compare to the original image although they do show systematic errors lying on the edges of represented 

objects, where difference may originate from either the description, or the reconstruction. 

At this point, the differences between the second try (after the 60/40 areal/spatial scaling) and the third try 

should be highlighted, with the former being based on the original written text, and the latter on a modified 

text, following the analysis of the “scaled” second try. 

 

  

Fig. 7 Error maps for the first try reconstruction and the second try (supervised) reconstruction 

 

  

Fig. 8 Error maps for second try reconstruction after height scaling and third try reconstruction 



 

 81

Evaluation of the error maps requires the use of appropriate statistics. Due to the fact that the entire 

procedure is largely subjective, Chebyshev's inequality (Čebyšëv, 1889) is suitable for this task. For this 

reason, Table 1 shows the summary statistics of the four error maps: comparing the normal likelihood to the 

values of Chebyshev's inequality, and demonstrates how far these probabilities are from normality, which 

responds to precise statistical criteria. 

 

Statistics  First try picture 
Second try 

picture 

Scaled second try 

picture 
Third try picture 

Number of 

wrong pixels 
533.932 477.222 371.308 241.001 

Relative error 24.44 % 21.84 % 16.99 % 11.03 % 

Normal 

likelihood 
75.6 % 78.2 % 83.1 % 89.0 % 

Table 1 Summary statistics table 

 

Both percentage values (the initial one close to 75%, the final one 89%) perfectly match the results of  

Chebyshev's inequality and vice-versa are somewhat distant from normal likelihood, otherwise a classical 

stochastic models for reconstruction would have had to be devised. Neither the descriptions of the original 

image, nor their reconstructions can refer to a definite stochastic model, let alone the choice of the widest 

one to take into account all error sources. The stochastic behaviour comes from Chebyshev's inequality, 

where the critical area decreases together with these attempts: the widest critical area refers to the first 

(unsupervised) try, while it narrows with the supervised reconstruction based on the improved description. 

 

Chebyshev's inequality  
2

1
1


)X(PN     Normal Likelihood 

    λ = 1  P (X) ≥ 0   PN (X) = 0.68 ≅ 0.70 

    λ = 2  P (X) ≥ 0.75   PN (X) = 0.95  (1) 

    λ = 3  P (X) ≥ 0.89 ≅ 0.90  PN (X) = 0.997 

    … 

    λ = 5  P (X) ≥ 0.96 ≅ 0.95 

    λ = 10  P (X) ≥ 0.99 

    λ = 18 ≅ 20 P (X) ≥ 0.997 

 

In conclusion, this assessment of correspondence is positive: once more, the authors point out that 

reconstruction errors come mostly from shortcomings in description, deriving from information constraints in 

the text description; sometimes, a pixel-by-pixel raster description would be necessary. 

Four matches are shown as examples, to highlight the issues faced during the experiment; in particular, the 

comparison refers to the original image and the second reconstruction. In fact, the third reconstruction is a 
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little better; the comparison of the original image and the second reconstruction made it possible to discover 

explanation gaps, which were partially solved by text improvement. 

 

These gaps are: 

 

 Issues related to overlapping layers: in this case, a bare tree in the foreground and the grass below; 

then the building, in the background, and further away, another tree (Fig. 9). 

 Issues related to shadows: in this case, trees and the roof overhang, covering different facades of 

the same building (Fig. 10). 

 Issues related to small details: in the case of the building’s chimneys, issues come with positions, 

overlaps, shadows and smaller available data: holes or roof overhangs (Fig. 11). 

 Issues related to the presence of branch details, such as a bare bush: in this example, a complete 

description obtained creative reconstructions (Fig. 12). 

 

  

Fig. 9 Issues related to overlapping layers 

 

    

Fig. 10 Issues related to shadows 

 

  

Fig. 11 Issues related to small details 
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Fig.s 12 Issues related to the presence of branch details 

 

8. Conclusion 

To bring this experiment to an appropriate end, an image must be transformed into a map through a very 

detailed, accurate and precise text. In such a text, each word has its meaning and therefore deserves to be 

properly taken into account; each piece of information requires opportune thinking to end up being 

processed into its features and collocation onto the map, without uncertainty 10:. 

The experiment produced a positive result, in terms of the quality of measurements, since values compatible 

with the limits of Chebyshev's inequality were recorded. Since these reconstructions are largely arbitrary 

(and even subjective), they could hardly allow a statistical behaviour with emptier tails; therefore, a model 

with higher similarity to the limit inequality could not be expected. 

Moving on to some final considerations, this work deals with the passage from an image to a map, through a 

written text, where the meaning of “map” has already been specified in the introduction; expectations are 

merely scientific in nature with possible applications not yet considered. In this regard, the first observation 

states that, in order to apply the procedure elsewhere, a written text should contain thematic and semantic 

information, in addition to colour and geometric information, because an image is richer than mere colour 

and geometry alone (Turing, 2019). 

 

“Painted images are the equivalent of the word, without being mistaken for it. What the image can show the 
word can say. … What painted images “show” and what the word “says” may nonetheless be the same thing 
(René Magritte). 
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Fig. 13 Map of the Lake of Lugano 

 

 

Fig. 14 Photo of Mount San Giorgio 
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6th Part 
UTOPIA AND ITS MAPS 11 

 

Abstract 

In the past centuries, scholars, philosophers, dreamers, idealists have devised a better world: they found it 

easier, other than in books, express it as maps, possibly attractive. 

Nowadays, we have adequate numbers and quality of maps of any type, which let us face almost every type 

of emergency, especially in the field of seismic, environmental and hydro-geological risks. 

Also we have an adequate cartographical support for exploitation of natural resources, actual or supposed, 

in the field of social applications (famine, drought, health and social displacements, …). 

Geomatics and Geo-information, can give very important contribution to many human activities, on the 

contrary, they can terribly support, in very sophisticated way, the escalation of armies, wars and destruction, 

producing negative effects, both in high intensity and large extension. 

Science and technique cannot be isolated from the whole human life context, but they should positively play 

a fundamental role in the real world. The encouragement of a peaceful use of mature and innovative 

technologies, in order to achieve concrete social, economic and cultural benefits for all the people, 

increases, to a high level standard, the quality of their life. 

A correct information passes through a different conceived Cartography: see the Peters’ atlas (Arno Peters, 

1980), edited in the framework of Willy Brandt’s report about North-South. 

 

1. Introduction 

The field of Data Processing meets the realm of Human Sciences, by sharing expertise and learning from 

one another. This is particularly relevant in Geomatics, where images, maps and 3D graphics are subjected 

not only to be modeled and computed, but also recognized and understood. 

In this frame, Linguistics (phrase – structure grammar, pattern recognition, parsing), Communication 

techniques, Psychology (e.g. Gestalt theory) and Philosophy of Science (a bridge between Epistemology 

and History of Science and Technique) contribute to form cognitive tools.  

On the other hand, the survey and mapping disciplines, particularly Photogrammetry, Remote sensing and 

GIS, can give very important contribution to many human activities, but they can also be negatively used to 

support, in very sophisticated ways, the escalation of armies, wars and destruction, being able to produce 

devastating effects both in intensity and extension. 

The development of science and technique must take into account human life, while positively playing a 

fundamental role in the real world. A peaceful use of mature and innovative technologies towards the 

achievement of concrete social, economic and cultural benefits for all the people must be encouraged; this 

would increase to a high-level of standard the quality of life of the human gender. 

 

2. The City of God 

The Ebstor’s map of 1240 depicts the world as a circular construction, integrating biblical and classical 

elements (Fig.2). The world was small: everything outside Europe and some North Africa and Middle Eastern 

countries is “Terra incognita”. Most of the maps have a general “TO” shape. The “O” means the outer ring of 

waters, the Ocean, which ncloses the lands; the “T” is the general shape of the three continents, as related 

 
11 Bellone T., Mussio L. (2010): Utopia and its maps. Gi4DM 2010 Conference Geomatics for Crisis Management, Torino, p. CVI,6. 
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to the three sons of Noah. At top Asia is represented, as the main land mass: conventionally, the east is in 

the upper part of the map, where we normally place the North. Somewhere in this land is placed the Eden, 

from which flow the main streams: Nile, Ganges, Tigris and Euphrates. 

The lower part of the map shows Europe and Africa: obviously, the available space is much more rich in 

details in Europe than in Africa, as only the Mediterranean rim is adequately known, and the rest of the 

continent is actually blank. 

This type of maps are clearly related to the views of Augustine about the City of God: evidently, the will of 

God has placed Christians at the centre of Oekoumene, as non-Christian peoples are relegated in outer 

spaces, even at boundary of non-human beings (the monsters which brilliant and decorative effects cover 

the margins of the maps). So we have a graduate transition from the full mankind- the Christians- to 

populations which may expect in the more or lesser next future to become Christians, to an outer belt of 

savage people of the extreme South or the extreme North, to end up with intermediate beings, the monsters 

for which a best-like destiny can be envisaged. 

There is a strange but interesting intellectual proximity between the traditional mandala of Tibetan civilization 

and the early maps of western tradition: both are a true and complete “imago mundi” which is much lesser 

and much more than what nowadays means as a map for common usage. 

The Old and New Testaments contained few doctrinal implications for geography: a world consisting of three 

interlinked continents containing descendants of Noah's three sons. In the eyes of some (but by no means 

all) theologians, a fourth inhabited continent, the Antipodes, would implicitly have denied the descent of 

mankind from Noah, and the depiction of such a continent was deemed to be heretical by them. Most 

medieval mapmakers seem to have accepted this constraint, but world maps showing four continents are not 

uncommon: notably the world maps created by Beatus of Liebana in the late eighth century. 

 

 

Fig. 1 A detail of Ebstorf’s map 
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Fig. 2 The Ebstorf’s map 

 

Two centuries later, Isidore of Seville also linked monstrosity to geographical marginality: for him, the 

descendents of Ham are condemned to be servants of the descendents of Shem and Japhet. Both Ebstorf’s 

map (1235) and Isidore’s map (1472) represent the conception of Marco Polo and Odorico of Pordenone, the 

most famous travelers of their age. Marco Polo and Odorico come across the same culture, and their 

opinions are similar: both judge the “Other” from the European centre. 

Odorico says: ”… the men and the women have faces like dogs…”; Marco Polo at his turn: “… the 

inhabitants  are a savage race, having heads, eyes and teeth resembling those of the canine species …” 

(Fig. 1). 

A great classical myth –Atlantis by Plato- deals with ideal lost world, lost somewhere in the Atlantic, but not 

too far to be searched. 

Typical Christian myth from Middle Age deals, on the other side, with the search for more spiritual targets: 

the voyage by Saint Brendan, the search for the northern way to hermitages (in Island and beyond), the Isles 

of Avalon, the myths linked to King Arthur and the knights. This wide family of legends of the European West 

Coast is in turn of times Christianized and elevated to the rank of the search of Paradise –on- Earth. 

Also a third pole, a pole of the unknown, exists: starting with the sparse knowledge that the classical world 

had about India and China, those realms (of fancy as well of reality) become the Land of Diversity, of the 

Other. 

The Middle Age travelers, merchants, monks, which in times of special peace and prosperity, go to fare East 

and come back, give important contribution to knowledge of these different realities. However, the contact is 
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not continuative, and legend prevails over reality: so, at the end of XV century, the new generation of 

voyagers often appears rather confused about the aims of the search. Columbus, for example, is sure to be 

on the way to Katai, but does not refuse the idea of having personally seen the immense stream that flows 

down from the mountains of Paradise (which was really the Orinoco delta). 

For ancient civilization of Mexico, an old myth tells about an original land in the Eastern Ocean whose name 

is “Aztlan”. 

 

3. The Novus Mundus 

The City of God had a number of characteristics proper of all utopias: regularity in the scheme, precise 

symbols, precious materials.  

In the utopias issued after the Renaissance, the order devised is both moral and political. The final order of 

society coincides with the harmony of nature and hierarchy of Heavens: this is the general order of the 

Universe, in space and in spirit. 

The discovery and colonization of the New World destroyed the medieval cartography. 

Vespucci notes that the sub-equatorial lands are full with people, opposite to what the old scholars had 

stated: the extreme heat actually is moderate by a continuous oceanic breeze which makes climate quite 

pleasant; so experience is worth more than the long respected opinion of the ancient philosophers (and 

theologizes). 

“I have found a new continent…and devised to call it “Mundus novus”-in his two (or four) letters, Vespucci 

greatly wonders about the life style of Natives, who have no God, no law, no property, no rules for the 

everyday life, no king, no fear, it is they live in the perfect state of nature. 

Such views have an immediate weight in the intellectual debate, especially rich and fruitful of the time: so, 

Thomas More introduces in his Utopia lot of hints at what Vespucci said. Raphael Itloideo, the Portuguese 

seaman, supposed to be one of the twenty-four sail-mates of Vespucci, the man who leads the tale of the 

travel to Isle of Utopia, is clearly inspired at the equalitarian society described by Vespucci. This Isle is at the 

same time, and obviously, the non-existent place and both the place of felicity (Fig. 3). 

Also to be quoted are some social attempts, in the light of Utopia, due to Bartolomè de Las Casas, at 

Cumanà, in present Venezuela, a colonization which is the work of private Spanish civilians and monks, who 

lead local Indians, the “Missiones del Paraguay” which on much larger successful scale, organize ample 

regions, as far is possible from “civilization”, in view of founding a new type of civilization in which also the 

Indians are the essential component. 

Bartolomé de Las Casas acknowledged the humanity of the Other, a very difficult position for a European of 

his century (also of ours, often). 

Garcilaso de la Vegas, son of a Spanish captain and the princess Chimpu Ocllo, cousine of Atahualpa, is an 

important trait-d’union between the Spanish and the Inca cultures, in the first time after the destruction of the 

Andine civilization: his influence over the contemporary philosophical and sociological views is remarkable. 

Specially, the idealized vision of Cuzco, the fortress-capital in the high Andes, with its apparent perfection, 

both in the physical and organizing structure, is impressive for the European scholars of XVI and XVII 

centuries. 

American ancient societies had a view of world different from contemporary European: indeed space and 

time were so linked, that map and almanac-calendar were the same thing (Fig.4). 
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Fig. 3 More’s Isle of Utopia   Fig. 4 A petroglyph from Peru 

 

In his time, maps of world became closer to the ones we now, due to the number and ability of 

cartographers, and to the urgent need for useable representation of the world. A very great work was 

collected, in quantity and in quality, at the school of Lisbon. 

Mercator projection was originally created to provide for easy navigation since it possesses a crucial 

property: a straight line drawn on a flat Mercator map depicts a geodetic line, so angles are immediately 

transferred from the chart to the Earth surface. So, an old-time navigator could draw a line from one point to 

another on the map, measure the angle the line made with longitudes and then use his compass to keep the 

ship pointed at that angle throughout the voyage. This method did not produce a path of shortest length, but, 

in the days when calculating longitude was an unsolved (and frequently catastrophic) problem, the sheer 

convenience of the idea outweighed this deficiency. 

Utopia, at literary stage, is clearly linked to the idea of the travel: so, in the era of geographical discoveries, 

Giordano Bruno open his view beyond the limits of the classical and Christian world - strictly hierarchical-

wide open to the endless spaces with unlimited worlds. 

 

4. The City of Sciences 

In Campanella’s work, two peoples are arguing, a seaman, who is back from one of Columbus’s expeditions 

and a Knight of Malta. 

The first describes his travel around world and his stay at the City of Sun, placed in somewhere in the Sea of 

Sunda. In this Island, the Bragmans have shaped a society having everything in common, also Science and 

joke. The urban outlaw reminds of the Renaissance’s ideal town (Fig. 6). 

Campanella is the type of a planner who trusts a technical future. Campanella foresees some spectacular 

evolutions of human knowledge, as the mechanical propulsion of ships and even the flight. 
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Fig. 5 Jan Vermeer The cartographer 

 

  

Fig. 6 The City of Sun     Fig. 7 New Atlantis 

 

However, Campanella does not neglect the social evolution, as he says that everybody shall do what is more 

proper for him, for best result (also Marx, much later, says something alike). 

In Bacon’s New Atlantis, which appear after the author’s death, some travellers reach on the route from Peru  
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to China, the island of Bensalem (the Son of peace): here, life flows o the model of an Academy, and could 

have therefore influenced the foundation of the British Royal Society.  

According to F. Bacon, the knowledge as turned to the progress of mankind, cannot be a possession of the 

few: on the contrary, the widest cooperation, the largest diffusion of knowledge are necessary for the good of 

man. 

Foundation of Royal Society by Charles II (1662) and institution of Greenwich Observatory (1676), are both 

linked to the interests of high trading class of England. 

Beside the utopians, also distopians exist, Swift being the best known of them. In the Gulliver’s travels, Swift 

devises a different society, in which a race of horses (Houyhnhms) dominates over men (Yahoos), just acting 

to reason and not to passions. 

It is however to be remembered that progress in the geographical knowledge of the world follows regularly 

enough the explorers coming from Europe and more precisely: the merchants and the armies. 

Europe conquers, sacks, offers the Christianity countries and peoples with which it comes in contact, 

provided that they have any interesting resources. 

In the XVII century, an important geographical controversial, about the real shape of the world (it is flattened 

at the Poles or at the Equator?) has a result: the measurement of a meridian arc at Inari Lake (Finland) and 

at Ecuador, by Cassini and Lacondamine: an indirect, but very important result will be the determination of 

“meter”, which is to become a great symbol of universal thought (a metaphor of the Revolution’s Reason). 

The development of Geography, as a consequence of better mapping methods, of the growing number of 

travellers which explore all that remains to be explored in the world, encourages a new type of utopists, the 

one who dreams over exixtent, more that on the fancy. A special example is Fourier, who is known as a 

dreamer over maps, as support for improvements of social welfare. 

Also Kropotkin and Reclus, a traveler and a geographer, both have a basical anarchist spirit, trustful in the 

future of the mankind, with great hopes on the progress of knowledge, Sciences and techniques. 

Kropotkin takes part to the compilation of a monumental work by Reclus (Géographie universelle, 11 

volumes): this work is the offcial birth of modern Geography, and is deeply interconncted with new political 

philosophy, dedicated to universe brotherhood. In his youth, Reclus had worked in Nueva Grenada (present 

Columbia): possibly he was there influenced by old memories of Reducciones, also present in the past in 

that area. 

Reclus’ conception of freedom is extended beyond the political into other fields, including economic. 

Proudhon envisages the public control of railways, an idea which comes more and more in the future 

century. For him, it is clear the linkage among public services, democracy and progress. In the middle of XIX 

century, the idealism of anarchists is captured by the service-networks, first railways and alter the energy 

system. 

So speaks D-503, in the novel “We” by E. Zamjatin (1920): “In 120 days Integral first shall be ready for 

launch in the interplanetary outer space…A grand scope is before you: to turn to the fruitful yoke of Reason 

the unknown aliens of other worlds, even the ones still savages because they are free.” 

On the background both of Herbert Wells (1866-1946), a socialist, pacifist and author of appreciated science 

fiction novels, and the fantastic anti-utopian Russian literature, Zamjatin, a naval engineer of his own, points 

against the Moloch of future mechanical totalitarianism, against the dream that some sort of machine, 

however complex, will solve all problems of human society: notice in what times Zamjatin is writing. 
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Above a quite different basis (social, cultural, psychological), Aldous Huxley comes back to the subject, 

introduced by Zamjatin, of a foreseeable future: not so dramatic as Zamjatin has seen it, but equally ill-

promising (The Brave New World, 1932). 

Even worse, as the years have brought the horrible disappointments of WW2, is the next future envisaged by 

G. Orwell (1984): a technological tomb of all hopes of Mankind. 

 

5. Checking the quality 

While the Mercator projection is very good at preserving angles, obviously it does not preserve area, so 

some regions of the Earth are distorted in size. 

The inadequacies of using the Mercator projection for world thematic mapping have finally been noted. A 

correct information passes through a differently conceived Cartography: see the Peters’ atlas (Arno Peters, 

1980), edited in the framework of Willy Brandt’s report about North-South (Fig. 7). 

Arno Peters, a distinguished geographer, has devised a non-conventional representation of Earth’s surface: 

he has divided the whole ellipsoid in 60 equal surface areas, aside of more or less intense human usage. His 

main aim was to eliminate the “normal” euro-centric image of the world of common atlases, also putting in 

objective comparison all parts of the world. 

 

 

Fig. 7 Arno Peters’ map 

 

Gerard Mercator’s view of the world is so familiar to Westerners that his map is often taken simply to 

represent what is ‘true’ and ‘natural’. But on close inspection the ‘natural’ turns out to be the ‘conventional’, 

the result of tradition and ethnocentrism. Three important details show the map’s ideological origins and 

implications: Europe is at the center of the world; the map is oriented to the north (so that we look up to 

Europe and America and down to Africa, South America and India); and the relative sizes of countries and 
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continents are inaccurate: Greenland and Europe, for instance, are presented as larger than they are, South 

America and Africa as smaller. 

The opposite approach is also useful, precisely when one wants to stress the differences in situation or 

usage of various areas, neighboring or not: new map families have been developed, for which available 

cartographical techniques can save the real shape and reciprocal proximity of parts even as the parameter 

under study involves a multiplication or reduction of areas concerned. For instance, this new approach let us 

see at first glance, the great differences for a wide range of consumptions in different societies and 

countries. In a special case, the pro-capita consumption of energy, Holland would appear much larger than 

India or Mexico. (Fig.s 8a, 8b, 9a and 9b). 

 

 

Fig. 8a Thematic map of minor’s work 

 

 

Fig. 8a Thematic map of illiteracy 

 

This type of mapping is also the result of a cultural and political environment, full with hopes. 

Foundation of UNESCO (1946) is a first step for a non political organization of human society: notice that the 

first president is a Huxley (J., not A.). 

Another step may be considered the Bandung Conference (1955), where with some prominent politicians of 

the time (Nehru, Tito, Sukarno, Nkrumah), delineate a world with a third force meant as a balance between 

the two Blocks. 
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Unfortunately, the following decades do not confirm these hopes: actually, the Conference of New Delhi 

(1976) and Belgrade (1980) acknowledge that circulation of science and social information, far from  

becoming more free, is more and more in the hands of the real power in the world. 

 

6. ЧТО ДЕЛАТ? 

Norbert Wiener (Cybernetics, 1946), shapes the connection between social needs and information, in the 

hope that a rational society will avoid the horrors of a new war: to this aim, Wiener envisages a public control 

of Information at all stages (acquisition, transmission, usage). 

“The centre is everywhere, the periphery is nowhere”: so, anarchist-type geographers, as Reclus and 

Kropotkin, state the world is unique in diversity, and do not approve the view, in the same time linear and too 

simple, of the sequence: westernization, modernization, development and secure progress. 

Information inside the Informative Systems (spatially referenced or not), is fully compatible with the proposed 

sketch: actually, information systems may be taken as a part of universal media. 

In post-modern civilization, a special issue is development of networks: this is the natural evolution of XIX-

century railways and of XX-century highways. So, Internet’s WWW is not simply a “software”, but also a 

cultural active element. 

Our time is not able to trust in the dreams of Utopists, since we have experienced degenerations of 

ideologies. So a strange sense of mourning takes us, as if we had to cry, for something we loss (Bertrand A. 

W. Russel). Is this really true? 

The global community relies upon hierarchical principles of market, and managerial attitudes. Top decisors 

celebrate their rights at special events as Forum at Davos, and similar. 

The so called culture of global business community has shaped new, fanciful terms like techno-globalism, 

marketing imagination, and so on, for finding the real, tremendous, overwhelming force of its interests. 

In this frame, also culture, in the normal sense of the word, is labeled with a precise market value. So 

everything has a money value, from drink water to the access to the highest forms of human creativity. 

In the backstage of Techno- utopia is indeed almost ready for use the idea of total control, even is sold as 

security. 

 

 

Fig. 9a Thematic map of families with over 200 dollars daily income 

 

Now the global liberal order asserts itself as: “the best of all possible worlds”, imposing its own market-liberal  
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utopia: we must apply market and Human Rights and the world will be perfect. 

 

 

Fig. 9b Thematic map of families with below 10 dollars daily income 

 

In very recent times (In Defense of Lost Causes), the lacanian psychoanalyst and philosopher Žižek finds 

that ecological problems, new forms of apartheid (the Wall and slums), the pressure for privatization of 

intellectual creativity, of natural basic resources (drink water, minerals, wood, human DNA) are the huge 

monsters of our immediate future. 

The enormous growth of immense slums of the mega-towns of (specially, but not only) the Third World, 

pushes a growing amount of marginal, law-salary workers, displaced people from devastated countries, 

unemployed, and the vast variety of poor in our time, towards intolerable modes of life, and creates premises 

for immense disorders in the next future. 

Nevertheless our world owns sufficient resources to cope with our problems: actually, we have now a rather 

precise knowledge of world resources and of their limits: this knowledge happens for the first time in the 

history. A good deal of present problems and of their apparent impossibility for a prompt solution, has been 

the impetuous integration of the poor nations of the World in the global economy, which seems to have 

damaged more than being of use. 

Just an example: in many countries which depend basically upon agriculture, a limited number of 

multinational companies is trying to acquire formal rights (that means a right to sell) over seeds and 

rainwater. As Giulio Giorello says, notwithstanding the evident lack of success of utopias hitherto tested, still 

a ample space of hope lies before us: the same incoercible spirit of freedom is alive as well in the scientific 

research as in the social utopia. That is the same spirit of “eroici furori” of Giordano Bruno’s infinite worlds, 

for which the art of trying is worth more than the real success. 
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7th Part 
3D GEOMETRY: REGULAR AND SEMI-REGULAR AND CONCAVE POLYHEDRA 

 

Regular Polyhedra:      3.    Cube 

1.    Tetrahedron      4.    Dodecahedron 

2.    Octahedron      5.    Icosahedron 

 
Semi – regular: Polyhedra     11.  Truncated Icosa – dodecahedron 

1.    Truncated tetrahedron     12.  Cube camouflage 

2.    Truncated cube      13.  Dodecahedron camouflage 

3.    Truncated octahedron 

4.    Truncated dodecahedron     Kepler’s concave Polyhedra: 

5.    Truncated icosahedron     14.  Small starry dodecahedron 

6.    Cube – octahedron      15.  Large starry dodecahedron 

7.    Icosa – dodecahedron 

8.    Rhombs – cube – octahedron    Poinsot ‘s concave Polyhedra: 

9.    Truncated cube – octahedron    16.  Large dodecahedron 

10.  Rhombs – icosa – dodecahedron    17.  Large icosahedron 

 

 The five regular convex polyhedra (Platonic solids) 

 
Name Immagine Faces Edges Vertices 

Incidence 
of vertices 

1 
Tetrahedron 

  
4 
 

triangles 
 

 
       6 

 

4 

 

3 

 

2 

Hexahedron 
o cube 

  
6 
 

squares 
 

12 
 

8 
 

3 
 

3 

Octahedron 
  

8 
 

triangles 
 

12 
 

6 
 

4 
 

4 

Dodecahedron 
  

12 
 

pentagons 
 

30 
 

20 
 

3 
 

5 
Icosahedron 

 
  

20 
 
 

triangles 
 
 

30 
 
 

12 
 
 

5 
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 Archimedean polyhedrons Faces Edges Vertices Incidence V. 

1 Truncated tetrahedron 

  

8 
4 triangles 
4 hexagons 

18 12 3,6,6 

2 Truncated cube 
or truncated hexahedron  

 

14 
8 triangles 
6 octagons 

36 24 3,8,8 

3 Truncated octahedron 

 

14 
6 squares 

8 hexagons 
36 24 4,6,6 

4 Truncated dodecahedron 

 

32 
20 triangles 
12 decagons 

90 60 3,10,10 

5 Truncated icosahedron 

 

32 
12 pentagons 
20 hexagons 

90 60 5,6,6 

6 Cuboctahedron  

 

 14
  

8 triangles 
6 squares 

24 12 3,4,3,4 

7 Icosidodecahedron  

 

32 
20 triangles 

12 pentagons 
60 30 3,5,3,5 
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8 Rhombicuboctahedron  

 

26 
8 triangles 
18 squares 

48 24 3,4,4,4 

9 Truncated cuboctahedron 

 

26 
12 squares 
8 hexagons 
6 octagons 

72 48 4,6,8 

10 Rhombicosidodecahedron 

  

62 
20 triangles 
30 squares 

12 pentagons 
120 60 3,4,5,4 

11 Truncated icosidodecahedron  

 

62 
30 squares 

20 hexagons 
12 decagons 

180 120 4,6,10 

12 Cube camouflage 
Cuboctahedron camouflage 

(2 chiral forms)  

 

38 
32 triangles 
6 squares 

60 24 3,3,3,3,4 

13 Dodecahedron camouflage 
Icosidodecahedron 

camouflage 
(2 chiral forms)  

 

92 
80 triangles 

12 pentagons 
150 60 3,3,3,3,5 
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Concave polyhedrons of Kepler - Poinsot 

 

Small starry 
dodecahedron  

(12,30,12)  (5,5) 

 

Large dodecahedron 
(12,30,12)  (5,5) 

 

Large starry dodecahedron 
(12,30,20)  (5,3) 

 

Large icosahedron 
(20,30,12)  (3,5) 
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