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Abstract — This paper summarizes some topics about data processing and numerical methods, suitable also
for Geostatistic and Geomatics. It starts from elementary statistics, taking into account both the descriptive
statistics (in one dimension and bi-dimensional) and statistical inference (i.e. parametric and distribution free
tests). Successively it treats estimation theory, considering least squares (in linear and non-linear contexts),
numerical control (such conditioning and reliability) and some related problems, such as robust estimators,
partitioned models and data sampling. Then it deals with multivariate analysis, starting from cluster analysis,
passing through multiple regression and variance analysis, and arriving to sequential tests. After then it deals
with interpolation and approximation, starting from the finite element method and spline interpolation,
passing through covariance estimation, and arriving to collocation (filtering and prediction), generalized least
squares and Kriging. Finally computational statistic and numerical methods are analyzed, with their direct,
iterative and sequential methods (particularly for large sparse matrices), special algorithms for regular
structures and graph theory. In addition, completely solved exercises are associated to all the principal parts
of this paper, supplying a practical support. Furthermore since Data Processing can be placed in a wider
frame, characterized by Mathematics and Physics, and they are strictly linked to the Philosophy of Science
and the History of Technique, a meeting with Human Sciences concludes this work (while a map collection

illustrates a very long path during the history of different peoples and societies).

OVERVIEW

Data processing is historically and theoretically a central part of Survey and Mapping disciplines. Indeed they
are characterized by three themes: measurements, models and processing, where the last one is not only an
important step, but also the control point of the whole process. In this context, measurements need a control
point in term of their accuracy, precision and reliability, while models need a control point in term of optimal
design, well conditioning and optimal estimation (or effective robustness). Moreover data processing allows
to pass from observed data to model parameters, providing additional information, i.e. metadata, etc.
Therefore data processing grew together with Survey and Mapping disciplines, forming an important part of
Applied Mathematics.

In particular, the present large spread of Survey and Mapping disciplines requires to be able to adjust
networks and image blocks, to reconstruct lines, surfaces and 3D models, to model spatial-temporal events
or phenomena, to structure geo-data information and to retrieve and compare them through multilevel, multi-
temporal and multi-resolution approaches. For these reasons, a global point of view is strictly necessary and
it needs the links with Mathematics and Physics, and a meeting with Human Sciences, where the
developments, the research and the applications are clarified. The final goal is to achieve an
interdisciplinary perspective, where these specific disciplines offer scientific and technical know-out, and

where they receive a political respect from the other disciplines, such as from the whole human society.



PART | — ELEMENTARY STATISTICS

Definition of probability

“Geometric” or Laplace probability:

“Frequency” or Von Mises probability:

“Axioms” or Kolmogorov probability:

Theorems of probability

Sum: Pug =Py + P Py
Composed: P.s = P\Ps
Pas = PaPaa = PgFs
PP,
Bayes: P = BAA
P
Note:

PROBABILITY THEORY

Indistinguishable events — Similar probability
(limited to Game Theory)

Limit frequency (empirical)
(true only in probability and therefore contradictory)

1. 0P, <1
A=0 and A=S = P, =0 and P, =1 respectively
P2 R, if AOB
Pug =Py + Py if AB=[]

(mutually exclusive / incompatible events)

even if AB # []
(non-mutually-exclusive/compatible events)
only if {A, B} independent
even if {A, B} dependent
PAB PB
Pa

e Statistical variables are always results of experiments, therefore concrete, discrete and finite.
¢ Random variables are models of interpretation and, in general, abstract, unlimited and continuous.
* Exception is given by the random variables of the Game Theory that are abstract, but finite and discrete.

DESCRIPTIVE STATISTICS

SIMPLE STATISTICS VARIABLES

+ Moments of K order:

My = z X,
=]

n
« Central moment of K order:
i=1

» Relation between elementary and central moments:

== =0

Hs = H3 _‘?’luzlu"'zlus ;

=ty — Aot + 60, 08% = 344

He = Z(XI _,U)k f;
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i=1
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Note: N = number of data;
N = number of the arguments of variable X (number of classes)
n=1+3.322logn Sturgesrule (usually:5<n < 25)

Position (or center) indices

n
The center of order I minimizes the function: zZ= Z:|XI - Cr|r f,
—
n
Mean: CZI,UIZ:Xifi r=2
—
Median: C =U, r =1 value that divides the histogram into two equal parts
Mode: Co = Uy r =0 value with the highest frequency

Dispersion indices

n
Variance (its square root is called standard deviation ): o’ = Z:(XI - ,u)2 f, r=2
i=1
n
M.A.V. (mean absolute deviation from median): g, = Z:|Xi - ,ue| f, r=1
i=1
m.a.v. (median of the modules with respect to the median): 5e = median of |Xi - ,ue|
Amplitude: A =X~ Xoin

Shape Indices

i(xi - )’ f, y:T <0 lefttail
Asymmetry: y=="— M= Cl; % y,T =0 symetric
o
) y:T >0 right tail
i(xi ‘,U)4 f [ < 3 leptokurtc
Kurtosis: ﬂ = i=1—4 ,3 =3 normal
o

£ >3 platykurtic

Note: The mean, variance and correlation coefficient (see below) are optimal indices; the median, m.a.v. and
Bonferroni indices (again see below) are robust indices.

Chebychev’s theorem P(X)= 1—/]—12 Normal probability
A=1 P(X)=0 P, (X)=0.6800.70
A=2 P(X)=0.75 P, (X)=0.95
A=3 P(X)=0.89C0.90 P, (X)=0.997
A=5 P(X)=0.96C0.95
A =10 P(X)=0.99

A=18C20 P(X)=0.997

Note:

Chebychev's Theorem establishes a comparison between experimental results (i.e. statistical variables)and
interpretation models (i.e. random variables), beyond their well known formal identity.



Note of means

Mean Square root :

Geometric mean:

Harmonic mean:

Weighted mean:

Trimmed mean:

X = n
-1 n i
i=1 %
2. P
v = =1
Xp =

zpi

i=1

(where: p, = weight)

if p, =0 for some i

2D STATISTICAL VARIABLES:

and mutual variability

Gini's Delta:

ii"ﬁ _Xj‘

Concentration ratio:

Shannon's Entropy:

A=~ (O] #i
s Oj#i)
null 0< R:Asl max
2u
H:—Zn: f. log, f,
i=1

Concentration ratio:

null 0<

<1 max

log, n

C = 2 (Information theory)
C = € (continuous random variables)

« Yy v Y Yim
Xyi fiy fio fy; fim Py
Xy i f21 fzz fzj f2m P>
X f.l fi2 fij fim P
Xn fnl fn2 fnj fnm pn
T a; On | 1

where: f. = relative frequencies

1

P

=
[

marginal frequencies X

= marginal frequencies Y

Four folder table

=1

=1

=—01
I
=

M- 1([\_?3 M-
- =:||

1
=

N = numbers of data

M =numbers of arguments of variable X

N = numbers of arguments of variable Y



Connection (suitable for low dependence)

Contingencies: G = fij - pq
-1<c¢; <1
1 n m
Semi contingency mean: G, = Ez Z‘Cij ‘
i=1 j=1

Bonferroni unilateral indices:

By = # independece 0< B, <1 perfectdependence x = h(y)
1- Z p’
i=1
B, =—S  independece 0<f, <1 perfectdependence y = g(x)
1- z q

Bonferroni bilateral indices:

B =+ Bx By independece 0< f,<1 perfectbilateral dependence
B, = 2B Py independece 0< B, <1 perfectbilateral dependence
Bx + B
Correlation (linear dependence) Marginal distribution:
X{Xl e X X
P, ... B --- P
Y{yl e Yl Y,
g .-- G ... Q,
Mean of marginal variable X : Hy = in p;
i=1
Mean of marginal variable Y : M = Z Y,q;
j=1
Variance of marginal variable X : Jf( = Z:(XI - Hy )2 p.
i=1
Variance of marginal variable Y : UYZ = Z(yj - M )ij

Covariance between variables X and Y : Oy =



N

N
Oxy ZZ(Xk _:uX)(yk _:uY)szkyk — Hx My
kL

k=1

Linear correlation coefficient:

p= Ixr reverseperfectdependence -1< p <1 direct perfectdependence
JX JY
p =0 linearindependece
Regression lines: Y=aX+b X =cX+d
— UXY — UXY
a= c=
oy o,
b=, —auy, d = 4y —Cl,
Robust regression lines:
a=mediarfa, ) Oi, j > c=mediarlc, ) Ti, j >i
b = mediar{y) - amediar{x) d = mediar{x) - cmediary)

Regression (useful for high-dependencies)

X oeee Xiooen X,
Xpifu i Ty
L. e qJ qj ql
Conditional distributions:
Yi oo Y o Y,
Yfa & L
PP P
M ” —y - _ X - _
ean of X conditioned by Yy = Yi: Hy, = zq— (I =1... ,n)
o
it . _vYify L
Mean of Y conditioned by X = X;: Hy = ZT (j =1... ,m)
=1 i
n )(l _lux ) fi'
Variance of X conditioned by Yy = Yi: Ufl = zw (i =1... ,n)
A= d;
oY — U f; .
Variance of Y conditioned by X = X;: J;x_ = ZM (j =1,... ,m)

=t P

Note: The averages of conditioned means coincide with the general averages (but the medians of
conditioned medians don’t coincide with the general medians, because the median is a procedure
and not a linear algorithm).

m
. iy : 2 = -
Variance of conditioned means: st|y = Z;(!ley,- Hy )qu
i=



n
. L _ 2 _
Variance of conditioned means: Os, = Zl:(ﬂyk - ,LIY)2 o}
i=

m
" . . 2 _ 2
Mean conditioned variances: URx|y = Z;;UXIy,- q;
=
2 - 2
Mean conditioned variances: Or, = leayki P
1=
Orthogonal variance decomposition theorem: o: +0; = 0)2(

Syy Ry
2 2 2
+ =
Jsm Uwa Oy

Pearson unilateral indices (max dependence index: Ué =min = Ué = max):

2 2
2 _Osxy _ 1- O Rrxy

T == 5 =1-— meanindependece 0<n?<1 perfectdependence x = h(y)
sz o2 '
nZ =Sk -1 “RK meanindependece 0<n2<1 perfectdependence y = g(x)

a, oy
Pearson bilateral index (max dependence index):

2 .2 2,2
2 _ OXlTx + Ouns

5 > meanindependeoe 0<7® <1 perfectbilateral dependence
oy oy

n

Note: However for the normal distribution, mean independence doesn’t imply general independence (as
always vice versa guaranteed).

Robust regression

An alternative to the classical regression is the robust one where the median and m.a.v. are used instead of
the mean and variance respectively; in this case the variance orthogonal decomposition theorem is, of
course, not applicable: however the expected m.a.v. is given by the m.a.v. of the conditioned medians and
the residual m.a.v. by the median of the conditioned m.a.v.’s.

TRANSFORMATION OF RANDOM VARIABLES
In general, a transformation of random variable X to random variable Y can be written as:
Y =g(x)

In particular, a non—singular transformation of random variable X (ndimensiond) to random variable Y
(m< ndimension&) constitutes a regular transformation (if M = N), or otherwise a contraction:

Xl Yl
X = X2 Y= Y2
Xn Ym

Assuming that the mean and covariance matrix of X are known:



2
Hy, Oy, Oxx, - Oxx
2
_ Hy, Co. = Ox,x, Ox, - Oxx,
Hy . XX . . .
o o o’
lan anl XnXZ Tt Xn

one can determine the mean and covariance matrix of Y .

* Regarding the mean value /4, if X is well concentrated around f/, and in the same zone the

function Y = g(ﬁ) is gradually varying (i.e. continuous with the first two derivates continuous), it is
possible to use the approximate expression:

1 09y )

Note: If Y = g(ﬁ) = AX +Db is a linear function, the expression Y = g(/J>< ) = Auy, +Db is exact.
* Regarding the covariance matrix C,, , for simplicity, there are two cases:

1. Linear case: the transformation from X to Y is of linear type: Y = AX +b

Therefore given coefficient matrix of the linear transformation:

a; @, ... &,
acftn B2 A
aml am2 amn
the covariance propagation law yields: Cyy = AC, A

2. Non-linear case: the transformation from X to Y is non-linear: Y =F(X)

In this case, it is necessary to introduce the Jacobian matrix, i.e. the matrix of partial derivatives
of the functions g (L) with respect to the components of X (while the Hessian matrix is the
matrix formed by second partial derivates):

99, 99, 99,
X, ox, = oX,
99, 09, 09,
J=lox, oX, = oX,
%, 00, W
X, ox, = oX,
and the covariance propagation law yields: C, =JC,J"

Note: According to the variance propagation law and the definition of the variance of moments, the
variance of the mean and the variance of the variance of a random variable, not necessarily

normal and normal ( 8 = 3) respectively, in a set of independent data, have the expression:



2 4
o o' -0" _20
2= o2, =P -
n n n
Note: m=1 ; n=2
2 2
oi=| 2| o +| 22| o w2l o,
X, ) % lax,) e Tax,ax,
. — 2 — 2 2
Examples: y=X £X, o,=0, to, t20,,
2 2 2
— 2_ Y oY o y
Yy =XX Jy __ZJxl +70-X2 +2 X lexz
2 Xl 2
-4 =Y g2 Y g o Y
y= y T 2% T 2 Y% %X
X2 X2 X1X2

In both cases, A represents the coefficient matrix of the linear transformation and is the Jacobian,
the latter one is the matrix of partial derivatives of functions g; (A) with respect to the components

of X, so it's possible to write the following algebraic expressions for the so called variance and
covariance propagation law:

n n-1 n
2 2 2 H
o; —I(Za,.kaXk +2k2|;aikaﬂaxm Oi
-1 =1 I=k+

1

n n-1 n
inYj :Zaikaika-fk +Z Z(aikajl +ajkail)axkx| DI!J 2|
k=1

k=1 1=k+1
obviously equal to the above matrix expressions.

More generally, from a given random variable X with probability density function p(ﬁ), one can
obtain the probability density function p(X) corresponding to the random variable Y by performing
a distribution transformation, using the elementary probability conservation theorem; in case the size
of the two random variables is identical (i.,e. m=n), p(X) is:

Note: it n=m=1 p(y)=_|§((>3|

while in a contraction case where (M<n) and particularly when m=1 and Nn=2 the
transformation is a sum of the two independent random variables: y = X+ (y— X), and has the
convolution integral form:

+00

p(y)= [ p(x)p(y = x)dx

EXAMPLES OF RANDOM VARIABLES

¢ Normal random variable (for measurement random errors):

One-dimensional probability density function and distribution:

(Standardized variable: Z =0 ; JZZ =1)



1 _ (X_iz) 1 LZZ X —

- X
p(x) = e % p(z)=——e with  z=
N 2o N2 o
P(x) =erf(x) P(z) = erf (z) = o erf(x)
Note: Two-dimensional probability density function:
_ b JlexP L, (eR)y) | (v-9F
_ 1 2 —pz)l_ a? 2r 0,0, o}
p(xy) = =€
2mo,0,~1-p
semi-axes and orientation of error ellipse:
A ‘UijLUiJ“l\/(U2 o2 f +40? tan29 =22
max/min — A~ — A~ x Yy Xy ) 2
2 2 o, -0,

Note: The characteristic moments of normal random variables only are the mean and the variance; in
N —dimensions (with N >1), the only allowed dependence is the linear one and it's expressed by
the linear correlation coefficient/s and the variance/s (forming the variance—covariance matrix).

Uniform random variable (for small segments):

1

. _ _ p(x)=—— asx<b

Probability density function: b-a
p(x)=0 x<a ;x=b
Transformation of normal random variables: z=erf(V(x) p(z) = N(z) p(x)
Log - normal random variable (for rare events):
1 _ (Inx-b)y

o . . 2

Probability density function: p(x)=———e 2
~\ 21max

Transformation of normal random variables: z=Inx p(z) = x p(x)

Central Limit Theorem and Law of Large Numbers

Q

a

a

The normal distribution, in n-dimension, is characterized by the vectors of means and variances and by
the correlation coefficients matrix. The foregoing distribution is symmetric, normal and invariant under
linear transformations and convolutions by any infinitesimal perturbations.

By the Gauss’ Theorem or Central Limit Theorem, the normal distribution is the limit distribution of any
random variable linear combinations of random variables, under the hypothesis that they are
independent with comparable variances (this remark justifies the weighted average of the observations).
Noting that the Bernoulli's theorem or "law of large numbers" probabilistically guarantees the
convergence of statistical variables to random ones, this notion supports the comparison between
experimental results (i.e. statistical variables) and interpretative models (i.e. the random variables),
beyond their known formal identity.

STATISTICAL INFERENCE — PARAMETRIC TEST

Note: The independence hypothesis is always necessary.

Note: The level of significance @ (or error of 1% type) is the risk of rejecting a true hypothesis.

10



Large sample mean test: Confidence bounds:

« Hypothesis Hy: =1, (0% known):

X = 14 _ z0 _ . 20
=z X———< Uy SX+—
a IN SN
N
« Hypothesis Hy: =1, (U2 unknown):
X = . 20 z0
| A’u°|=z X———< [y SX+—

. Hypothesis Hy: 4, =4, (0% ,0% known)
=V
|2 vl _-,
Ix . 9
NX NY

. Hypothesis Hy:  f, =4, (02,07 unknown):
-
A|2 y|n2 =
Ix 4 9y
NX NY

Note: In case it is assumed that Jf( 203 =0°, itis appropriate to give a single estimation of the

variance. Hence the expression which is used for the H, hypothesis test becomes:

X-9
1

g% = (Nx —1)@)2( +(NY _1)@3
N, +N, -2

<l

=z

U
S
Z
x
+
2z

If H, is true, it is appropriate to give a single estimation of the mean as well as of the variance:

o= Nx [R+NY [y g2 = (Nx _1)@3( +(NY _1)Df73 +N><NY()_(_3_/)2 /(Nx +NY)
NX+NY NX+NY_1

Power curve of normal distribution

Note: The power of [3-test (or error of 2" type) is the risk of accepting a false hypothesis.

z 0 1 2 25 3 4 5
1-8 a=5% 15% 50% 85% ~100%

1-8 a=2% 1% 38% 76% 93% ~100%
1-8 a=1% % 30% 50% 70% 96% ~100%

11



Confidence bounds:

Normal sample tests:

M=, (U2 unknown):

«  Hypothesis H,:
X = 1) 10 o o
—— =1 X=——=< Uy S X+
o N-1 \/ﬁ ﬂO \/ﬁ
vN
« Hypothesis Hy:  y = 14 (Uf< ,03 unknown):
-y x5 -
- 2 2 ~tNX+NY—2
5 i.i.i Ny + Ny D(Nx _1)m7x +(NY —1)@\(
Ny Ny Ny N, N, +N, -2
Note: It is essential that Jf( = UY2 = g, which gives the estimate of J°.
i . 2 — 52.
« Hypothesis H,: 0" =0jy:
~2 A2 ~2
g 2 g 2 g
—(N-1)= <0; <
0_5 ( ) XN 1 XV21+) 0 Xf(_)
«  Hypothesis H,: 0% =02:
Ox -
5__3 FNX—l,NY—l

£ =0 (N must be sufficiently large, as proved by the confidence bound

Hhypothesis H:
chart, drawn by David):

Ny 1,0, STp STy +1,0,

Pev = Txy ~t
= N-2
o, 1- r)fY
N-2

For normal samples this is also a test of stochastic independence of X and Y .

Note:

« Hypothesis H,: P = P, (under the same conditions):

=In=—2>*" "
2 1-r, 2 l_pOJ_Z_Z~z
1 g,

N-3
DISTRIBUTION — FREE (NON — PARAMETRIC) TESTS

(1 L+Tyy —}In1+'0°

Goodness of fit Test:
The sample is extracted from a population with known theoretical distribution.

Hypothesis H:



After splitting the sample of N values into M classes, one can compare its

absolute frequencies F, with the theoretical probability distributions p; :

i(ﬁl _Nn)z zsz:(fi _pi)z = x?
= Np = e

Note: The number h represents the number of nuisance parameters, possibly
determined (usually 2). The above comparison is carried out in a similar
manner also for a two-dimensional sample (where the number of nuisance
parameters is usually 5).

Independence Test:

Hypothesis H,: Samples X and Y are independent.

Given N pairs of (X ,Y) values, ordered in a four fold table and divided into m
classes for the X values and into N classes for the Y values, one can compare

the absolute frequencies Fij with the marginal absolute frequencies Pin (where

Vv =nm—(n—l)—(m—l)—lz(n—l)(m—l)):

gt o)
m n L N _1m n Nﬁij_ﬁéjz_
2% g, NEE R
N

Test of Kolmogorov-Smirnov:

Hypothesis H,:  The sample is extracted from a population with known theoretical distribution.

After splitting the sample of N values into M classes, one can compare the sample
cumulative relative frequencies fi with the cumulative probabilities P given by the
theoretical distribution:

D 1.36 D 1.63
05 \ 2100 JN O N>100 JIN

maxt, - R‘ =D, Note:
i=IN

Note: Strictly speaking, the test should be performed considering one datum at a time, so it is
appropriate that any class is as small as possible.
Independence test by the test of Kolmogorov-Smirnov : The above comparison is carried out in a

similar manner also for a two-dimensional sample and the same test can be used for the independence
test, provided that the products of marginal cumulative frequencies follow the same rules (while the
accumulation of two-dimensional frequencies is performed according to the rules of double integrals).

Test of Pearson et al. for normality:

Hypothesis H,:  The sample is extracted from a population with a normal distribution.

13



e Test of Mann-Whitney

Hypothesis H:

The test compares the estimated Skewness and Kurtosis coefficients with the
theoretical normal distribution ones () =0 and £ = 3):

', (B-3)
6/N 24/ N

~ 2

=X

1,

My = M, , comparison of the mean values of two independent variables X and Y .

The data samples are substituted by the corresponding ranks whose values belong
to the interval [1,(N + N, )] The value 1 corresponds to the minimal value and

A

X
the value (Nx + NY) to the maximal one. For a given R, the sum of the ranks of

the sample X is:

I:_'2x _Nx(Nx + N,y +1)/2=Z

\/NXNY(NX +Ny +1)
12

» Test of Siegel-Tuckey:

Hypothesis H:

» Test of sign (for central values)

Hypothesis H:

0)2( = 05, comparison of the variances of two independent variables X and Y .

The data samples are substituted by the corresponding ranks whose values belong
to the interval [1,(NX + Ny )] The value 1 corresponds to the minimal in absolute

value residual with respect to the median and the value (NX + NY) to the maximal

one. For a given Ry the sum of the ranks of the sample X is:

I:_'2x _Nx(Nx + N,y +1)/2=Z
\/NXNY(NX +N, +1)

12

2,

Hy = Hy -

In the case of the so-called "before and after" studies, i.e. when measuring twice the same sample, one
gets two samples, X ("before”) and Y ("after") which are not independent. For each pair of values the

sign (+ or -) is determined according to the following rule:

value value sigr
" pbefore" " after"
X > Y -
X < Y +
X = Y none 3

Moreover being: N ; = number of "plus” signs, N, = number of "minus” signs, N,,, =N, + N, and

! This test and the following one are called rank tests.
2 This test and the following one are defined by Thompson.
® The sign vanishes, because the difference is exactly equal to zero.

14



f = Np/Ntot , the ratio of the number of "plus” signs over the total number of signs; finally:

—_—)

-05

05
V Ntot

=Z

» Sign test (for the dispersion values):

Hypothesis H,: 0% =02.

Also in this case, the two samples are not independent. The sign (+ or -) for each pair of the absolute
differences between the two samples data and the corresponding medians is determined by the
following convention:

value value sigr
" before” " after”

X -med,| > [Y-med,| -
X -med,| < |Y-med] +
X -med,| = [Y-med| none*

Moreover being: N = number of "plus” signs, N = number of “minus” signs, N,,, = N, + N, and

f= Np/Ntot , the ratio of the number of "plus" signs over the total number of signs; one obtains the
same expression as in the Test of sign (for central values).

A A

Note: To compare a relative frequencyf with a probability p = p, (or two frequencies: fl ,fz),
the following standardizations (of which the of sign tests is a special case) are used:
f-p, < _ Afl_ff __ =y
Po(1- o) \/fl(l— i) La-1,)
N

The same standardization is used to compare the contingency C which is given by the
difference between the relative frequency f and the product of the corresponding relative

marginal frequencies: Pg = P,0,:

A

c _ f - P, _
\/poqo(l_ poqo) \/poqo(l_ poqo)
N N

e Testof Spearman °:

Procedure of Spearman’s rank correlation coefficients calculation:

e X and Y data sorting

* The sign vanishes again, because the difference is exactly equal to zero.
This test is called rank test too.

15



* assign the ranks separately for each component, in an ascending order
* calculate the differences A; between the ranks of two components

¢ calculate the Spearman's rank correlation coefficient:

s~ 6 S
o =17 n(n —1)2Ai

i=1
Hypothesis H,: 0 =0 (N must be sufficiently large):
fXY ~

~2
1-ry,

N-2

tN—2

Hypothesis H,: 0 = 0, (under the same conditions):

“In=——
2 1-r, 2 1-p,

1 g,
N-3

(1 1+ Ty _1|n1+poj

» Welch and Tukey test of mean comparison of normals  amples with different variances:

. | _ -9
* Calculation of expected value: A= ——
~2 ~2
Ox 4 9y
Ny Ny
~2 222
Ox 4 9y
. l“x NY
¢ Calculation of the degrees of freedom: V= > > -2
~2 ~2
Ny ) Ny +1 N, ) N, +1
Note: If the number of degrees of freedom V' is not an integer number, it is rounded to the

nearest one in order to be able to access the usual probability distribution tables.

 Hypothesis H,: i, = i, (0%,0° # 0% unknown):

Note: The following asymptotic transformations concerning the normal random variable apply to the )(2, t of
Student and F of Fisher:

N2xXZ-Av-1- z t - z %In F, - z

V.
Voo Voo 2y, » o

() -_1
FV1V2 - F(IT

Voli

maoreover:

16



PART Il - ESTIMATION THEORY

The estimation theory deals with the adjustment of different models, starting from the fundamental bases of
elementary statistics and taking into account some minimum optimal criteria and the variance — covariance
propagation law. In particular, polynomial interpolation and finite elements are specific functional models, as
well as network structures. These problems involve both linear and non-linear models, as well as optimal or
robust criteria; while parallel requirements treat of numerical control (i.e. conditioning and reliability), optimal
sampling and simulation / optimization.

Condition equations

Functional model: By+A=0
Stochastic model: E(y) =y
D(y) =C,, = o; Qyy (Gauss-Markov model: Q,, = Qyoyo )
Least squares norm: Q= %(S{ - Y )T Q;(?yo (S/ - yo) + AT (BS/ + A) =
=%\7TPY/+)\T(B\7+ By, +4)=min

Estimates: v=-PB"(BP'BT ) (By, +A)= V-V,
Y=y, +0=y,~P BT (BP"B")(By, +2)
Variance-covariance matrices (based on the covariance propagation law):
~ D _ -1
C, =0%P'BT(BP'BT)'BP  =C,, -C,
n _ _ _ -1
CS/S/ = Cyoyo _CW = O'(ZJ(P 1o P 1BT (BP 1BT) BP 1)

C..

w

0

Estimation of sigma-naught: E(VT PV) = TrPE(va ) =o.TrPQ,, = glv

VTP

A2
O, =

Y

Counter-examples:

sina;sinBssiny 1 = sina SinB siny »

17



sinasiny sing sing = sin S sind sinn sind

RS
o

Aﬂd&

Jp(p-a)(p-b)(p-e)+/q(g-c)(a-d)(q-e) =

=Jr(r-a)(r-d)(r-f)+ys(s=b)(s-c)(s-f)

where: p=(a+b+e)/2 ; q=(c+d+e)/2
r=(a+d+f)/2 ; s=(b+c+f)/2

Observation equations (with parameters)

Functional model:

Stochastic model:

Least squares norm:

Estimates:

y=Ax+0

y
D(y)=C,, = a5Q,, (Gauss-Markov model: Q,, =Q, | )

1,. DA - -
¢:§(y_ yO)TQyiyo(y_ y0)+/]T(AX+5_V_ yo):

x=-(ATPA*(ATP(5 - v,))
y=Ax+d=y,+V

18



Cio = Cyy, ~Cyy =03 (P ~ AQ,AT)

Cy; = -02AQ, =CJ,

S/S( -

Cy =0
Cy =0

Estimation of sigma-naught: E(VT PV) = TrPE(va ) =o.TrPQ,, = glv

>

Y

T

A2
O, =

3
S

Observation equations (with parameters and constrai nts)

Functional model: y = Ax+3d

Hx+n=0
Stochastic model: E(y) =y

D(y) =C,, = Ungy (Gauss-Markov model: Q,, = Qyoyo )
Least squares norm: Q= %(S{ -Y )T Q;olyo (S/ - yo) + A" (Af( +0-V- yo) + ' (Hf( + l]) =

:%QTP?/+)IT(AS(+5—?/—y0)+,uT(H$<+/7)=min

Observation equations (with parameters and over-wei  ghted pseudo-observations)

Functional model: y=Ax+9
z=Hx+n=0
Stochastic model: E(y) = ; E(Z) =Z=

(
D(Z) =C,, =0,Q,, 00 (Gauss-Markov model: Q,, = Qyoyo)
(

Least squares norm:

1. DA A 4 (a
0= (190 Qs (7= yo) + (2 2) @, (2-2))+
+ A (Ax+3-U=y, )+ ' (Hx+n-0-2)=

=%(0TP0+0TQ0)+AT(A3<+5—</—yo)+/,ﬂ(H5<+/7—a—zo)= min

Estimates:
x = ~(ATPA+ HTQH) " (ATP(5 - y,)+ H™Q7)

y=Ax+d=y,+V

19



Z=Hx+np=0=0
Variance-covariance matrices (based on the covariance propagation law):
~ -1
C, = 62(ATPA+ HTQH)

Cy = O.AQA" = C,y, —C
Ciw =Cyy, ~Cy = 5P - AQAT)

W

Cy =0.AQ, =C's
Cy =0 CWEO
CZZ: ZOZO_CUU_

w ZOZO_Cﬁ:

Cy =0

Cy=0 CWEO
C,=0 ; C,=0
Cu=0 ; Cy=0

Estimation of sigma-naught: E(VT PV) = TrPE(va ) =ogTPQ, = olv

V' PV
m-n+l

SRR
)

Observation equations (with parameters and generic pseudo-observations
suitable for additional information and regulariz ations)

A2
O, =

where:

Estimates:

x = ~(ATPA+ HTQH) " (ATP(5 - y,)+ H™Q7)

y=A+0=y,+V



V=y-y, = AX+d-y,

Variance-covariance matrices (based on the covariance propagation law):

C, =32 (APA+HTQH)™
C, = 02AQ,A =C,, -C

W

Cy =C,,, ~Cy, = 02(P™ - AQAT)
C, = 82AQ, =CTs

Co=0 ; Cy=0 ; Cyu=0
C, =0.HQ H' = C.. ~Cu

Cy =Cp, ~Cp = 02(Q" ~HQ,HT)
Cy =—0,Q:H" =C}

C,, = 02AQH" =CI

Cu = Cy , Cp=0

o , ., _V'PV+U'QU
Estimation of sigma-naught: Oy =—————
m-n+|

Complements

O Direct constraints and pseudo-observations:
MNx=nN(x,+0)
— 2 -1
CXOX0 =0, MQ™TI

x=-(ATPA+MQM) (AP (5 y,) + MQx,)
Cy =83(ATPA+ QN

U Slack parameters:

Y=y, +v=Ax, +BX, +0

X2
U Supplementary observations:

Y=y, +V=AX +Bz, +0 A%, +BY, +0-V

x=[x1} . A=[A B] X= Xl} A
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Y=y, +Vv=Ax +BX, +90 Ax +Bx, +0=0
z=z,+U=X, y=y,+u=X,
P O 0
pP= : P= Q

0 Q 0 P

SR PR IS H

Non-linear problems

Initialization iter=0

iter=iter+1 I‘i

Solution of
a Linear Problem

L
True [ Y False

Stop Control of Updating
Interactions
d Functional model: Newton-Fourier method

y=F(x)
= FR)+ £, {x-%)= 7+ )~
max= (- X])

Tikhonov reqularization

(ATPA+ A1 )x+ ATP(5-y°)=0

Levenberg-Marguardt algorithm
(suitable to accelerate the convergence in non-linear problems)

(A"PA+ A diag(AT PA))x+ ATP(5 - y°)=0
U Stochastic model (Gauss-Helmert model for weight reproduction):

C,, =05(l Do?R*/c})



b2 = ’ i=1h

j j

v,0° = E[(HiQ)THi[I O aj%} rli(rli\?)J =TrE((I‘Ii\7)TI'Ii(I O aj%} I'Ii(l'li\?)J

P P
=Tr[|‘|i[l Dag—’zjl‘liﬂiE(va)rli}=0’§Tr[l‘|i | 005 — I'IiI'IiQWI‘li}:
(o g

i i

-1
P P
:aé[Tmi —Tr[l'li[l DU—‘ZJI'IiI'IiA[AT(I 0 AJ ATI‘IiJ =o3(m -n)
j i

2
@ =m-n= i Pk, where: d = 1 a (AT PA)_laiT
0o k=1 P;
: the local redundancy being: V; = p;q;, where: V= ivi =m-n
i=1
max{[o7 ~57])
a.lzz(ﬂlv)Tﬂl(IDPl)ﬂl(ﬂli\/) i:l,h
(m - ni)
U Norm (different from Max Likelihood: L estimators and Least squares: LS
suitable for anomalous data and gross error detection by robust estimators)
- ~ . 1
@=|pY, =|ap¥|=min auxiliary weights: q= v|2_k e
Huber estimator (M estimators: minimax): ¢/(X) = ma>(— k,min(k,x)) k>0
Obijective function: Influence function:
1.
X [ <e x x| <c
=1 R
csignx) ¥ =zc

- 1
dx-5¢ IH=c

23



Hampel estimator (S estimators):

Objective function:
1

P X2

2

1
alx|-3ci

1 1
C.C, _Eclz +EC1(C3 _Cz)

X <c,

c <X <c,

2
1 1 C; — X
%50 *5‘:1(03“32)[1‘[;?} ]
3 2

c, <X <c,

X zc,

Auxiliary weight function:

for Huber estimators:

1 X <e

Xz e

C
Numerical tests:
O Singular value decomposition:

£ = Smin

ax

Smin/Smax

Conditioning (of the parameters)

where:

Influence function:

. M <c
6 sign(x) o <[d<c,

(e~ )signl) . <|q<c,
3 2

0 Xz c,

1 Xl <c.

c<[¥=c,

c, <[X<c,

0 ¥ =c,

PY?A=Z =WSY
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O Condition number:

00

n
e |0l =maf Sa

-1

rR=(1oc?)**c(1oct )™
alarm: 0, <10°+107 and: ‘rij ‘ >20.7+0.8

O Conditioning via reliability:

Hu s I
Cis =Co, ~Cu =52 (Q7 - Q4
v, = diag(Q"?Q,,Q"?), = diag(Q*?(Q* - Qs )R*?), =1-qdliag(Qy ),

security: 0<0.20+0.25=sv, =1-q diag(Q;&) <1

and Reliability (of the observations)

{AL O}{i&} + {51 - yOl} = {Yl} {P O} data set not able to locate outliers
Az B X, 52 ~ Yoz \Z 0 Q

=0 ; %= _B_l((a_z - YO2)+ AZAxl) ; G, =0

A1 0|+ 61 ~ Yo \All P 0 0

A B {;ﬂ +0, " Yoo | =| Vs ; 0 Q O data set able to locate outliers

A CJ-7 O3~ Yos \Als 0 0 R

A

= _(BTQB +C' RC)_l(BTQ((52 - yoz) + Azs(l) +C’ R((Ja - yoa) + %3(1))
- B(B7QB+CTRC'CTRB(3, - y) + AK)~C (6~ Yo+ AR) = -H T,
v, = C(BTQB +C' RC)_l BTQB(B_l((dz - yoz) + Azs(l) _C_l((ds - yos) + AS%)) = _K_lez

T X

C..=HC H"=KC _K'=C..
V2V2 V2V2 V3V3 V3V3
C_ =H'C K'(HY) ; c =k?Hc HT(k™)
VoV V3V3 V3V3 VoVo
V=V, - C, =C, if: B=C and Q=R

5= =2 B0, = yar) * A% 40, yir) + AR)



%= (6 = yeu) + A%) = (6 - vis) + AR) =

A

%= = (6~ Yo * A%) = (6~ yeu) + A )) =0,

_m+l-n

>2 and:  0<0.20+025<v =1- paQ.a <1
n

security: v

TOYOi

N

Exemalreliabiity:  0x, =—(ATPA)| ATPeO(G - y,) O]

Internal reliability: I:|(5i = Yo ) =

Appendix A — Robust estimators

1

Q Estimator variance: o’ (l,U, F) =V(t9; F) = m where: | (F) Fisher information
Q Influence function: IF (x,6;F)=lim o(1-1)G -lt- tH) - 6(G) -
t-0

=2 Jol-e+ ).

Note: An estimator is robust if its Influence function remain finite at infinite.
Q Rejection point (if exists): X, = IF (X > X,,0, F) =0
Q Gross—error sensitivity: y= Sug(| IF (X,H, F]

sudlF (y,8,F) - IF (x,6,F)

O Local shift sensitivity: A=

ly-X

Q Breakdown point: £ = F(x-6)=(1-¢)G (x-8)+eH(x-6)
with:  @0G(x-6)

Note: The higher the value of its Breakdown point (ranging from O to 1),
the more robust an estimator is.

0 Least median of squares (LMedS):

_ VoY O [AL. |4 PR O
S I IS AT N SN S B

where: dim(yl) = dim(x) =n being: N = number of unknowns =
= number of necessary observations
dim(yz) =m-n M = number of observations

M — N = number of redundant observations

Note: The LMedsS certainly leads to a minimum, but the number of its steps rapidly becomes huge.
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n) ni(m-n)
Y
n m
n K k
5 15 3.000 with: k! :\/271'((—)
e

7 20 80000
10 30 30.000.000

0 Random sampling (RANSAC): selection of a certain number of suitable LMedS solutions.

Note: The RANSAC forms a histogram of solutions, where its modal represents the best one.

Appendix B — Partitioned models

U Kalman filter: (forward solution)

S — AT T AT T — 2 — 2[AT T -1
%= (ATPA+B'QBJ*(ATPY, +B"Qy,,) Cy =02Q, = o2(ATPA+ BTQB)

Y1 y_l A
E = B = |x|

Y2 Y, B

Y. -
D ! = Yo, Yo1 O —_ 0.2 QYOIYOI = 0.2 P ! O

0 Yo, Yo, ° 0 QYOZ Yo, ° 0 Q_l

Y>

previous solution: X = (AT I:’A)_1 A PY, Cix, =0, Qs = o} (AT PA) ™
(backward solution)
N T T 1 AT T 2 2 (AT T -1
%= (ATPA-B"QB)*(ATPy, —BQy, ) Cy =02Q, =02 (A"PA-BQB)
c()=e|| [[=7=] [=me=| |
Y2 Y, B
* . O ° O
_ — _ — 2 _ 2 2 pl_ 2
D(y,)=D y =Cy =|g - =00 Qi = 0| Q.. =0 P'=0? 0 o
2
previous solution: X, = (AT PA)_lAT Py, C.., =0:Q ., =0’ (AT I:’A)_1
' 01 XoXo 0 ~Xo%o 0

%= (A"PA+ BTQBJ(A"Py, +B'Qy,,)=
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=(Q, £B7Q;,, B)'(APy,, £ BQy,,) =
(Q%o&o F Qs B’ (Qyozyoz *BQs, B’ )_1 BQss, ) (A" PYo, * BTQyoz)

- _ -1

%= Qs 5, APy, T Q. B (Qyozyoz £ BQ, BT) BQys, A'PY, +
-1

(Q‘xoio - Q5B (Qy02y02 +BQus, BT) BQus )BTQVOZ =

I+

1
x°

F Q5 B’ (Qyozyoz £ BQys, B )_1 BX, (Q&o”xo ~Qu5, B’ ((BQXO% B7)"+
+ (BQXO% B' )_l( y_ol2 Yo, + (BQXO% B' )_1 )_1 (BQXo*o B' )_1)BQ*0*0 j B’ ;;Lz Yo, Yo,

grouping forward: Qs B' and backward: BQXOXO

being: A'BC™=(CBA™ and A(A*+B*)B=B+A=+(A+B)
moreover: t[-[FE =%

&% T T Tls T

X=X F Qs B (QyOZyOZ £BQ;,BT) 9, £ Qu,BT(1+

%,
( (B B")" ( = £ (BQ, BT )_1)_1J(BQAXOAXO B")'BQ,, BTj L Yor =
=% Q. B7(Q,,, £BQB') 'Y, +

Qi B (QyOZ Vos ( ovor & (BQ.:,B) )BQ”XO% B )_1 Yo, =

=% F QB (QYOZ », £BQ; BT )‘l ¥, £+ Qs BT (QMOZ £BQ;; B") ™y,

+Q BT(Qy, £ Qus, [ (v, = 5) =% £ HU =%, £
where: W = innovation
Cy = 0Z(APAL BTQE) " = 0Z(Q;}, £ BTQ;, BJ =
= 05Qx5 F 95Qi, B’ (Qyozyoz *BQ, g )" BQus, =

_ -1 _ _
= 03Qx5 T T6Qx5,B’ (Qyozon * Q‘yz‘yz) BQus, = T0Qxs T T Qs B Qe BQys, =
= JgQ&O% + USQ%% BTQ\”}/QWQ\;BQ;(O;(O = USQ&O&O FoHQuH' = JSQ;(O% T 05Qua

0 Gauss blocking: (forward solution)
A B
T % = Y previous solution: X = A_lyl (A™
B" C) (%) |y, 1
A B

v

BT

being: ¥ =-
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a=A"+A'B[C-B"A'B)'BTA" =

=AT+A'ByB'A™
B=-A"B(C-B"AB)" =-A'By = A'B=-py*
y=(c-B"A"B)"

x| |a ﬂ‘ vi| | Aty +ABlc-BTAB) (BT A, -, )| X, ~ A'BY,
—_ T —_ B - _ -1

x| |87 vy ~(c-B"AB)*(B" Ay, -y, -(c-8"A"8)"(B" %, - v.)

X
x=|*!

2
(backward solution)
Xo, =X + ATBY, =x — Byy, Al=a-AT'ByB Al =a-By4
Appendix C — Sampling Note: Bernoullian sampling is strictly required.

U Logistic strategies:

(logistic function)

-4(b-a)
y=a+(b-a)e < lim, . y=a lim,_ _y=b
-4(b-a)
2 4 b_a
yl =( _a)e oo e(ZCXZ)
-4(b-a) 2 2
- blb—a e‘cx
y' =(b-aje é“czxZ ( 2(b—a)}
y”:O X:2(b2—a):K
e C
y(K)=a+(b-a)e? y'(K)=c
for the test of frequency:
_ Xy +05-1p _ Xgp —~05-np

in - = Zsu - =
o Jnbg ° npq

bq Xint 1 ~ 1 -
: /— =——+—-p=af , +— -
me n n 2n p T inf 2n p

~

Pq _ Xwp 1 . 1 .
z, [T =T S g -
P\ n n 2n P S 2n P

L1 [P(1-P) -, 1 [P(1-P)
f =lp-—|-z |~ ¥ f_ =|p+—|+z | =¥
inf ( p 2nj Z(x n sup ( p 2nj Z(x n
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where:

Za :Zsup _Zinf
(5_1)_, [PL-P)N-n
finf _[p 2nj Za\/ n N -1 fsup
fsup_ finf :_+22a\/ p(l_ p) N-=n =2a
n n N-1
Zza\/ p(l— p) N-n :2a—1
n N n

4z§n[ p-pyNn

N —
N

} =4a’n? +1-4an

A[a2 + zji)(l;Np)}n2 - 4[a+ z22p(1- b)]n +1=0

n=

la+ 22p(1- b)]i\/ ADA1- P + 22 (1~ b)(Za—IU

Z(a + z,ffoi(l_ p)j
N

1

(a+1)+ 1+](2a—

n=

j _ N(a+1)++1+2a _ N[(a+1)+(a+1)

N
z[a +1j
N
_Nfa+1)
1+ Na*

=

N
1+ Na?

for the test of variance:

0'2+X2 i— AO-Z_X'Z i =
sup@ mf@

2a
54
where 6%, =—
> 2N
_(Xsup Xlnf)
n 2
8a
o°+ x? o’ - x: " N-n =2a
sup |nf\/_ \/—
’\4 _
where: o2, _o N-n
T 2n N-1

2a/NV2n = 52(x2,, + x4 NN -n

2lL+ Na?)

(/Ysup me )
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a4, 2 2 |
o (Xsup+xinf) N

n= n=
2 ~af,,2 2 )2 2
8a N+0 (XSup+Xinf) v
where: E(x?)=v and:
U Stratified sampling:
=2 2 2 2
g2 =T _(n-Dor_(m-1)o} oy

n n(n-m) n(n—-m) n

V2N

+2a°N

stup+)(i$1f U2y

Uz_ﬁfN—n_ (n-1)o; (m-1)o; N—n<ax2N—n
“~ n N-1 {n(n-m) n(n-m) )N-1 n N-1
where: o’ -1 n (Xi —7()2 o: :li P (X. _X)2
n 1i=l m_1i=1
_, _(n-1)o?-(m-1)o;
) n-m
20, _0O; 0y O _0y
0'/1_—_ -—< <—
n n n n n
Uz_a_f,N—n g, _0\N-n_0og N-n_o;N-n
“ n N-1 n n)N-1 n N-1 n N-1
where p =0 /o, O, :ZP.U. g, :Z‘,pia'2

n, =nN,o, I((No,)=np

Appendix D — Design of experiments

Optimization Parameters:

order: known unknown

Zero AP Qxx

First P,Q, A

Second A Q,, P

Third Q. A,P (partially)
O Methods: O Numerical tests:

simulation;
sensitivity analysis;
optimal design;
improved design;

Oo0o0oaogaod

Monte Carlo.

conditioning;
accuracy;
precision;
reliability;

Oo0o0oaoaod

robustness.
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PART Ill - MULTIVARIATE ANALYSIS

Elements and characteristics:

Conditions:

C,nC,=0
C, 20
c,0c,0..0C,,0C, =S

Target functions:

n m q
r
wp,q,r: z Uy Xi_Xka
k=l =L
n(j) m
Doar = z Ui
k=1l i=1
n m m
r r
DD D Ui 'l(iH
k=l =L j=L
Doa.r m

® Clumping Techniques introduce to Fuzzy Sets and Membership Functions.

CLUSTER ANALYSIS

clusters (output data)

cluster elements (input data)

clustering or clumping ° strategies

agglomerative or divisive or sequential ! techniques
cluster points (centroids)

Ok,h
Ok

" Sequential Techniques are called: split and merge.

8 Accepting a free number of clusters, for numerical data only.
® Using “dissimilarities” for non-numerical data.

Ok ; k=1,n(j)

Ok,| ; kl=1,n(j)
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MULTIPLE REGRESSION

(fuzzy methods)

(binary methods)

Input:
Parameters| x; X, X X X,
Observations

1 X1y X12 Xy Xj Xin

2 X1 X2 Xai X Xon

k X1 X2 X Xyie Xin

m Xml Xm2 Xmi Xml* an
Mean values X, X, X X X,
Variances g, . o, g, o,

i* = X, =Y, (k =1,m)
System:
Yk:bo"'Zib.in Ok Vk=yk_yI?=bO+Zib|in_yl(<) Lk
(i7" (i7%)
W = Ziaixuki_y"k [k
(i7%)
being: Xy = Xg ~ % X'y =Xi/0,,
yk=yk—)7 y"k:ylk/ay a :bla-xi/a-y
2 H -
D Wi =min D WX =0
Ziaizkxuki X"y zzky"kxukj Oj #i

(i#7%)
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Strategies:

Xy X, Xj X1 y

X1 I’11 r12 I'lj r1(n 1) rly

X, I I Py Fo(n-1) Faoy

)ﬁ rll Iri2 ru r( -1) Irly
Xna M2 M(n-2)2 M(n-2); M(n-2)(n-2) M(n-2)y

y M Iy . I, .. ry(-1) My

Orthogonal variance decomposition and error minimiz ation:

S = Zk(yE 92 =3 -y + 2 - 9P 22 (v - v v - 9) =

Si+Si- szkszlmz RS- Zzbleklvk S:+S:  Note: ZihzkxlkivkEo

Sé =Zk(yl(<) - yk)2 = (m—1—n')a§r)(/y') = (m 1- n Sz( )/Sr min

= AS;/SE =ridr) /ri) = max
Computational techniques:
elemen(h,h) r{™ =1/rl)
row(h,) ™ =D /el ™ =) /el
colunm(.,h) () = p () [p(h) FD = D) /)

otherelements.,) "™ =r’ -l /0 (=0 = 0r [y 0
(141) — (1) _ (D) /(D)
i =Ty Fyn"Thj / "

i (141) — (1) _ (D) /(D
taget function ri™ =) =rn /s

Fisher tests:

Outgoing variable: F =U2(—r§') )',)/rrfr']) )/r(') =

=0, (4S5/S?)/(SE/St) = 0,48 1 S%
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Incoming variable: FH) = (v, =1)( r(')r,ﬁ' )/ rég) )/( I’)(,)',) - r§r'1)r,§y')/r,§h" )=
= (v, -1(48¢/S7)/(S/S7) = (U, ~1) 4/ S:

Output:

:y+2ibi(xki_x) oy, :J§+2i0§(xki_x) +22uam (% - X)(ij‘fj)

j>i

V2
=h, + X —Ye Ok o R = 2.
yk yk (;) ki yk 0 m_l_ nl m_l_ nl

vi'T =y, *1,,,0, (confidence bound)

Regression validation: R = Sé/Sf =1-82/8? = 1—r(;3

(n
RO =— 252" /2" =(=r OO ey 1O On

ANALYSIS OF VARIANCE (ANOVA)

One way:
a+a = ;’+A” Oi=1,..) U =1...J
a, =0 (constraint)
Two ways:
a+a +fa_j = s +\A/”k Oi=1,...) 4j=1,..J Ok =1,....K
a =0, a, =0 (constraints)

Fisher tests *°

or =1 ié-z or=t ié?
T I_l i=1 I B \]_1 j=1 !

S S ob o PY:
T I

1% The test of sign represents an alternative and it permits to compare not-independent estimates.

Ok
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1 I J R 1 I J K R
Ué =—ZZ “2 (one way) Jé =—222Vijzk (two ways)
Vizt =1 Visl =1 k=1
v=101 —(I —1)— (degrees of freedom)

~
|
—
(&N
|
Nt
|

v=11JIK=(I -1
v=I K- -1

SN—
|
—
<
|
=
|
—

|
=
o)
<
|
=
|
[EEN

Three ways:
a+a +a, +a, =sy +Vy Oi =1,....
0=1..3
Ok =1,...K
Or=1...L
a =0, a,=0, a, =0 (constraints)

Three ways with one interaction:

A

— ~ A A — O Y i=
a+a +aj +ak +a1] = Sljkl +Vijk| i —1,....,'

0j=1,....]
[k =1,...K
0 =1,...L

a =0, a, =0, a =0 (constraints)

a, =0 0Oi, a =0 Oj#J

J

Three ways with three interactions:

a+a +a, +a, +a; +a, +a, =) +V, Oi=1,....,
4 =1.....J
Ok=1,....K
Or=1....L
a =0, a, =0, a =0 (constraints)
a,=0 0O, a =0 Oj#J
a, =0 0O, a,=0 Ok # K
ag =0 0O, a,=0 Ok # K
Three ways with three interactions and a multiple i nteraction:
a+a +a, +a, +a; +a, +a, +a, =sp +V, Oi=1,....
0 =1..J
Ok =1,....K
or=1,...L
a =0, a,=0, a, =0 (constraints)
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0

0 0O, 4a,=o0 Ok # K
,,.K_o Oizl, 0Ojz#J

a, =0 0Oizl, OkzK

a, =0 0jzJ, Ok#K

ay =0 Ozl

a, =0 0jzJ

a, =0 [kzK A, =0
Fisher tests:
L 3y s 1 g ,_ 1 &,
|_121: %o 75 1;a‘ JS_K—lkZ:;ak
» 1 [ J s » _ I K -5
T RPN % D 2a
2 1 LB S . 1 L&
TP 2 R A T R PR R
5 1 | J K LA2
Og :; ;;;;Vukl
v=10IK D]_—(I —1)—(J —1)—(K —1)—1 (degrees of freedom)
v=10KL-(1-2)-(3-1)-(Kk-1)-( -1 -1)-1
v=1OKL-(-2)-(0-1)-(K-2)-(1-19)f3-1)-(1 -1 fk -2)- (3 -1){K -1)-1
v=11JIKIL-(1-1)-(3-2)-(K-2)-(1 -)1(3-1)-(1 -1 (K -1)- (3 -2)1(K -2) +
-(1-19(3-1)(k -1)-1
SEQUENTIAL TESTS
Confidence bounds: A, =(1-a)/8 A =a/(l-B)

P(x=if H,istrue)

P(x = if Hjistrue) A= lj Po (% )/Ij p.(x)

Likelihood ratio: A=

i=1 i=1
7AY
7\
7 X
7\
7—X
7 \
V4 \
il NV 4 AN
Pl " \
— \
S
———
R P MR
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PART IV — INTERPOLATION AND APPROXIMATION

FINITE METHOD INTERPOLATION

y=2x°-3x*+1 M one-dimension cubic case

y=x3-2x*+X (I
y = -2x° +3x° ()
y=x%-x? (V)

1 . = 1

| | | ¥t
v Yoo ! e Wo 1 . Yo L W
Base functions

two-dimension cubic case
2= (2x® -3x2 +1)2y° -3y? +1) (1.) z=(-2x° +3x?)2y® -3y? +1) (IN.1)
z=(2x® -3x2 +1)y® -3y? +1) (1.2) z=(-2x° +3x2)y® -3y* +y) (I1.2)
z=(2x% -3x2 +1)- 2y® +3y?) (1.3) z=(-2x° +3x?)- 2y* +3y?) (I11.3)
z=(2x% -3x? +1)y* - y?) (1.4) z=(-2x*+3x?)y* - y?) (I11.4)
z=(x®-3x? + x)2y°* -3y? +1) (11.) z=(x®-x?)2y® -3y? +1) (IV.1)
z=(x*-3x2 +x)y* -3y +y) (11.2) z=(x*-x?)y* -3y? +y) (IV.2)
z=(x® -3x? +x)-2y* +3y?) (11.3) z2=(x° - x2)-2y® +3y?) (IV.3)
z= (x3 -3x° + x)(y3 - y2) (11.4) z= (x3 -x? )(y3 - y2) (IV.4)

SPLINE INTERPOLATION

f(s,)= (4a+ 53);;;(23 +s)’

s, <-2a
-2a<s <0

O<s <?2a
S, >2a

one-dimension linear case

S, <-4a

-4as<s,<-2a

-2a<s,<0

one-dimension cubic case
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2a<s,<4a
96a* %
f(s,)=0 s, > 4a
i
ffﬁD]
|al2
a ! =
-2 Q a s
Y |
':51:| I}
|al2
B T ! ! =i
-2a 0 2a =
1'Iisz}‘l
3[5& ;
//T\\aL‘
= [] [ | ] ] =
-3z -2 0 a 3a S92
1":53}1
al3
M
d ] T ! T : e
=4a -ia 0 la 4a =3

Spline functions of 0 1st 2nd and 3rd order

two-dimension linear case

flat)= 5 (2ars)eart)

two-dimension cubic case

flsts) (42+s)(4a+t,)

T 921628

-2a<s5<0 and —2a<t <0

-2a<s5<0 and O<t <2a

-4a<s,<-2aand -—4ast;<-2a
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f(s,.t;)= 716 ~(4a+ 53)3((4a+t3)3 - 4(2a+t3)3) -4a<s,<-2aand —2a<t, <0
f(s;.t,)= 9211€a8 (4a+ 33)3((4a—t3)3 - 4(2a—t3)3) -4a<s,<—2aand 0<t,<2a
f(s,.t,)= 92il€a8 (4a+s,)’(4a-t,) -4a<s,<-2aand 2a<t,<4a
f(s,t,) = 92116a8 ((4a+ s,) - 4(2a+t3)3)(4a—t3)3 -2a<s,<0 and-4as<t,<-2a

1
f (% ’t3) = 021628 ((461 + %)3 - 4(2a + ts)SX(4a + t3)3 - 4(2a + t3)3)

-2a<s,<0 and-2ast;<0

1
f (% ’t3) = W ((461 + %)3 - 4(2a + ts)SX(4a - t3)3 - 4(2a - t3)3)

-2a<s5,<0 and O<s<t;<2a
f(s,t;)= 9211€a8 ((4a +s,)’ - 4(2a+ %)3)(4a—t3)3 -2a<s,<0 and 2as<t,<4a
f(s,.t;)= 9211€a8 ((4a -s,)-4(2a —t3)3)(4a +1,)? 0<s,<2a and —4a<t,<-2a

1
flst)= 55, (4a-s) -4lea-tP4a+Lf - 42a+t))
0<s,<2a and —2a<t,<0
(s.6)= 55y (4a-s) - 42a-tf faa-tf - 4a-1))
Os<ss;<2a and O<t;<2a
f(s,t;)= 9211€a8 ((4a— s,) - 4(2a- %)3')(4a—t3)3 0<s,<2a and 2as<t,<4a
1
f(s;t;)= o716 (4a-s,)(4a+t,) 2a<s,<4a and -da<t, < -2a
f(s,t;)= 9211€a8 (4a- %)3((4a+t3)3 - 4(2a+t3)3) 2a<s,<4a and -2a<t, <0
f(s,.t,)= 9211€a8 (4a- %)3((4a—t3)3 - 4(2a—t3)3) 2a<s,<4a and 0<t,<-2a
1
f(s,t,) = I (4a-s,)’(4a-t,) 2a<s,<4a and 2a<t,<4a
Interpolation and extrapolation (linear and cubic spline)
i+l ) ) . )
§° =y 40" = > a,8L(sl) OPOA i =1n-1 si=(t" -t')/at
i=i
i+2
§P=yp 40P = Y asl,(s) OPOA i =2,n-2
j=i-1
(bilinear and bi-cubic spline)
2 =70+ gP =Y Jz_ak e S (1) OPOA i=1l-1and j=1h-1 (h=n)



sk = (x? —x¥ )/ax, t& = (y? - y*')/ay
o e «—mw

2P =zP +VP = z D 8 yaeS (s';t‘;) OPOA

k'=i-1k"=j-1 4k - j+1)+k i +2
i=1-3and j=h-3 (lh=n)
COVARIANCE ESTIMATION

Empirical estimation:

. 1 , -
O general variance: 0 = —1 Vi2 with:  Vv=X—X
n-1%

Q 1D auto-covariance (in the interval AT ):

nAar,) =%Zv ZV where: T,_, <‘ti ~t,[sT, and AT, =T, -T,
i=1

| j=1

Q 2D (or 3D) auto-covariance (in the neighborhood AP ):

N A4R,) :%ZH:V ZV where: P, < HQ' —Qj H < P, and AP, =P -P_,

|11

O correlation coefficient: p=yl o’

U general covariance:

<

1I
ny:—zViUi with: V=X—-Xand U=Yy-—

Q 1D cross-covariance (in the interval At):

V(AT,) = ( Z Zu +—Z niZ ]

where T, < |ti —tj‘ <T, and AT, =T, -T,

Q 2D (or 3D) cross-covariance (in the neighborhood AP ):

n m;

Vig(BR) =7 ( Z u, +

1
i= j=1 m& n
where: Pk—l < HQ' _Qj H < Pk and APk = Pk - Pk—l
O correlation coefficient: Py = Vyy / 0.0,

Empirical optimization of the spacing: Uf =g’ - JSZ Oo? - Vi=

n



maxy, =ming? Oming?  according to different values of At or AP .

Theoretical models:

y =ae™ cos(cé) (1D only)
y=ae™ cos(cé) (1D only)
— aatlél sin(cé)
y=ae e
— A b sin(c<)
y =ae o
Y= ae_b“r‘Jo( cé) (1D and 2D)
y=ae™ J,(cf) (1D and 2D)
el 34(CE)
= 2?4 1
y = 2ae .

o 3 (CE)
=Qgqetd T/
4 c

]‘f Y

\

3 | £
. v
4 7t
\ N \ i -
s T o E L o E

Examples of theoretical models
Note: A linear combination (with positive coefficients, like the sum and the weighted sum), as well as the
product and the convolution in itself, preserves the covariance function properties (e.g. positive
Eigen-values in the corresponding matrices) and supplies additional models.

Note: Cross-covariance functions are less important than the auto-covariance ones and they are only used
to better refine a previous optimal solution.
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Finite covariance functions:

r 16a° 4a’? 2a%® t°
t)= |(a®?-x?)(a®—-(t-x)?)dx= - + - itht<2a
S(t) | L( )(@" =(t=x)" == == 3 a0 wi

S(t)=0 with t = 2a
e
Sz(r)—jdx jdy(a -x*-y*)a®—-(r-x)*-y*)= with 1 < 2a
rl/2
is J'( —20rx® +(10r* —-16a” )x* + 20a’rx —10a’°r* +8a* \Wa® - x*dx =
r/2
4.2 2,3 5 2 _ 2
=5t TR gty 4 208 SN TIT L 5042 ~108° arcsin-—
2 3 12 4 2a
S(r)=0 with r > 2a

Note: Finite covariance functions supply sparse matrices, which are easier to treat numerically.

Note: 3D finite covariance functions are supplied by the orthogonal product: 1D x 2D (or 1D x 1D x 1D),

being the results quasi isotropic only.

Space-temporal problems: Y(AP, AT )= y(AP)e y(AT) =

C(AP, AT )=C(4P)OC(4T) O being the Kronecker product.

COLLOCATION (FILTERING AND PREDICTION)
1 Functional and stochastic models:

v=e+n where: € signal and N noise
— 2 C 42— g2 2
C,=C,+to, I where: O, =0, + O,
O Hybrid norm:

w' C,'w + A" (Aw-v)= min

n
where: w=| S t being the predicted signal
t
O Estimates:
~_ -1 _ -1 _ -1
S= Css va v C§ - Css va Css Cee - Css _Css va Css
— 2 1 _ 4 -1
n= Un va \ Cﬁﬁ an va
2 _ -1
t=C,C, Vv
or better:

43



n=c’C,"v C.=o.C,™

S=v-n CM:CSS-UE (l-UECW_l) Cee:U§(|-0'nz va_l)

s

t=C.z where: z=C, v

GENERALIZED LEAST SQUARES

O Functional model and hybrid norm:

y = Ax+Bs Y, = AX+Bs-n

-1 A
1/ 25" ﬁT]{CSS 0 }{S}+)\' (Ax+Bs-h-y,)=min

0 P/aZ|n
y=Bs Yo = Bs—-n
hi 0
where: S' = lXT STJ and C, =
0 C,
ct o T
1/2[s" nt| |+ AT(BS-Nh-Y,)=min
S R HCE S
U Estimates:
s=C_B"(BCB" +02P )y, C..=c. |l -87(BC.B" +a2P) BC,
A=y, B3 C., =0'P(BCB" +0?P )"
t=c.z being: z=B'(BCB" +02P) 'y,

or better:

s=(B"PB)'B"Py, - 02(B"PBC_B"PB+0?B'PB) "B' Py,
C..=o?(8"PB)" - o*(B"PBC_BTPB+0?B"PB)"

n= Yo — Bs C. = ng—l _ BceeBT
‘ where: 2= B"PB(BTPBC,B"PB+ 02B"PBJ'B'PY,
because: (Q + RS‘I’)_l =Q'¥Q™* R(S—l +TQL R)_lT ot
_ _ 1 _
and Q07 +5J'Q™ = Q0"

s n'Pn
o’ = f

\

m-n+Tr|o?P"?B(B"PBC,B"PB +0?B'PB) 'B'P"?)
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KRIGING

Q Semi-variogram: co(A ) %Z( (Xi +A,()—Z(Xi))2 A,
k i=1

Note: y(Ak):Uz—w(Ak) where:
)= 5 Tl + ) o el f - Sl v )dx) =0 - As)

O Simple Kriging :
AZ(Xo):VT(Xo 1Xi)/__1(xi ’Xj)z(xj):WT(xi)z(Xj)
52(XO)=02(X0)_VT(XO ’Xi)/__l(xi ’Xj)y(xj ’Xo)

U Ordinary Kriging:

) lore) A7) Tt %)
&*(%) =@ (% %) 1]{ (X x) i_'l{w(X,» ’Xo)}

i’ 0 |

O Ordinary Co-Kriging:



~2
Jl

~2
0-2

Qll(xk ’Xj; QlZ(Xk ’Xl) I O N a)ll(xj ’XO)

Qllx. x. ] Q. Ix %) 0 j| |w.,(x,x

()=l x) o x) 2 o] b 1)@=l x) 0 1ol
0 iT 0 0

QLlx, x. )] Q,(x . i 0| |w,(x,
() =loulior) @) 0 4 Fbo R Qb ) 1ol %)
i’ 0 00 1

O Universal Kriging:

z(x0)=[af(xo,xi) 1 fT(xo)] i’ 0 0 0 _[WT(Xi) A /,1] 0
F'(x) o o 0 0
alx x) i Flx) el x)
()=l (o) T 1706)| i 0 o 1
F'(x) o o f (%)

U Universal Co-Kriging:

Note:

Note:

Note:

Simple Kriging is equivalent to Collocation (filtering and prediction).

Collocation (filtering and prediction) is a particular case of the Generalized least squares (setting:
B =0):

A

— 2
yO _nO Cee_o-nI _Cff

n

O-r? (Css + O-r?l )_1 yO Cﬁﬁ = 0': (Css + O-rfl )_1

S

n

furthermore the same problem could be reduced to classical least squares (setting: UE =0 and
A =B, and substituting S with X and N with V):

x=-(ATPA)* ATPY, C, =aZ(ATPA)*

V= om M=oY Cu=0iP - AC,AT =0P -G,

W yy

Interpolation and approximation theory, together with multivariate analysis methods, prove the power
and the richness of the statistical methodologies and procedures. Indeed these algorithms and
techniques are able to explore the wide space of the data, especially if they are spatially referenced
(whether time dependent or not), supplying deterministic, semi-deterministic or stochastic models
and completing the information with metadata. The last ones are produced by means of a refined
statistical analysis, exploiting tools of either parametric or distribution-free statistical inference. Both
estimated data and related metadata can now be easily achieved by the capabilities of
computational statistics and its numerical methods. A large number of examples proves these
assertions, such as optimal sampling, network adjustment and field reconstruction (e.g. line, surface,
3D model, etc.) can very clearly show and positively confirm.
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Gauss’ elimination

Vo _ Cji
Cik =Ciu —Cy B

Gi

Cj
d'j=—(dj —dic—'j
X =d; - zclkxk

k=i+1
Cholesky factorization

T'T=C

PART V — NUMERICAL METHODS

DIRECT METHODS

0j,k
0j
i
Cp =t [t
C; =t Ly (J >1)
i-1
c =t L + z t [y (i 7 1)
k=1
i-1
G =t [ +z ty Doy (i>1)
k=1
(i>1)

(iz1)

Forward and backward substitution

Cx+d=0

|

Y=~

~—+

11

(i>1)

T'Tx=-d T'y =-d
T™x =y

t,y, = _dl y, = _i

by

b Y+ Y, =—d, y, =— d, T,y
? t
22

n

-
tnn
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(iz1) .

Tl—‘l

Yi

Inversion of the normal matrix

ct=(rr)t=T(")*

Tc‘lz(TT)_l :Taﬂ@*%cq«ﬂYﬁ
itikyik :ti Zn:tikyik =0 (i>1)
k=i i k=i

1
Van :tT

n j n
Ztikykj Ese jzkg ztikykj + ztikyjk

yij — _ k=it jk(se j<k — _k=itl k=j+1 (J S |)
t; t;
1 n
. Ztikyik
yii — i k=il (l 7(__n)
t;
Sparse matrices
Sparse design matrix
1 x X7 % 124 3]
X X X% X 134 3
X X XEXe X 22325 3
X X Niixe 25 5 3
Kk - X > XXX 346 3
X XX XX 35 6 3
X X X X 13 2
X X o 35 2
X X o % Vel -
X X XX 4 B i

n
- ztik Xy

k=i+1

t.

(i #n)

Cholesky factors

Inverse matrix

Banded normal matrix

sim.

b G R S S

> x O >

b o K A aa
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Sparse normal matrix

1235?.@._...&.._

YYYy ¥ ¥ L]

_|1213352;u523£

FEEEEEEEELEEL.

Fo =
» MM
X
» 4 =
< .E
w
> -

3 v 0~ 3 O LD
— — 0
— p—r—=

-

¥ L ¥ ¥ 1 ¥

_1??13&92355?312£59m3&555$m_

Fuﬂvn.xIIIKXIIIIIIXXKKXHXIXII_

X
X
X
X

Profile normal matrix

Variance propagation

sJ

g

ZZai a,0,, ~&

|

1

1 j=i

|
+2 Yaa,0, =

2
%

|
2.a'o
i=1

2
y

g

1
N N

N

2
%

bo
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Conjugate Gradient method
Pp=0h=- (CX0+d)

_ L
piTC P

X=Xt apn

Preconditioning and ICCG methods

Incomplete Cholesky factorization

Wi = k\:’i’n j >i)
w; =0 (i>i)
ICCG method

r,=—(Cx, +d)

p, = (WTW)_l r,

(W)™

ITERATIVE METHODS

I p'Cp,
X =X,T0p
r,=r—-oacCp i=12,....... n
5= r,Il(WTW) o

o wwr,

50



pi+l = (WTW)_erl + 18| pi
X = X~

n

Approximate inversion

1 n
— z ik Yik

yii - Vvii k=1+1
W
(Z Vi * Z ky,kj
i+1 +1 . . )
Vi = W i (J >I) if C; Z0
y, =0 (j>i) if ¢, =0

REGULAR STRUCTURES

Toeplitz matrix
W=le |=lg ] i=1n

Properties of its inverse matrix

w; =w; O] (Hermite Symmetry)
W =Wy i Uiy ] (Wise Per-symmetry)

Kronecker decomposition
U OV) =y V]=lu M i=1m klI=1n

Properties of its inverse matrix and related system

Uov)*=utov™
UOv)x=2 ie. x=(UOv)*9=uTov?s

y, =V i=1m
x,=U%z, j=1n

where: Z, =[yijJ i=1lm j=1n.

and in matrix form: Y=v'e and X =U"z

. Gz[ﬁi] Y= [y|
| 2=l ] e
being: Z=Y"

i=1m

j=1n
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Trench algorithm

fl(l) :(bl _i fi(l-l)bl_i /e(l-l)j

R e s A i=1l-1 ;  l=2n-1
e(l):(l_ flz(l))@u—l)

where: e?=1 fY =p
System solution:

S I U WS e

where: p;; =1 and y=n

Inverse matrix:

Yy,=a=1lle

W, =B,=-f_,le I=2n

Wi =Vima =W+t (fafa - foafou)le i,j=2n

with its diagonal elements: w, =1le W=w_,+ (ffl - fn2_i+1)/e i=2,n

SEQUENTIAL ALGORITHMS

Householder transformation

Initialization: A = A b™ =b
. . - 2 _ 1
pestgmmenss: 0 = sigrfiy) (e griicirr)
pl = ﬂ(”((a(” +af)) al) + Za&”a&”j >k
i=k+1
&) =,6’(k)((a( +ad) b0 + >3 ]
i=k+1
The algorithm:
al* = a Oi, j<k
al* = a i<k, j=2k

(k+1) — _ (k)
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a1(k+1) :O | >k

(k+1) — 4(K) _ [ (K) o oK) )/, (K) :
a; = ay (a +ay, )(//j j >k

k+1) — k k k H H
a|§+)_a1§)_(k)¢/§) |>k,J>k
b,('“l) :b,("’ i <k

bl£k+1) = bék) — (a(k) + a&t)) <f(k)
b|(k+1) — b.(k) _ ai(kk) gl i >k

Segquential Householder transformation

Assignments: o™ = sign(akk) az * (aé") Jk )2 pY -1

m+1

Yy = B (o) + akk)akj +afd, ) i>k
fM _ ﬂ(k)((a(k +akk)bk + aém)ﬂ) b((r|:1)+1))
The algorithm:

2y ==a

(k+1) _—
a( m+1)k O

v k k H
akj—akj_(a()"'akk)‘ﬂj() >k
(k1) — (k) _a(k) (k) -
Amin); = Amyj ~ Kmapd j>k

b, =b, - (¥ +a, )W

bt} = bk, —afldy. &Y

(m+

where: a((,ln)ﬂ)j = Qe 0]
b(( r1n)+1) = b( mH1)

Givens algorithm

Initialization: A = A b™ =b

The algorithm:

a|(|k|+1) \/(ai(ik,i))zi(al((r,i))z a|((||<|+1) 0
i) ok, i)
aigk,i+1) _ al au (k— ?;« &y i >i
a; "
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plk i) = a-(-k’i)b,(k’i) + al(('f i)blgk’ i)

! B a1(k i+1)

(k,i+1) _ ag'i)ai(ik'i) _algi('i)an(k'i) o
akj - ai(,k’ i+1) j >i
o B

k, i+,
a;"
being: al(qul) =a, 0
bl =,

Sequential Cholesky factorization

One observation/equation/row in/out:

t = Vtii2 e (Wi(i))2 Wi(iﬂ) =0

Ctt = wihwt) o
tij i ij : i j j>i
tii
() — it
wit* Wik r 3 >

where: ng) = Q) U]

One parameter/unknown/column in/out

t =t Oi<h Oj#h

i-1
Cin _kztkhtki h—1 ,
— =1 —
t, = i thy =4/Chn — ztkh
i k=1

ti'i = ,tiiz - Wi(i—h)2 \Ni(i—h+1) -0

tt =l Mptim
t‘ — i |' j

j t j>i
(i-h)y  _ \pfli-h)
ey WG WL
WE h+1) — = j
where: ng) =t, j>h

Matrix inversion lemma

Note: + =n — = out

54



QRS =Q*FQ'R(S*+TQ R 'TQ?
(cza"paJ*=ct¥ca’(p*racta’) ac™
where: T'Te=a'

Block Gauss inversion:

“in” “out”
1. T~-1 -1, T~-1 T T
y:C‘1+C mc ,CmcC C‘lzy—i— efe.  _
s sls-rTcr) s s(s-f)
pz—E— ef
s s(s-f)
_rT
le rp

GRAPH THEORY

Essential properties:

0 A Graph is composed by nodes and arcs, each of these connect two nodes.
U Starting from every node, a tree (or a level structure, which is equivalent) can be built on a graph.
U Atree contains the minimum path (called distance), which connects two given nodes.
U The maximum distance, in a graph, is called diameter.
U The diameter shows the depth of a graph (i.e. the number of levels of its longest level structure).
U The dimension of the related levels is called width of the corresponding level.
U A graph has a width, given by the maximum width of the levels of the best level structure.
Reordering:
O There exists a correspondence between a graph and a square symmetric matrix, whose main diagonal

elements represent the nodes of the graph and the non-zero off-diagonal ones the corresponding arcs.
O The best numeration of the nodes of the graph produces a small profile in the corresponding matrix.
U Inthe planar graph, a small profile is often derived from a small bandwidth.
U A small bandwidth of the matrix is strictly linked to the minimum width in the corresponding graph.
U The minimum width is often derived by the maximum depth (i.e. by the identification of the diameter of

the given graph).
An example: (before the reordering)

22 7 TAREe T __é 19
O ?//'[f.f’
o

N
20 ®&10 k/\
/f'\._ | e ‘
// [ | \
AR - ne’
F RN : |
) . i
21 ey ) ~_!
‘ 3 @l
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Technicalities:

0 The diameter is found by iterative search of the longest level structure (whose first element is called root

and last elements are called leaves).
O There always exist two level structures, running along the diameter forward and backward.

O It's possible two merge these two level structures in a unique generalized one, which again minimizes

its width (the directed strategy puts the nodes, which stay in different levels, with respect to the two
original level structures, where the destination levels are more empty).

o0 OO

An example:

(after the reordering)

The successive numeration proceeds level by level, assigning the number one to a root.
Inside a level, the numeration proceeds according to the minimum grade (i.e. the number of the locally
connected arcs) of the nodes.
Between two successive levels, the numeration proceeds “parallel” to the previous level.
If the reverse profile is smaller than the direct one, the numeration is reversed.

Bﬁ_____
..__\\ \g i
N/
N/
3 Nad 18
p 210 /s_\
e ‘ N 4 - ~
R Q/ 12 4 ~
€ e ¥.— g B e G621
N, | B \ ’ | } \ /
| - N i | .
4 Bz en e
a 7
VA NN 196 ‘
ST L !
7® : s \e -
Data summary and the two matrices (before and after the reordering):
Before After
Matrix Profile 168 79
Matrix Bandwidth 18 @
1 23456 7 8 910111213 1415 16 17 18 192021 22 1 2345676 9101112131415 161718192021 22
1 [ N ] 1 ® e
2 2 o e
3 KR N ] @
4 400 [
-1 5 ®
6 3
7 7
] 8
s L)
10 10
11 11
12 12
13 |@ 13
14 | @ 14
15 15
16 16
17 17
18 18
19 19
20 20
21 | 21
22 L 22

Dissection and reordering

Note:

Non-planar graphs show reordering problems, due to nodes with a high grade (i.e. many locally

connected arcs) or to long arcs (i.e. arcs linking two nodes, in two different parts of the graph).
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Technicalities:

0O 000D

Reordering of the whole graph.
Dissection of the graph, removing high grade node and the long arcs.
Reordering of the dissected graph only.
Addition of the right margin with the removed nodes (duplicating the extremes of the long arcs, so that
the graph certainly maintains its connection).

Comparison of the two results (i.e. the profile of the reordering of the whole graph and the profile of the

reordering of the dissected graph plus the right margin, with the contribution of the removed nodes) and
selection of the smaller one (noting that the bandwidth is only significant in small examples).

An example:

(before the reordering)

&} = i = |
EE| d
04
B = |
=] ]
O &3 [ B 4
= e B3 3
e
E O3 5= 8.8 B
B B84
=] = EB EIE
E| o B 4d0Q
i | EE A
EEEEEE
2 O E|
B & = _
E=lE =lcE
= 8 8 &
EEEE 2 =
E| B
=l
(after the reordering of the whole graph) (after the reordering of the dissected graph
plus the right margin)
~EEREE
= st ) F-IE[L%EEH =
= = EEE]
B = E| = EEIREE
H = GGGBEBEE EE
E% a % OEE 3 =
e W o o c
EEE =
EEE = EBGEBE E:l{
EiE EE! g B _EEEEdE
3 d O I CEEEE =
= O dd EREEE d
= T EE 8 =
EEEERNE G OgEE 3
=3 G EEEE 2 O ERcelE
=3 = =} ENEEEE
EEd g GEQ ENEE
BB 3 B O EEEE O
EEE] . EEE E| EE
GEE _GEE EEE
EEEEEE & = Eic]
E| = CEEE ElE E]
Data summary:
Before After (with reordering) After (with reordering
and dissection)
Matrix Profile 202 160
Matrix Bandwidth 19 % + 5 (right margin)
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PART VI — EXERCISES

TWO EXAMPLES OF DESCRIPTIVE STATISTICS

ONE-DIMENSION STATISTICAL VARIABLE

INPUT DATA

OBSERVATIONS
-0.42 1.13 0.09 -2.01 0.77 0.00 -0.44 01481 -0.18 -1.19 -0.24 0.56 0.98 -1.31 0.13

NUMBER OF OBSERVATIONS =16 NUMBER OF CLASSES =4

PROCESSING AND RESULTS

MEAN VALUE STANDARD SKEWNESS KURTOSIS
DEVIATION
0.02 0.96 -0.2 2.81

INTERVAL = 0.98

HISTOGRAM AND PROBABILITY DENSITY FUNCTION
HISTOGRAM AND CUMULATIVE. DISTRIBUTION FUNCTION

CLASS CENTERS CLASS EXTREMES
CLASS STANDARD CENTERS CLASS STANDARD EXTREMES
ABSOLUTE FREQUENCIES CUMULATIVE ABSOLUTE FREQUENEB
RELATIVE FREQUENCIES CUMULATIVE RELATIVE FREQUEN@ES
(SIMPLE) NORMAL PROBABILITIES CUMULATIVE NORMAL PR@ABILITIES
-1.520 -0.540 0.440 1.420 -2.010 -1.03®M50 0.930 1.910
-1.604 -0.581 0.442 1.466 -2.116 -1.092069 0.954 1.977
3 4 6 3 0 3 7 13 16

0.188 0.250 0.375 0.188 0.000 0.13838 0.813 1.000

0.120 0.335 0.358 0.146 0.017 0.13472 0.830 0.976
MEDIAN MEAN ABSOLUTE VALUE MEDIAN ABSOLUTE VALUE

0.09 0.74 0.53
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TWO-DIMENSION STATISTICAL VARIABLE

INPUT DATA
XY 1 [ 23] 4 MARGINAL MEAN | STANDARD
FREQUENCIES (Y)| V. (Y|X) | DEV. (Y|X)
1 9 9 3.0 0.0
2 3 2 5 1.8 1.0
3 4 4 8 35 0.5
4 1] 1 7 9 3.4 1.1
MARGINAL 4 | 1] 15 11 31
FREQUENCIES (X)
MEAN V. (X]Y) |25/ 40| 1.7| 3.6
STANDARD | 0.9] 0.0] 0.9] 05
DEV. (X|Y)
PROCESSING AND RESULTS
MEAN VALUE(X) = 2.55 STANDARD DEV.(X) = 1.19
MEAN VALUE(Y) = 3.06 STANDARD DEV.(Y) = 0.95

PEARSON'S INDICES:

ETA%X|Y)=0.61 ETA(Y|X)=0.39 ETA=0.53

LINEAR REGRESSION:

A(Y(X)) = 0.25 AX(Y)) = 0.39

B(Y(X)) = 2.43 B(X(Y))= 1.35  R(X,Y)=0.31

JOINT NORMAL DISTRIBUTION IN THE INDEPENDET CASE:  (X)x(Y) = 0.85

BEING: XINF =0.5 XSUP =45 YINF =0.5 YSUP 54
ZXINF=-1.7 ZXSUP= 1.6 ZYINF=-2.7 ZYSUP= 1.5

BONFERRONI'S INDICES:

B(X) =0.56 B(Y) = 0.66 B(-1) =0.61 B(0) = @6

Note: Under normal hypothesis, the elementary statistreatment of the data is limited to one
and two dimension analysis, because the only cteisiic moments of normal random

variables are means and variances, and the ordyedl dependence is the linear one,
expressed by linear correlation coefficients.
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INPUT DATA

EXAMPLES OF NORMAL
AND DISTRIBUTION-FREE TESTS

TWO-DIMENSION STATISTICAL VARIABLE: X, Y

-1.66 0.52 1.85-0.18-0.20 1.16 0.50 -0B84
-1.63-1.93-2.44 1.53 0.64 -1.04 -2.93 -0097

NUMBER OF SAMPLES =

STATISTICS SAMPLING:

MEAN VALUES (X) ; (Y)

-0.0589 -0.9067

SKEWNESS (X) ; (Y)

0.0333 0.1935
F(X) P(X)
0.22 0.23
0.11 0.21
0.22 0.23
0.22 0.18
0.22 0.15
CF(X) CF(Y)
0.22 0.22
0.33 0.44
0.55 0.55
0.77 0.77
1.00 1.00
CP(X) CP ()
0.23 0.22
0.44 0.43
0.67 0.67
0.85 0.85
1.00 1.00

9 NUMBER OF CLASSES =5

STANDARD DEV.'S (X); (Y)  CCRR. COEF. (X,Y)

1.2020 1.4760 -0.3700
KURTOSIS (X) : (Y)
1.5445 1.5278

F(Y) P(Y) F(X,Y)1 2 3
0.22 0.22 1 0.11 0.11
0.22 0.21 2 0.11
0.11 0.24 3
0.22 0.18 4 011 0.11
0.22 0.15 5 011 0.11
P CF(XY) 1 2 3 4 5
1 0.05 0.10 0.12 0.17 0.22
2 0.07 0.14 0.18 025 0.33
3 0.12 024 0.30 0.42 055
4 0.17 0.34 0.42 059 0.77
5 022 044 055 0.77 1.00
CX,Y) 1 2 3 4 5
1 -0.05 0.06 -0.02 0.06 -0.05
2 -0.02 -0.02 -0.01 0.08 -0.02
3 -0.05 -0.05 -0.02 -0.05 0.17
4 0.06 0.06 -0.02 -0.05 -0.05
5 0.06 -0.05 0.08 -0.05 -0.05

0.22
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LEGENDA:

F = FREQUENCIES

P_CF = PRODUCT OF CUMULATIVE FREQUENCIES
P = NORMAL PROBABILITIES

CP = CUMULATIVE NORMAL PROBABILITIES

C = CONTINGENCIES

PROCESSING AND RESULTS

PARAMETRIC TESTS ACCORDING TO INDEPENDENCE

1)

2)

3)

4)

AND NORMALITY HYPOTHESES

GOODNESS OF FIT TEST (BY CHI SQUARE -BASED ON EFSAMPLE VALUES
OF MEAN VALUE AND VARIANCE)

SIGNIFICANCE LEVEL: ALFA = 0.02

VAL-EXP(X) VAL-EXP(Y) DF CHI>-TH(INF) AND (SUP)
0.83 1.01 2 0.02 9.23

NULL HYPOTHESES: H (0): 0.02
GOODNESS OF FIT TEST (BY KOLMOGOROV)
SIGNIFICANCE LEVEL: ALPHA =0.02

VAL-EXP(X) VAL-EXP(Y) DF KS-TH(SUP)
0.12 0.12 9 0.51

NULL HYPOTHESIS: H (0): Valid
NORMALITY TEST(BY PEARSON ET AL.)
SIGNIFICANCE LEVEL: ALPHA =0.02

VAL-EXP(X) VAL-EXP(Y) DF CHI>-TH(INF) AND (SUP)
0.80 0.87 2 0.02 9.23

NULL HYPOTHESES: H (0): 0.02
CORRELATION TEST (IN THE NO-CORRELATION CASE)
SIGNIFICANCE LEVEL: ALPHA =0.02

VAL-EXP DF T-TH
1.05 7 3.00

NULL HYPOTHESES: H (0): VALID

61



5)

6)

7)

8)

9)

10)

COMPARISON OF TWO VARIANCES TEST (BY FISHER)
SIGNIFICANCE LEVEL: ALPHA =0.02

VAL-EXP DF F-TH(INF) AND (SUP)
1.51 8 0.17 6.03

NULL HYPOTHESES: H (0): VALID
COMPARISON OF TWO MEAN VALUES TEST (BY T OF STUWHNT)
A LEVEL OF SIGNIFICANCE: ALPHA =0.02

VAL-E DF T-TH
1.34 16 2.58

NULL HYPOTHESES: H (0): VALID
COMPARISON OF TWO MEAN VALUES TEST (BY WELCH)
SIGNIFICANCE LEVEL: ALPHA =0.02

VAL-EXP DF T-TH
1.34 17 2.57

NULL HYPOTHESES: H (0): VALID

VARIANCE TEST (TH. STANDARD DEV. XUY = 1)
SIGNIFICANCE LEVEL: ALPHA = 0.02 (EXP. STANDARD BV. XUY = 1:38)
VAL-EXP DF CHI? TH(INF) AND (SUP)

32.22 17 6.40 33.44

NULL HYPOTHESES: H (0): VALID

MEAN VALUE TEST (TH. MEAN VALUE XUY) =0)
SIGNIFICANCE LEVEL: ALPHA =0.02 (EXP. MEAN VALUEXUY = -0.48)
VAL-EXP  DF T-TH

1.49 17 2.57

NULL HYPOTHESES: H (0): VALID

POWER CURVE OF THE MEAN VALUE TEST
SIGNIFICANCE LEVEL: ALFA = 0.02

H (0): M (XUY) = 0

H (1): M (XUY) = K x DELTA(M (XUY)) WITH DELTA (M (XUY)) = 1.22/SQRT(2N
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0 1x DELTA (M (XUY)) 2 x DELTA (M (XUY)) 3 x DELTA (M (XUY))
0.00 0.89 1.77 2.66 STANDARD ABSCISSA
0.02 0.08 0.29 0.63 POWER (1 - BETA)

DISTRIBUTION-FREE TESTS

1)

2)

3)

4)

5)

INDEPENDENCE TEST (BY CHI SQUARE)
SIGNIFICANCE LEVEL: ALFA = 0.02

VAL-EXP DF CHP-TH(INF) AND (SUP)
20.25 16 5.80 32.03

NULL HYPOTHESES: H (0): VALID
INDEPENDENCE TEST (BY KOLMOGOROV)
SIGNIFICANCE LEVEL: ALFA = 0.02

VAL-EXP DF KS-TH(SUP)
0.19 9 0.51

NULL HYPOTHESES: H (0): VALID
SPEARMAN CORRELATION TEST (IN THE NO-CORRELATION C3E)
SIGNIFICANCE LEVEL: ALPHA = 0.02 (R =-0.45)

VAL-EXP DF T-TH
1.33 7 3.00

NULL HYPOTHESES: H (0): VALID
MANN — WHITNEY RANK TEST (COMPARISON OF CENTRANALUES)
SIGNIFICANCE LEVEL: ALPHA =0.02

SUM(RANK (X))  VAL-EXP Z-TH
98.00 1.10 2.33

NULL HYPOTHESES: H (0): VALID
SIEGEL — TUKEY RANK TEST (COMPARISON OF DISPER3\)
SIGNIFICANCE LEVEL: ALPHA =0.02

SUM(RANK (X))  VAL-EXP Z-TH
77.00 -0.75 2.33

NULL HYPOTHESES: H (0): VALID
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6) THOMPSON SIGN TEST (COMPARISON OF CENTRAL VALUES
SIGNIFICANCE LEVEL: ALPHA = 0.02
F(+ DIF) VAL-EXP Z-TH
0.55 0.30 2.33
NULL HYPOTHESES: H (0): VALID
7)  THOMPSON SIGN TEST (COMPARISON OF DISPERSION)
SIGNIFICANCE LEVEL: ALPHA = 0.02
F(+ DIF) VAL-EXP Z-TH
0.55 0.30 2.33
NULL HYPOTHESES: H (0): VALID
TWO EXAMPLES OF LEAST SQUARES PROBLEMS
LINEAR INTERPOLATION IN THE SPACE DOMAIN
S=A+BX+CY+DZ+H BEING: H = — 0.60, A GIVECONSTANT
INPUT DATA
IND. VAR. X IND. VAR. Y IND. VAR. Z OBSERVATIONSS
0.71 0.62 0.17 -1.50
-0.71 0.62 0.17 0.11
0.71 -0.62 0.17 0.57
0.71 0.62 -0.17 -0.35
-0.71 -0.62 0.17 0.26
-0.71 0.62 -0.17 -0.06
0.71 -0.62 -0.17 -0.55
-0.71 -0.62 -0.17 -0.54

NUMBER OF OBSERVATIONS AND EQUATIONS =8
NUMBER OF PARAMETERS AND UNKNOWNS =4

PROCESSING AND RESULTS

Note: The following results imply elementary operatiafdinear algebra, like:

algebraic sum of matrices;

product of matrices and product of a matrix timesalar;
computation of trace and determinant of a squarteixna
matrix inversion.

CooDU
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DESIGN MATRIX A KNOWN VECTOR B

1.00 0.71 0.62 0.17 0.90

1.00 -0.71 0.62 0.17 -0.71

1.00 0.71 -0.62 0.17 -1.17

1.00 0.712 0.62 -0.17 -0.25

1.00 -0.71 -0.62 0.17 -0.86

1.00 -0.71 0.62 -0.17 -0.54

1.00 0.71 -0.62 -0.17 -0.05

1.00 -0.71 -0.62 -0.17 -0.06

NORMAL MATRIX NORMAL KNOWN VECTOR D
8.00 0.00 0.00 0.00 -2.74

4.03 0.00 0.00 1.14

SYM. 3.08 0.00 0.95

MATRIX 0.23 -0.16

SOLUTION X STANDARD DEVIATION (SD)

OF THE SOLUTION

0.34 0.26

-0.28 0.36

-0.31 0.41

0.69 151

RESIDUALS V SD OF THE ESTIMATES S D®F THE

RESIDUALS ESTIMATES

0.97 0.51 -0.53 0.51
-0.24 0.51 -0.13 0.51
-0.72 0.51 -0.15 0.51
-0.42 0.51 -0.77 0.51
-0.01 0.51 0.25 0.51
-0.31 0.51 -0.37 0.51
0.17 0.51 -0.38 0.51
0.56 0.51 0.02 0.51
SIGMA ZERO 0.73 CONDITION NUMEBER 0.03

LOCAL REDUNDANCIES

0.50 0.50 0.50 0.50 0.50 0.50 0.50 0.50

CUBIC POLYNOMIAL INTERPOLATION IN THE TIME DOMAIN

S=A+BT+CT?+DT3+H BEING: H = 1.46, A GIVEN CONSTANT
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INPUT DATA

IND. VAR. T OBSERVATIONS S
0.17 -1.50
-0.17 0.11
0.34 0.57
-0.34 -0.35
0.51 0.26
-0.51 -0.06
0.68 -0.55
-0.68 -0.54

NUMBER OF OBSERVATIONS AND EQUATIONS = 8
NUMBER OF PARAMETERS AND UNKNOWNS =4

PROCESSING AND RESULTS

Note:

DESIGN MATRIX A KNOWN VECTOR B
1.00 0.03 0.17 0.00 2.96
1.00 0.03 -0.17 -0.00 1.35
1.00 0.12 034 0.04 0.89
1.00 0.12 -0.34 -0.04 1.81
1.00 0.26 051 0.13 1.20
1.00 0.26 -0.51 -0.13 1.52
1.00 046 068 0.31 2.01
1.00 0.46 -0.68 -0.31 2.00
NORMAL MATRIX NORMAL KNOWN VECTOR D
8.00 1.73 0.00 0.00 13.74
0.59 0.00 0.00 3.00
SYM. 1.73 0.59 -0.20
MATRIX 0.24 -0.07
SOLUTION X STANDARD DEVIATION (SD)
OF THE SOLUTION
-1.70 0.49
-0.09 1.81
0.10 1.67
0.03 4.53

A simple reordering has been done, writing theffament of t* before the coefficient of,
so that the normal matrix becomes of block diagd&orah.
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RESIDUALS V SD OF THE ESTIMATES S SD OF THE

RESIDUALS ESTIMATES
1.28 0.66 -0.22 0.52
-0.37 0.66 -0.26 0.52
-0.78 0.65 -0.21 0.54
0.07 0.65 -0.28 0.54
-0.47 0.69 -0.21 0.48
-0.26 0.69 -0.32 0.48
0.35 0.30 -0.20 0.78
0.18 0.30 -0.36 0.78
SIGMA ZERO 0.84 CONDITION NUMEBER 0.00

LOCAL REDUNDANCIES

0.61 0.61 0.59 0.59 0.67 0.67 0.13 0.13

THREE EXAMPLES OF GEODETIC
LEAST SQUARES PROBLEMS

ADJUSTMENT OF TWO LATTICE STRUCTURES

A) FUNCTIONAL MODEL: FINITE DIFFERENCES OF FIRST ORDER
D(1,J)=ALPHAxZ(J)-BETAXZ(I)+GAMMA

ALPHA=5 BETA=2 AND GAMMA =4, THREE GIVEN CONSANTS

STOCHASTIC MODEL.:

INDEPENDENT OBSERVATIONS OF EQUAL VARIANCES
WEIGHT OF THE CONSTRAINT (OF THE UNKNOWN 1) EQUALO 10000

INPUT DATA

| J D(l, J)
1 2 1.81
2 3 4.36
3 4 3.61
4 1 4.62
1 3 3.23
2 4 5.15
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NUMBER OF OBSERVATIONS, PSEUDO-OB.’S AND EQUATIONS7
NUMBER OF PARAMETERS AND UNKNOWNS =4

Note: This problem and the following one present a nétvairucture, where the rows of

the design matrix contain the observations of thigvark, which are like the arcs of
a graph and the columns of the design matrix cortteé unknowns, which are like
the knots of the same graph.

PROCESSING
DESIGN MATRIX A KNOWN VECTOR B WEIGHTS
-2 5 2.19 1
-2 5 -0.36 1
-2 5 0.39 1
5 -2 -0.62 1
-2 5 0.77 1
-2 5 -1.15 1
1 0 10.000

B) FUNCTIONAL MODEL: FINITE DIFFERENCES OF SECOND ORIBE

D(1,J,K)=ALPHAxZ(l) — 2xBETAXZ(J)+GAMMAXZ(K)+DELTA

ALPHA =10 BETA=4 GAMMA =2 AND DELTA =5, FOURSGIVEN

CONSTANTS

STOCHASTIC MODEL:

INDEPENDENT OBSERVATIONS OF EQUAL VARIANCES
WEIGHT OF THE CONSTRAINTS (OF UNKNOWNS 1 AND 2) EQL TO 10000

INPUT DATA

PO WONR_AREPW

(.
A

D(l, J, K)

4.32
6.91
4.67
4.26
5.36
7.79
3.77
4.93

OO WAWNEE
GwWwohr,wWwkLrhADN

NUMBER OF OBSERVATIONS, PSEUDO-OB.’S AND EQUATIONS9
NUMBER OF PARAMETERS AND UNKNOWNS = 6
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PROCESSING

DESIGN MATRIX A KNOWN VECTOR B WEIGHTS
-8 2 10 0.68 1
10 -8 2 -1.91 1
2 -8 10 0.33 1
10 2 -8 0.74 1
-8 2 10 -0.36 1
10 -8 2 -2.79 1
2 -8 10 1.23 1
10 2 -8 0.07 1
1 0 10.000
1 0 10.000

Note: The problems with a network structure present gbva rank defect, whose size
depends from their proper characteristic (e.g.rémk defect is equal to one in the
finite difference problems of first order and eqwaltwo in the finite difference
problems of second order). Notice that the ranledeis solved by using an equal
number of suitable constrains, which can be sultetitby pseudo-observations, with
a very high weight.

SURFACE RECONSTRUCTION

FUNCTIONAL MODEL: FINITE ELEMENTS INTERPOLATION

S=A+BxX+CxY +H IF X2+ Y?< 4
S=D+ KX+ FxY +K IF X2+ Y2>4

H=-0.62 AND K=2.33, TWO GIVEN CONSTANTS

INDEPENDENT OBSERVATIONS OF EQUAL VARIANCES
NO ADDITIONAL CONSTRAINTS ARE REQUIRED

INPUT DATA

IND. VAR. X IND. VAR. Y OBSERVATIONS S
0.16 0.16 0.57

-0.16 0.16 0.78

—-0.16 —-0.16 0.92
0.16 —-0.16 —0.52
2.57 2.57 -0.70

- 2.57 2.57 -1.87

- 2.57 —2.57 -0.17

2.57 - 2.57 —-0.48
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PROCESSING

DESIGN MATRIX A KNOWN VECTOR B WEIGHTS
1 0.16 0.16 -1.19 1
1 -0.16 0.16 -1.40 1
1 -0.16 -0.16 -1.54 1
1 0.16 -0.16 -0.10 1
1 2.57 2.57 3.03 1
1 -2.57 2.57 4.20 1
1 -2.57 -2.57 2.50 1
1 2.57 -2.57 .2.81 1

Note: The product of two matrices and the inversion aftnoes are easy standard operations of
linear algebra, especially if their dimensions rather small. Nevertheless if the dimensions
are equal to two or three, close formulas can hienr as follows.

b, b
2, a, %3%4blgz Cy Cp
Product: AB=|a, a, a, a, bzl b32 =lc, ¢,|=C
B B B A | LG Ca
1 Va2
4
being: ¢; = > a,b, i=1,3 j=1,2
k=1
Inversion: (2%2 matrix)
o= a ¢
- sym b
b —
detQ = ab-c? Q'= 1 { C}
detQ|sym a

(3%3 matrix)

a d
Q= b

o =~ O

sym
detQ = abc+ 2def —af ? — be? — cd?
bc-f2 —(cd-ef) df -be
Ql=_1_ ac-¢* —(af —de)
detQ 5
sym ab-d
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PART VIl - DATA PROCESSING MEETS HUMAN SCIENCES

THE ANCIENT WORLD

The human species, originated from anthropoid primates, is widespread. However, neither subspecies nor

hybrids have been observed since at least 10.000 years.
0 Palaeolithic and Neolithic periods: discovery of fire, plough, wheel, mill, wagon.
O Neolithic revolution: domestication of animals and plants.

U Prehistory: weaving, handcrafted pottery and metal tools.

Signs and symbols:

O

Neanderthal;

O

Camuni and Celts (Stonehenge);

O

Aztecs, Incas, Easter Island, etc.

O

Language is a human feature.

U Animals communication exists as well: hymenoptera chemical communication
(bees, wasps and ants);

cetacean’s singing (whales and dolphins);

monkeys’ different defence whistles
(against leopards, snakes and eagles),

Nonetheless, carnivorous mammals, equines, elephants,
birds of prey, ravens and parrots are equally intelligent
animals.

Origin of writing:

Sumerian Craetulae.

Assyrian, Babilonyan and Persian tablets.
Egyptian ideograms.

Phoenician cuneiform script.

000 O0Oo

Greek).

Ancient languages used in Greece, Anatolia, Magna Graecia and in Rome.

(M

Other ancient written languages in India, China and in Maya civilization.

Cretan linear scripts: A (Minoan: un-translated, till now) and B (Mycenaean: recognized as ancient

O Other derivate languages exist (such as Romance, Saxons and Slavic languages); moreover Pitney

and Creole languages.

U The translation of seventy interpreters (known as Septuagint) of the Old Testament from Jewish to

Koiné Greek is an example of ancient linguistics.
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Ancient Mathematics:

0 Mesopotamia / fertile half-moon (where Semitic languages are spoken): arithmetic and astronomy.
O Egypt (where Hamitic languages are spoken, as for instance Somali, Ethiopic, Chadic and Berber, even
though they are pretty different from one another): geometry and astronomy.
U Greek and Hellenic area: geometry: Thales, Pythagoras and Euclid;
Eratosthenes of Cyrene, Archimedes, Apollonius of Perga;
Hero of Alexandria and Pappus of Alexandria.
Euclid postulates:
O A straight line segment can be drawn joining any two points
U Any straight line segment can be extended indefinitely in a straight line.
U Given any straight line segment, a circle can be drawn having the segment as radius and one
endpoint as centre.
U All right angles are congruent.
O Given any straight line and a point not on it, there "exists one and only one straight line which
passes” through that point and never intersects the first line, no matter how far they are extended
(this statement is the modern version of the original fifth Euclid Postulate).
Astronomy:
U Heliocentrismus: Pytagoras ed Aristharcus of Samos (with Archimedes).
O Geocentrismus: (with Aristotle), Timocharis, Hipparchus of Nicaea, Ptolemy of Alexandria.

Travel and cartography:

O0O00Do

Argonauts endeavour and Odysseus’ travels.

Pillars of Hercules and Atlantis myth.

Phoenician circumnavigation of Africa and Herodotus tales.
Alexander the Great conquests and Hipparchus of Nicaea hypothesis.

Eratosthenes of Cyrene (measure of earth radius) and Ptolemy of Alexandria (map of the Ecumene).

Ancient philosophy:

O0000D0O DO

Myth poems: Homer and Hesiod.

Pre-Socratic: Anaximander, Heraclitus, Empedocles and Democritus.
Sophists and Socrates.

Plato, the Academy and the World of Ideas.

Aristotle, the Lyceum (or Peripatetic school), the Physics and the Metaphysics.
Stoicism (in Rome: latter Virgil, Seneca and Marcus Aurelius).

Epicureans (in Rome: Lucretius, Horace and earlier Virgil) and the Scepticism (in Rome: Cicero).
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O The Stoicism is an opposition philosophy in Greece and the leading class ideology during the Roman
empire.

O The Christianity (which starts as an Hebraic heresy and becomes pagan religion, with Paulus of
Tarsus) gets myths and traditions from Egypt and from other pagan areas; it's the heir of Stoicism

with openings towards lower classes, but less tolerance.

Ancient Medicine:

a
a
a

Chiron the Centaur and Asclepius.
Hippocrates’ science and Galen’s techniques.

Medicine of the Peripatetic school in Alexandria.

THE MIDDLE AGES AND MODERN AGE

From the fall of the ancient world to modern age:

O000DO DO 0O 00O
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O

Republics and empires between Greece and Rome.

Barbaric invasion and/or ethnic migration.

Augustine of Hippoa, the Patristics and the Gnosticism (derived from Persian Dualism).

City abandonment and construction of walls around villas and churches, forming castles and abbeys
(with Romanesque and Byzantine styles).

Monasticism and feudalism.

Arabs, Persians and Islam of Turks (Sunni and Shia Islam).

“Alloderi”, merchants and city rebirth (and of the Maritime Republics).

Black death and the “Signorie di Banno”.

Principality and sovereign nations (Italian case, the birth of Switzerland and Nederland).

Thomas Aquinas and the Byzantine, Persian and Arabic heritage in the Arabic Spain (with Avicenna,
Averroes, Maimonides and Ramon Llull).

Aristotle’s Thomism.

Renaissance Neo-Platonism (with mathematical and technological innovation, printing among others).
Italian Renaissance artistic development (between Gothic and Baroque).

Heretical movements, Mendicant orders, Lutheranism, the Counter-reformation and Religious wars

The new science.

Age of Enlightenment and Age of Reformations (British case and the birth of the United State of
America).

French Revolution, Napoleon and the European Restoration.

U ltalian and other European countries (e.g. Greece, Belgium, Hungary, Poland, Eire and Balkan
countries) independence and/or unification

O Colonialism and Imperialism.

O First World War.
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Nationalism and Totalitarianism.
World War Two.

The Cold War, Neo-Imperialism and European Communitarians.

0O 00O

Globalizations and present crisis (environmental, political and economical).

Travels:

U Marco Polo, Ibn Battuta (Arab) and Zheng He (Chinese).

O Vivaldi brothers and the Portuguese sailors.

O Columbus (followed by Cortes and Pizarro).

U Bartolomeo Dias and Vasco da Gama.

O Vespucci and Magellan (as well as Caboto and Verrazzano).

U Tasman and Cook.

U Nobile, Amundsen and Scott.

Philosophy:

O English Scholasticism (Roger Bacon, Duns Scotus).

0 Humanists and the people of the Italian Renaissance (mainly Machiavelli).
U Bacon and the new Science.

U Descartes and the Rationalism.

U British Empiricists (Hobbes, Locke, Berkeley, Hume, Bentham).

U Liberal economists, but not laissez-faire (Smith and Ricardo).

O Pre-Enlightenment and Spinoza.

O French Enlightenment agents (Voltaire, Montesquieu, Rousseau, Diderot and D’Alembert).
4 Vico, Herder and Goethe.

O Kant and critic synthesis.

U The “A priori” of time and space (according to Euclid’s geometry and Newton’s physics).

U Categories: quantity: universal, peculiar and singular; i.e.:
unity, plurality and totally;
quality: affirmative, negative and infinite i.e.:
positivity, negativity and limitation;
relationship:  categorical, hypothetic and disjunctive, i.e.:
substantiality, causality, reciprocity;
modal: problematic, supportive and apodictic, i.e.:
possibility, reality and need.
U A priori idea of God, Soul and World (i.e. science at that time without object).

0 Mathematics is analytical and its base is a priori synthetic.

O Moral answers to categorical imperative (every human being is a goal and not a mere mean), but

politics can be freely bargained.
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Mathematics and Mathematical physics:

Fibonacci and Arab digits with the Indian / Arab (and Maya) zero.

Luca Pacioli and mathematic operations signs.

Trigonometry (at the Leonardo Da Vinci's machine time).

Algebraic experts in Bologna and third and fourth grade equations (then Ruffini, Abel and Galois).
Descartes and analytic geometry.

Desargues and projective geometry (between the invention of prospective and graphic informatics).

Fermat, Pascal, the Bernoullis and the game theory.

Oo0o0000D0D0DO

Leibniz, Newton and differential computation (while the defined integrals had already been used by

Archimedes).

U Newton deals with optics and mechanics as well:
Newton’s First Law of Motion (inertia, already from Galileo);
Newton’s Second Law of Motion (force and acceleration);
Newton’s Third Law of Motion (action and reaction).

Euler, mathematical geometry, algebra and mathematical analysis.

a

O Lagrange, Hamilton and analytical mechanics.

U Legendre, Gauss, differential geometry and statistics.
a

Cauchy and mathematical analysis.
Music:

Byzantine Psalter, Gregorian chants and the Laudi.
Troubadour and Trouvere, the Ars Nova, polyphony and madrigals

a
a
O Bach’s Well Tempered Clavier, in addition to Baroque music.
U Mozart's mathematical counterpoint.

a

Beethoven's great symphonies.
Sciences:

O Astronomy: Copernicus (with Giordano Bruno), Kepler and Galileo;

Newton (Universal gravitation), Herschel (with Abbot Boscovich).

U Geodesy e cartography:  Mercator;
the Cassinis, Newton, Clairaut and the shape of the Earth.
Expeditions in Lapland and Peru, to measure meridian arcs;
Lambert and Gauss;
Legendre and spherical trigonometry;

Stokes and the deviation from vertical;
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Molodensky and the physical surface of the Earth.

O Physics:  Hooke's elasticity Law;
Bernoulli's and Stevin’s hydraulic.
Torricelli's and Malebranche’s fluid mechanics;

Galvani’'s and Volta's first electromagnetism studies.

U Chemistry: Boyle and the Phlogiston theory;
Lavoisier (and the oxygen invention), Liebig (organic chemistry);

Mendeleev (elements classification), Mendel (genetics).

O Biology: Linnaeus (natural classification), Spallanzani (sexual reproduction);

Lamarck, Darwin (evolutionist theory).

U Medicine: Vesalius, Harvey (blood circulation), Malpighi (microscopic analysis).

Jenner (vaccinations), Semmelweis (hygiene), Pasteur (microbiology).

O Linguistic: Valla (correct document dating: De falso credita et ementita donatione Costantini).
Luter (Bible translation from Greek, emending Saint Jerom’s Vulgata);
Discovery of Sanskrit;
Rosetta’s stone translation;

Von Humbuldt and the Indo-European languages.

CONTEMPORARY AGE AND PRESENT WORLD

The various branches of knowledge grow apart and become different, but tend to have overlaps and cross-
breed with each other.

Philosophy:
U Idealism: mainly Hegel.
O “Spiritualism”: Kierkegaard, Schopenhauer, Nietzsche and Bergson.
d  Marxism: a liberal revolutionary: Feuerbach.
Founding fathers: Marx (who asserts not to be a Marxist) and Engels;
Schools: Second International: labour and social democratic;
Third International: communist (with Luxemburg and Lenin);
degeneration: Trotsky’'s permanent revolution;
Stalin’s bureaucratic totalitarianism;
Two contribution: Gramsci’s historic block;
Brandt's peaceful coexistence and distension.
O Historicism: Croce (political fracture with Gentile and cultural closure with Enriques).
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O

Neo-Kantism:

Critic empiricism:
Existentialism:
Structuralism:

Pragmatism:

Falsifiability:

Logics:

1 Boole and Peano;

U Frege and Russell;

mainly Cassirer (with Mach logical positivism)

going alongside, though separately, with: Husserl's phenomenology;
Gestalt’s philosophy.

mainly Reichenbach and Carnap.

mainly Heidegger (a shameless Nazi), Jaspers and Sartre.

Foucault and the Frankfurt School with: Adorno, Horkheimer and then Habermas.

(Americans) Peirce, James, Dewey and then Rawils;

(European “predecessors”) Bentham, Tocqueville, Stuart Mill and Weber.

Popper, then Kuhn, Feyerabend, Lakatos

(after then the American analytical philosophy).

O Hilbert, Tarski, Gédel and Church.

Mathematics:

a

Non Euclidean Geometries: Saccheri, Legendre and Gauss;

Bolyai, Lobachevsky and Riemann.

U Topology: Euler, Jordan, Klein, Poincare, Hausdorf.
U Arithmetic and algebra: Kronecker, Dedekin and Cantor.
0 Mathematical analysis: Fourier, Laplace and Weierstrass;
Hilbert, Lebesgue and Bourbakists.
O Statistics: Bayes, Galton, Pearson, Fisher and Tukey.
Physics:
U Thermodynamic: Carnot, Joule and Lord Kelvin.
U Electromagnetism: Faraday, Maxwell, Hertz and Lorenz.
U Energetics, atomistics, radioactivity: Mach, Boltzmann and the Curies.
O Relativity Theory: Poincaré and Einstein.
0  Quantum theory: Planck, Rutherford, Bohr, De Broglie, Dirac, Schrodinger,
Pauli, Heisenberg and the Via Panisperna group.
U Quantum gravity, string theory, parallel universes, etc.
Informatics:

Q
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Logarithm tables

Pascal’s calculator

The “Brunschwiga” mechanical calculator.
Punched cards.

Relays for phones.

Wiener’s cybernetics.

Turing’s machine.

Von Neumann’'s computer.

Transistors.

Chip and microchip.

[y oy Sy Ay [y B

Internet.

O Artificial Intelligence (a dream).

U Knowledge engineering (present reality).
Linguistic:

De Saussure (from comparative to structural grammar).

Wittgenstein with formal and spoken language.

a
a
U Trubeckoj and phonemes.
U Bloomfield and syntagma.
a

Chosmky (from structural to generative and transformational grammar).
a Innatism: of deep grammar;
of symmetries;

of first natural numbers.

U What one says (according to Davidson).

U What makes a man and a woman different from computers (according to Searle).

Science:

O Biology: Watson’s and Creek’s DNA, and Dulbecco’s genome.

0 Medicine; Fleming (penicillin), Sabin (new vaccinations), Barnard (transplants).
U Psychology: Freud (unconscious), Jung (archetype), Piaget (childhood psychology).

The conquest of space (locomotion and energies):

0 The Montgolfiers.
O The Wright brothers.
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Piccard and the troposphere.

The Sputnik and the dark side of the moon.
The Apollo Project and the moon.

Venus and Mars.

The Pioneer.

The steamboat
The internal combustion engine (Otto).
The Diesel engine.

Nuclear energy.

0O0D00Do

Renewable energy: solar, wind, geothermic and marine.

Literature art and music:

a
a

Romanticism, Verism, Hermeticism and contemporary literature.

Impressionism, secession, expressionism and abstract art / minimalism.

O Grand opera (in addition to Symphonic music), café chantant, dodecaphony and modern contaminations.

O Telegraph and telephone.
O Cinema, radio and television.

O Fax and Internet.

Pedagogy and ethics:

000000 D

Knowledge and learning maze (for a confederation and not an empire).

Out from old morals (even from the protestant ethic of responsibility and firm belief).

Ethics as an etiquette (the Beauty towards the Good and so, through the Right, in seek of the Truth).

A freely bargained and shared moral (but not too far away, due to convenience).
No one is not guilty (and the rights of the second-to-last).
Secularization (with scepticism and mild relativism) and the (eclectic) valorisation of traditions.

Being able to be in minority, because pluralism is not chaos, but a great value.

Time and Place of Utopia:

O0000DO D

Gold Age and Eden.

“The land of milk and honey”.

The Enchanted forest.

The ideal city and the utopia threshold.

The sky freed from monsters and tolerance as a means of measure.
The futuristic metropolis and the happy island.

The crushed utopia (of crossbreed and cultural polytheism).
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A map collection along the path of history

Ptolomy’s Ecumene map




Ambrosius Holbein, Thomas More’s Utopia
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Isidore of Siville’'s map
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Renaissance planisphere

83



. LA s ;
a wahestheinbich nadh Tofarmanticieen van I_’I.'n.rlnlr_.nnm E-:_ul,ujnl,n.m
-:ll_r {Flaren, Bibliotecn Bavinnals)

m Liese Skizze befimiet sich foocinere bosseageaphisdhen Doy,
cxsf z T _5 wo sk unler dem Texl singeklemme Qs :
- E""&_‘_“-—;ﬁ L‘&'\. g

e rl:-::‘ e R T w B
3 =T 1

aﬁﬁﬁ“a *.-:h.,m-mgq:*_.whdlf 855

MONTO Mo WE

Novus “mundus” map

Matteo Ricci’'s map

84



Piri Re'is’

85



Mercator’s planisphere
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Nova Atlantida
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Luna 3
Luna a 65.200 km di distanza
7.12.1959 7h di Mosca

getti della faccia nascosta

B

| - Mare di Mosca

2 - Golfo degli astronauti

3 - parte nascosta del Mare Australe
4 - cratere Tsiolkovski

5 - cratere Lomonossov

6 - cratere Joliot-Curie

T - Monti sovietici

8 - Mare dei sogni

Oggetti della faccia visibile

| - Mare di Humboldt
Il - Mare delle crisi
1l - Mare del Margine
IV - Mare delle Onde
V - Mare di Smith
VI - Mare della Fecondita
VII - Mare Australe

The Dark Side of the Moon
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The Arno Peters’ equivalent map

Thematic map of the world population

Thematic map of the global consumption
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Thematic map of the child labor Thematic map of illiteracy
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