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Abstract ï A mixed collection of advanced mathematical and statistical methods, together with a summary 

of some ideas, coming from the world of human sciences, is presented with the aim to join the two cultures. 

 
FOREWORD 1 

Humanism must help us: not because itôs the other half of thought (i.e. it contains questions and solutions) 
and not because it represents the other point of view, but because it holds together different points of view 
and itôs able to explain them. 
 

Times explain technology, but humanism explains times. 
 
Ç Technological knowledge captures the novum of the present. It has his gaze turned forward and adopts 

the replacement paradigm of forgetfulness, chasing the urgency of the ars respondendi. It lives in space, 
is familiar with life understood as "vital principle" and simplifies complexity. 

Ç Humanistic knowledge knows the notum of history. It looks back and forth (the simul ante retroque 
prospiciens by Francesco Petrarca 2), adopts the cumulative memory paradigm and knows the urgency 
of the ars interrogandi. It lives in time, is familiar with life understood as "purely individual existence" and 
interprets complexity. 

 
"Man goes through the Oceans ï so the first chorus of the old Greek tragedy Antigone (by Sofocle) 
recites ideally listing the benefits of Prometheus ï he tames the fairs, learns by himself words and the 
thought of wind and desire of politics and he has the knowledge of the technique, beyond every hope. 
He devised every remedy for irremediable ills, but he found no remedy at death. This is why it is the 
most wonderful and tremendous beingò. He solves problems, but he remains a problem to itself. 

 
Ç The machine is ordered, predictable and programmable; 
Ç vice-versa man is disordered, unpredictable and imperfect. 
 
We can create the perfect shape of the circle, but we remain ï as said the Pythagorean philosopher and 
physician Alcmeone (in 6th century BC) ï an unfinished circle, an arch, "the arc of life". This is why we die: 
beginning and end coincide in a perfect circle and donôt coincide in an arc. Death and life are inscribed in the 
word ñbiosò, for a wonderful and tremendous linguistic ambiguity. When we speak of men, itôs urgent to resort 
to a sort of deviation from the machine, of waste: between finitude and utopia, and of a clinamen of 
Lucrezian memory. This is our condition but also our strength: technique is not enough and politics is not 
enough. The truth is that while scientific-technological knowledge runs fast and celebrates its triumphs, 
regardless of every telos and every dia-logos, the humanistic one appears in trouble, tenuous, if not residual. 
This sleep of reason is likely to cost us dear: 
 

Oxford is nice, but I wish it werenôt dead 
 
wrote the American modern poet, dramatist and essayist Thomas Stearns Eliot, happy for the beautiful 
university, but worried about the extraneousness and impotence of academics and intellectuals, in the face 
of the European dramatic situation in pre-world war. 
There is a specific responsibility of us: university academics and students. We make the most beautiful job, 
in the world, because we combine passion and profession; we can say what we think without risking our 
position. As professors (from the Latin profiteri) we are called to profess the truth: 
 

To publicly say all that a search, a knowledge and a thought of truth require (Jacques Derrida 3). 

                                                 
1 Free translation from Italian of the inaugural address at the University of Macerata (Italy) of Ivano Dionigi: The new humanism will save 
us (La Repubblica, Wednesday April 18th 2018). 
2 Italian famous medieval Italy poet and humanist. 
3 French modern philosopher and essayist. 
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University students ï this is the appeal of the late Umberto Eco 4 ï are expected to fight: 
the interminable struggle for the progress between knowledge and pietas. 

 
From this responsibility can escape: not only the humanists, but also the scientists and technologists, to 
whom the American entrepreneur, business magnate, inventor and industrial designer Steve Jobs asked for 
the prerogative of being "Renaissance". Indeed the whole world-society asks them for public responsibility 
and we (humanists) ask to honor their Ph.D., which means Philosophiae Doctor: integral knowledge, 
increased by long thoughts. 
This responsibility calls into question the School and the boys. The School will train digital citizens, as it has 
in the past trained agricultural citizens, industrial citizens and electronic citizens. There is a paradox: 
 
Ç while the School is the institution that bears the greatest responsibility, transmitting the fundamentals of 

knowledge, being the only public social reality where the daily, real, true encounter takes place between 
peers and between adults and young people; 

Ç unfortunately the School is the most neglected and tormented reality of the country: tormented, because 
it is affected by permanent reforms, and neglected, because it hasnôt adequate social recognition. 

 
The School must be protected and helped. But there is a task that also calls the boys into question. You 
make the unity, the beauty and the hope of the country blessed rich in talents and damn them regardless of 
them. This my eyes have seen meeting thousands and thousands of your peers from the deep South to the 
deep North. Be aware of your grace and your strength, because time is your friend: 
 

every morning when the sun rises, a day begins that has never lived anybody (Davide Maria Turoldo 5). 
 
Be dissatisfied, be demanding, be strict; I would like to say you are perfect and must dare to know. Engage 
in politics. do it with passion and pride, not just to affirm yourself; but also do it for a kind of pietas towards us, 
that we didnôt make to leave you a better world. 
 

 

Raffaello Sanzio, La scuola di Atene (Musei Vaticani, Rome) 

                                                 
4 Italian modern writer and essayist. 
5 Modern Italian poet and theologian, Servite friar. 
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PART I ï SUPPLEMENT DATA PROCESSING 
 
Principal discrete distributions of probability 6 

A. Binomial distribution: 

 

Legend: n  size of the sample 

k  favorable events 

 

Discrete probability density:  ( )knk
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B. Hyper-geometric distribution: 

 

Legend: N  size of the universe 

r  favorable events in the universe 

n  size of the sample 

k  favorable events in the sample 
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C. Geometric distribution: 

 

Legend: k  unfortunate events 

 

Discrete probability density:  ( )ppp
k

k -=1   with 10 <<p  

                                                 
6 At the end of the Elementary transformation paragraph, Cauchy probability distribution is presented, because of the singular behavior 
in its principal statistics. 
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and ...k ·=0  
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D. Poissonôs distribution: 

 

Legend: k  unfortunate events 

 

Discrete probability density:  
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Mean value: lm=        Variance: ls =2
 

 

E. Negative binomial distribution: 

 

Legend: r  favorable events 
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Complementary statistical test of hypothesis 

A. Shapiro-Wilk test:  Null hypothesis:   0H : ondistributi Normal to fit best  

    Alternative hypothesis:  
1H  

 

    expected value:   
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    theoretical value:  ()a2w  
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    comparison:   ()a22 wwĔ¢   0H  true 

        ()a22 wwĔ>   0H  false 

 

B. Bresch.Pagan test:  Null hypothesis:   0H : consti =
2s  i"  

    Alternative hypothesis:  
1H : consti ¸

2s  i $  

 

Legend: regression equations:    i
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C. Scheffé test:  Null hypothesis:   0H : consti =m  i"  

    Alternative hypothesis:  
1H : consti ¸m  i $  
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    expected value:   yytĔ sn=  

    theoretical value:  ()ant  

 

    comparison:   ()ann ttĔ¢   0H  true 

        ()ann ttĔ>   0H  false 
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OPERATIONAL SCHEMES OF STATISTICAL TESTS TO COMPARE TWO SAMPLES  
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Note: The Mann-Whitney and Siegel-Tukey tests are ranks tests, related respectively to the ordered data and to the deviations from the 

medians (in absolute value). The Thompson tests on the central values and on the dispersion are tests on the signs, related respectively 

to the non-nil differences on the data and to the non-nil differences on the deviations from the medians (in absolute value). 
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APPROXIMATE DETERMINATION OF THE POWER OF A TEST TO BUILD  

THE POWER CURVE OF STANDARD NORMAL DISTRIBUTION  

(OR OTHER SYMETRICAL DISTRIBUTIONS FOR WHICH THE HYPOTHESIS  

ALTERNATIVE IS A TRANSLATION OF THE REFE RENCE PARAMETER  7) 

 

Shift = 1 

Ŭ = 5%  ɓ ~ 85% 

1-ɓ ~ 15% 

 
 

Shift = 2 

Ŭ = 5%  ɓ ~ 50% 

1-ɓ ~ 50% 

 
 

Shift = 3 

Ŭ = 5%  ɓ ~ 15% 

1-ɓ ~ 85% 

 
 

Shift = 4 

Ŭ = 5%  ɓ ~ 0 

1-ɓ ~ 100% 

 
                                                 
7 The neutral element of a translation is null, i.e. zero, whilst the neutral element of a scale variation is the unity, i.e. the number one. 
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APPROXIMATE DETERMINATION OF THE POWER OF A TEST TO BUILD  

THE POWER CURVE OF THE CHI -SQUARE TYPE DISTRIBUTION 8 

(OR OTHER "POSITIVE" DISTRIBUTES FOR WHICH THE HYPOTHESIS  

ALTERNATIVE IS A SCALE VARIATION OF THE REFERENCE PARAMETER ) 

 

Scale variation = 1.5 

Ŭ = 5%  ɓ ~ 66.6% 

1-ɓ ~ 33.3% 

 
Scale variation = 2 

Ŭ = 5%  ɓ ~ 50% 

1-ɓ ~ 50% 

 
Scale variation = 3 

Ŭ = 5%  ɓ ~ 33.3% 

1-ɓ ~ 66.6% 

 
Scale variation = 4 

Ŭ = 5%  ɓ ~ 25% 

1-ɓ ~ 75% 

 

                                                 
8 The chi-square distribution depends on its degrees of freedom; therefore this example is purely qualitative. 
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Confidence bounds of the correlation coefficient 

 
Data modeling about dependence conditions and error types 
 

1. Independence: 

¶¶

¶¶

 

 
where the Bonferroniôs, Pearsonôs indices and correlation coefficient are equal to zero. 

 
2. Connection: 

¶

¶

¶

¶

 

 
where Bofferroniôs indices are different from zero, whilst Pearsonôs indices and correlation coefficient 
are near to zero. 
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3. Regression: 

¶

¶

¶

¶

 

 
where Bofferroniôs and Pearsonôs indices are different from zero, whilst correlation coefficient are 
near to zero. 

 
4. Correlation: 

 

¶

¶

¶

¶

 

 
where all the indices are different from zero. 

 
5. Perfect dependence in law: 

 

¶

¶

¶

¶

 

 
where all the indices are equal to one. 

 
A. An outlier 9: 

¶

¶

¶

¶

 

 
which asks for down-weighting robust procedures. 

 
B. A leverage point: 

¶

¶

¶

¶

 

 
which implies robust procedures with a very high break-down and a rejection point in their influence 
functions. 

                                                 
9 Observations are usually supposed error free; otherwise two type of error can occur in the data. 
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Elementary transformations 
 

2D case 
 
1. S transformation: 
 

JlJl

JlJl

cos ysin xYY

sin ycos xXX

+-D=

++D=
   

yaxbYY

ybxaXX

+-D=

++D=
 

 

being Jlcos a=  and Jl sinb=  

so that: 
 

( ) ( )
( ) ( )22 yExE

yYExXE
a

+

+
=     and 

a

b
tanarc=J  

( ) ( )
( ) ( )22 yExE

xYEyXE
b

+

-
=      

22 ba +=l  

 

(note: here and in the follows: xxx -=   yyy -=  

XXX -=   YYY -= ) 
 

byaxXX --=D  

aybxYY -+=D  

2. Rotary-translation: 
 

JJ

JJ

cos ysin xYY

sin ycos xXX

+-D=

++D=
 

 
is solved using the same formulas, imposing a scale equal to one, because the S-transformation 

preserves the angles. (being: 0=abs , and therefore: 0=lJs ). 

 
3. Affine transformation: 
 

ydxcYY

ybxaXX

++D=

++D=
   or:  

( ) ( )gJmgJm
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+++-D=

++D=

cos ysin xYY

sin ycos xXX
 

 
analogously: 
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d

-
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=  

 

being: byaxXX --=D   dycxYY --=D  

Jlcos a=  Jl sinb=  ( )gJm +-=  sinc  ( )gJm += cos d  
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abarctan=J  ( )Jg --= dcarctan  

22 ba +=l   
22 dc +=m  

 
4. Particular affine transformation: 
 

JmJm

JlJl

cos ysin xYY

sin ycos xXX

+-D=

++D=
   

ydxcY

ybxaX

+=

+=
 

 

additional constrain: 0=+bdac  

 

being: Jlcos a=  Jl sinb=  Jmcos c=  Jm sind =  

 
i.e.: 
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least squares method and iterative solution: 
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( )zkgCz G-= -1
        (note: 0=k
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so that: 
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Plane elementary transformations 

Rotary-translation 
 
 
 
 
S transformation 
 
 
 
 
Particular affine transformation 
 
 
 
 
Affine transformation 
 
 
 
 
Homographic transformations 
 
 
 
 
 
 
 
 
 
 
 
 
Topological transformations 
 
 
 
 
 
 
 
 
 

 

 

Spatial elementary transformation examples 
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() ( )( ) () ( )( )()( ) () ()( )bdxyExEbcadxyEyExEac yExyEU
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222 ++++-+=  
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5. Homographic transformation: 
 

1++

++
=

hygx

cbyax
X  

1++

++
=

hygx

feydx
Y  

 
forming the normal matrix and the normal know-vector: 
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( ) ( ) () ( ) ( ) () ( ) ( ) ( ) ( )[ ]2222 yYEyXExYExXEYEyYExYEXEyXExXEdT ----=  

 

being: hyXgxXcbyaxX --++=   hyYgxYcbyaxY --++=  

 
the normal system is easily solved; then: 
 

cX=D     fY =D  

( ) gcosgarctan @= ba   ( ) hharctan -@-=b  

 
whilst the remaining parameters are obtained from the same formulas of the affine transformation. 

 
3D case 

 
1. S transformation: 
 

)xx(Ryy
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-=-
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l

l

l

 

 

so that: xRyt l-=   and  xxyyxxRxRxyy TTTTTT =Ý== lll 22
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therefore: 
 

Rxy l=      (note: xx l= ) 

( )( ) ( ) ( )xSIySI      xSISIRxy +=-Ý+-==
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being: 
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i.e.: 
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Rodriguezôs matrix: 
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Cardanusô matrix: 
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Eulerôs matrix: 
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Cardanusô angles: 
 

Ç j from         r  31   by means of 31r sin arc  

Ç k     
11r  and  r21

   ( )1121 rrtanarc -  

Ç w    32r    r33    ( )3332 rrtanarc -  

 

(note: if 2pj °=   0¹k  

then w from 
22r  and 23r  by means of ( )2223 rrarctan ) 

 
Eulerôs angles: 

 

Ç z from 33r     by means of 33r cos arc  

Ç J    31r  and  r32-    ( )3231 rrarctan -  

Ç a    13r    r23    ( )2313 rrarctan  

 

(note: if 0=z  or pz=  0¹a  

then J from 
12r  and 

11r  by means of ( )1112 rrarctan ) 

 
2. Rotary-translation: 

(Note: the parameters are obtained from the same formulas of the S transformation, imposing: 1¹l ) 

 
3. Affine transformation: 
 

zlyhxgZZ

zfyexdYY

zcybxaXX

+++D=

+++D=

+++D=

 

 
being: 

 

( ) ( ) ( )
H

zXCEyXBExXAE
a

+-
=    

( ) ( ) ( )
H

zXFEyXDExXBE
b

-+-
=  

( ) ( ) ( )
H

zXGEyXFExXCE
c

+-
=  

( ) ( ) ( )
H

zYCEyYBExYAE
d

+-
=

   

( ) ( ) ( )
H

zYFEyYDExYBE
e

-+-
=

 
( ) ( ) ( )

H

zYGEyYFExYCE
f

+-
=  

( ) ( ) ( )
H

zZCEyZBExZAE
g

+-
=

   

( ) ( ) ( )
H

zZFEyZDExZBE
h

-+-
=

 
( ) ( ) ( )

H

zZGEyZFExZCE
k

+-
=  

where: 
 

( )( ) ( )( )222 yzEzEyEA -=     ()() ()()yzEzxEzExyEB -= 2
 

( )( ) ()( )222 zxEzExED -=     ()() ()( )2yEzxEyzExyEC -=  

( )( ) ( )( )222 xyEyExEG -=     ()() ()()xyEzxEyzExEF -= 2
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( )( )() ( )( )() ( )( )( ) ( )()( ) ()( )( )222222222 2 xyEzEzxEyEyzExEzxEyzExyEzEyExEH ---+=  

 
so that: 

 

lzhygxZZ

fzeydxYY

czbyaxXX

---=D

---=D

---=D

     

222

222

222

lhg

fed

cba

++=

++=

++=

n

m

l

 

 
moreover: 

 

ù
ù
ù

ú

ø

é
é
é

ê

è

=

LHG

FED

CBA

Q  

 
where: 

 

( ) kcos cosA dj+=    ( ) kcos sin sinksin oscB djww ++=  

( ) kcos sin cosksin sinC djww +-=  

( )gj +-= ksin cosD
   ( ) ( )gjwgw +-+= ksin sin sinkcos cosE  

( ) ( )gjwgw +++= ksin sin coskcos sinF  

 sinG j=
     ( ) jew cos sinK +-=  

( ) jew cos cosL +=  

 
so that: 

 

G  sinarc=j     
L

H
tanarc
-

=+ew  

j
g

cos

D-
sinarck =+  

 

( ) ( )
( ) ( )

( ) ( )
( ) ( )gjg

gjg

gjg

gjg
w

+++

+++
=

+++

+-+
=

ksin sinkcos

ksin FsinkEcos
cos arc

ksin sinkcos

ksin EsinkFcos
 sinarc

222222

 

( )ww CsinBcos sinarck +=   
kcos

A
oscarc=+dj  

 
4. Particular affine transformation: 
 

( ) ( )

( ) ( )

jwnjwnjn

jwwmjwwmjm

jwwljwwljl

coscoszcossin ysin xZ  Z

sink sin coskcos sin zsink sin sinkcos cos ysink cos xY  Y

kcos sin cossink sin zkcos sin sinsink cos ykcos cos xXX

+-+D=

++-+-D=

-++++D=

 

 

zlyhxgZ

zfyexdY

zcybxaX

++=

++=

++=

 
 

additional constrains: 
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0=++ cfbead  

0=++ clbhag  

0=++ flehdg  

 
i.e.: 

 

0=-Rzs  

01 =Gz zT
   02 =G z zT

  03 =Gz zT
 

 
where: 

 

ù
ù
ù

ú

ø

é
é
é

ê

è

=

zyx

zyx

zyx

R

000000

000000

000000

 

 

ù
ù
ù

ú

ø

é
é
é

ê

è

=G

000

00

00

1 I

I

  

ù
ù
ù

ú

ø

é
é
é

ê

è

=G

00

00

000

2

I

I   

ù
ù
ù

ú

ø

é
é
é

ê

è

=G

00

000

00

3

I

I

 

 
least squares method and iterative solution (taking into account a 6th degree equation): 

 

( ) 0332211 =G+G+G+- zkkkCg     ( )( )zkkkgCz 332211

1 G+G+G-= -
 

01 =Gz zT
 02 =G z zT

 03 =G z zT
 

 

being: ä= i i

T

i sRg  and ä= i i

T

i RRC  

 
5. Homographic transformation: 
 

1+++

+++
=

rzqypx

dczbyax
X  

1+++

+++
=

rzqypx

hgzfyex
Y  

1+++

+++
=

rzqypx

nmzlykx
Z  

 
i.e.: 

 

rzXqyXpxXdczbyaxX ---+++=
 

rzYqyYpxYhgzfyexY ---+++=
 

rzZqyZpxZnmzlykxZ ---+++=
 

 
forming the normal matrix and the normal know-vector: 

 

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

=

S.sim

WT

VT

UT

C
0

00

    (note: the last matrix is the matrix S) 
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( ) ( ) ()

( ) ( )

()
ù
ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

=

1

2

2

2

)z(EzE

)y(EyzEyE

)x(ExzExyExE

T   

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )ù

ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

-

---

---

---

=

zXEyXExXE

XzEyzXExzXE

yzXEXyExyXE

xzXExyXEXxE

U
2

2

2

 

 

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )ù

ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

-

---

---

---

=

zYEyYExYE

YzEYzExzYE

yzYEYyExyYE

xzYExyYEYxE

V
22

2

2

  

( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )
( ) ( ) ( )ù

ù
ù
ù
ù

ú

ø

é
é
é
é
é

ê

è

-

---

---

---

=

zZEyZExZE

ZzEyzZExzZE

yzZEZyExyZE

xzZExyZEZxE

W
2

2

2

 

 

( ) ( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )
( ) ( ) ( ) ( ) ( ) ( )

( ) ( ) ( )ù
ù
ù

ú

ø

é
é
é

ê

è

++

++++

++++++

222222

222222222

222222222222

ZzEZyEZxE

yzZEyzYEyzXEYzEYyEYxE

xzZExzYExzXExyZExyYExyXEXzEXyEXxE

 

 

[ ]TTTTT swvud =     (note: the last vector is the vector 
Ts ) 

 

[ ])X(E)zX(E)yX(E)xX(EuT =  [ ])Y(E)zY(E)yY(E)xY(EvT =  

[ ])Z(E)zZ(E)yZ(E)xZ(EwT =  

[ ])zZ(E)yZ(E)xZ(E)zY(E)yY(E)xY(E)zX(E)yX(E)xX(E 222222222 ---------

 
the normal system is easily solved; then: 

 

dX=D   hY=D   nZ=D  

 
angles and scales are obtained as usual, and the solid angles suitably applying the following formula: 

 

( )
( ) ( ) ( )213132321321

3212
RRRRRRRRRRRR

RRRdet
tanarc 

Ö+Ö+Ö+
=W  

 
Cauchy probability distribution 

()
( )21

1

x
xp

-
=
p

    where:   () 32010 .p @= p  

 
 

Generalized mean value and variance: 
 

()xg    so that   ( )( ) 0=-gxarctanEx  

() ( )( )yx

yx eEElogx
--

-=d    xyx, ¸"  
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Random variable transformation: mean value theorem variance 
covariance propagation law 

 

Ç One-dimensional case: ()xgy= : 

 
input: 

 

()( )xpxEx  =      ()( )ypyEy  =  

( ) ()( )xpxxEx  
22 -=s     ( ) ()( )ypyyEy  

22 -=s  

() () ()( )xxx'gxgxgy -+@=
C

   (note: ()( )1=xpE  ( )()( ) 0=- xpxxE ) 

 
output: 

 

()( )ypyEy  = () ()( ) ()( )()( )xpxxEx'gxpExg -+@ ()xg=  

( ) ()( )ypyyEy  
22 -=s () ()( ) ()( ) ()( )xpxgxxx'gxgE

2CC
--+@ () ( ) ()( )=-= xpxxEx'g

22
 

() 22

xx'g s=  

 

Ç Multi-dimensional case: ()XGY= : 

 
input: 

 

()( )XpXEX  =      ()( )YpYEY  =  

( )( ) ()( )XpXXXXEC
T

XX --=    ( )( ) ()( )YpYYYYEC
T

YY --=   

() () ()( )XXXJXGXGY -+@=   (note: [ ]
ji xgJ µµ=  j,i"  Jacobian matrix) 

 
output: 

 

()( )YpYEY  = () ()( ) ()( )()( )XpXXEXJXpEXG -+@ ()XG=  

( )( ) ()( )YpYYYYECYY   
T

--= () ()( )( ) () ()( )()ö
÷
õ

æ
ç
å ---+@ xpXGXJXXXXXJXGE

TT 2

   

()( )( ) ()( )()TT
XJxpXXXXEXJ --=  () ()TXX XJCXJ  =  

 

and in the linear case: ( BAXY += ): 
 

BXAY +=      
T

XXYY AACC =  

 
i.e. algebraically: 

 

bxay
n

i

ii +=ä
=1

     y"  

äää
-

= +==

+=
1

1 1

2

1

22 2
n

i

n

ij

xxjix

n

i

iy jii
aaa sss   y"  

( )äää
-

= +==

++=
1

1 1

2

1

2  
n

i

n

ij

xxjijix

n

i

iiyz jii
abbaba sss  yz,y >"  

 

being: 
 

T

XXYY AACC =  Ý  ( )( ) ( )XXYY CvecAACvec Ã=   (note: [ ]BaBA ij=Ã    j,i" ) 
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Ç Measurements of an example: 
 
Ç base line:  a  

Ç height:   b  

 

Ç Observation variances: 
2

as    ;   
2

bs   (note: the measurements are usually independent) 

 
Ç Estimation quantities:    (partial derivates) 
 

Ç perimeter:  bap 222 +=   
( )

2
2
=

µ

µ

a

p
  

( )
2

2
=

µ

µ

b

p
 

Ç Area:   abA=   b
a

A
=

µ

µ
  a

b

A
=

µ

µ
 

Ç diagonal:  
22 bad +=   

d

a

a

d
=

µ

µ
  

d

b

b

d
=

µ

µ
 

Ç tangent of the angle: abt == Jtan  
a

t

a

t
-=

µ

µ
  

b

t

b

t
=

µ

µ
 

 
Ç Estimation variances: 
 

Ç perimeter:  
22222

2 22 bap sss Ö+Ö=  

Ç Area:   
22222

baA ab sss Ö+Ö=  

Ç diagonal:  
2

2

2

2

2

bad
d

b

d

a
sss ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
=  

Ç tangent of the angle: 
2

2

2

2

2

bat
b

t

a

t
sss ö
÷

õ
æ
ç

å
+ö

÷

õ
æ
ç

å
-=  

 
Ç Estimation covariances: 
 

Ç perimeter/Area:  
22

2 22 bapA ab sss +=  

Ç perimeter/diagonal: ( )
22

2 22 badp  
d

b
 

d

a
sss +=  

Ç perimeter/tangent: ( )
22

2 22 batp  
a

t
 

b

t
sss ö
÷

õ
æ
ç

å
-+=  

Ç Area/diagonal:  
22

baAd  
d

b
a 

d

a
b sss +=  

Ç Area/tangent:  
22

baAt  
b

t
a 

a

t
b sss +ö

÷

õ
æ
ç

å
-=  

Ç diagonal/tangent 
22

badt  
b

t

d

b
 

a

t

d

a
sss +ö

÷

õ
æ
ç

å
-=  

 

Complementary descriptive statistics 

Ç One-dimensional case: 
 

mean value:   ä
=

=
n

i

ix
n

x
1

1
  variance:  ( )ä

=

-
-

=
n

i

i xx
n 1

22

1

1
s  
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variance of the mean value: 
n

x

2
2 s
s =   var. of the variance: 

n

4
2 2

2

s
s
s
=  10 

condition number:  
2n=¤c   local redundancy: n11-=n  

 
Ç Two-dimensional case: 
 

regression lines:  
2

x

xy
a
s

s
=   and  

2

y

xy
c
s

s
=  

xayb -=     ycxd -=  

 

covariance matrices:  

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

+¶

-

=ù
ú

ø
é
ê

è

¶
2

2

22
2

02

2

1

1

x

xx

b

aba

n

x

n

n

x

n

s

ss
s

s

ss
 

ù
ù
ù
ù

ú

ø

é
é
é
é

ê

è

+¶

-

=ù
ú

ø
é
ê

è

¶
2

2

22

2

02

2

1

1

y

yy

d

cdc

n

y

n

n

y

n

s

ss
s

s

ss
 

 

interpolation:   baxy +=   and  dcyx +=  

interpolation variances:  =++= 2222 2 babay xx ssss   =++= 2222 2 dcdcx yy ssss  

( )
ö
ö

÷

õ

æ
æ

ç

å -
+=

2

22

0
1      

xn

xx

n

v

s

s
  

( )
ö
ö

÷

õ

æ
æ

ç

å -
+=

2

22

0
1      

yn

yy

n

u

s

s
 

 

residuals:   yyv -= 0   and  xxu -= 0  

residual variances:  =-= 222

0 yyv sss    =-= 222

0 xxu sss  

( )
ö
ö

÷

õ

æ
æ

ç

å -
-ö
÷

õ
æ
ç

å
-=

2

2

2

0

1
1      

xn

xx

nv s
s  

( )
ö
ö

÷

õ

æ
æ

ç

å -
-ö
÷

õ
æ
ç

å
-=

2

2

2

0

1
1      

yn

yy

nu s
s  

 

sigma naught:   ä
=-

=
n

i

iv
nv

1

22

0
2

1
s  and  ä

=-
=

n

i

iu
nu

1

22

0
2

1
s  

linear correlation coefficient:    

yx

xy

xyr
ss

s
=  (note: 

2

xs , 
2

ys  and xys  from data) 

 

condition number:  
22

xn sc =¤   and  
22

ynsc =¤  

 

local redundancy:  
( )

2

2
1

1
x

v
n

xx

n s
n

-
-ö
÷

õ
æ
ç

å
-=   

( )
2

2
1

1
y

u
n

yy

n s
n

-
-ö
÷

õ
æ
ç

å
-=  

                                                 
10 In the normal case. 
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robust regressions: ( )ij,i.ang.coefmeda ij >"=      and ( )ij,i.ang.coefmedc ij >"=      

() ()xmedaymedb  -=    () ()ymedcxmedd  -=  

 

interpolation:  baxy +=      dcyx +=  

residuals:  yyv -= 0      xxu -= 0  

 

median abs. values: () ()vmedvmav =     () ()umedumav =  

 

rank correlation coefficient:   ( )ä
=

-
-

-=
n

i
ixyxy rankrank

)n(n
r

1

2

2 1

6
1  

(note: xrank  and yrank  from data) 

 
elementary transformations in the two-dimensional case: 
 

Ç sum and difference:  ( ) yxdos °=   ( ) yxdos °=  

( ) xyyxdos ssss 2222

 °+=  

 
Ç product:   yxp  =   yxp  =  

xyyxp
xy

p

y

p

x

p
ssss

2
2

2

2
2

2

2
2 2++=  

 

Ç quotient:   
y

x
q=    

y

x
q=  

xyyxq
xy

q

y

q

x

q
ssss

2
2

2

2
2

2

2
2 2-+=  

Co-regression 

Ç functional model:  

2

1

2

1

2

1

0

0

x

x

A

A

y

y
=  where: () 11 mydim =  and () 22 mydim =  

() 11 xxdim =   () 22 nxdim =  

 

Ç stochastic model:  
2

0

2

0 ss Ĕ=   where: 
2

0sĔ is coming from a separate regression 

 

ID

DI
Ryy =    ( )miid +  is the correlation between two var.ôs  

so that:   
( ) ( )
( ) ( )1212

1212
1

--

--

-

---

---
=

DIDID

DIDDI
Ryy  

 

Ç least squares method: ( ) ( ) ( ) minyĔxĔAyyĔQyyĔ T

yy

T
=-+-- - l0

1

0
2

1
 

 

Ç robust procedures:  ( ) ( )( ) ( ) minyĔxĔAyyĔQyyĔ T

yy

T
=-+-- - ly 0

1

0  
2

1
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Least squares with equalities and inequalities 

 

Ç Mathematical model for the quadratic programming: 

 

bAxv +=   with  0²x   and 0²v  

being  0=xvT
 

 

(note: 
0yb -=d  and 0=xvT

 is equivalent to minv =
2

, i.e. least squares method) 

 
Ç Linear complementary model, given by KarusïKuhnïTucker conditions and solvable by the Lemke- 

Ravindran algorithm: 

 

ù
ú

ø
é
ê

è
+ù
ú

ø
é
ê

è
ù
ú

ø
é
ê

è

-
=ù
ú

ø
é
ê

è

b

bA

y

x

A

AAA

u

v TT

0
 

 
i.e.: 

 

dCzw +=   with  0²z   and 0²w  

being 0=zwT
 

 
Ç Mathematical model for linear la programming, solvable by Cottle-Dantzig algorithm: 

 

bAxv +=   with  0²x   and 0²v  

being minv =
1

 

 
Wavelet analysis 
 

Note: recalling of the general expression for interpolation in one- and two-dimensional cases: 
 

( )( )( )min

l

max

l

min

lki

i

)l(

ik xxxxFay --=ä  with i  = I, II, III, é 

 

( )( )( )( )( )ää ----=
i

min

l

max

l

min

lk

min

l

max

l

min

lkij

j

)l(

ijk yyyy,xxxxFaz  

with i  = I, II, III, é and j  = 1, 2, 3, é 

 
multi-dimensional cases are performed applying the well-known associative property of the product, 
both in construction of the basic functions and in implementation of the interpolation. 

 

Wavelet interpolation (in the frequency domain): 
 

( )() ö
÷

õ
æ
ç

å-
=

a

bt

a
tb,a yy

1
  0>a  

 

Examples of Wavelet mothers: 

 

Ç Haar Wavelet: 
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()
î
í

î
ì

ë

¢¢-

¢¢

=

therwiseo     

t   

t      

t

0

1211

2101

y  

 

Ç Shannon (or sinc) Wavelet: 
 

()
2

 3

2

t
cos

t
csint

p
y Ö=  

 

Ç Ricker or Mexican Hat Wavelet: 
 

() 2

2

2

2

41 4
1

3

2
s

sp
y

t

e
t

t
-

Ööö
÷

õ
ææ
ç

å
-=  

 

Ç Quadratic B-spline Wavelet: 
 

()

î
î
î
î

í

î
î
î
î

ì

ë

<¢+-

<¢-+-

<¢

=

therwiseo                

t      t
t

t    tt

t                   
t

t

0

32
2

9
3

2

21
2

3
3

10
2

2

2

2

y  

 

 
Wavelet mother examples 
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Axonometric picture and contour line map of bi-linear function 

 

         

Axonometric picture and contour line map of bi-cubic function 
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Topological transformations and symmetry groups 

 

S4 permutation group (with 4!=24 elements, where its rigid subgroup has 8 elements) 

 

1. 1   2   3   4 identity 

2. 1   3   4   2 triple exchanges (not rigid) 

3. 1   4   2   3 

4. 1   4   3   2 exchange: glissoïreflection on the bisector of the 1st e 3rd quadrant (P) 

5. 1   3   2   4 exchanges (not rigid) 

6. 1   2   4   3 

7. 2   3   4   1 simple counterclockwise rotation (R1) 

8. 2   3   1   4 triple exchanges (not rigid) 

9. 2   4   3   1 

10. 2   1   4   3 double exchange: reflection on the vertical axis (T1) 

11. 2   1   3   4 exchange (not rigid) 

12. 2   4   1   3 quadruple exchange (not rigid) 

13. 3   4   1   2 double counterclockwise rotation, double exchange: double reflection (R2, T2) 

14. 3   1   2   4 triple exchanges (not rigid) 

15. 3   2   4   1 

16. 3   2   1   4 exchange: glissoïreflection on the bisector of the 2nd e 4th quadrant (Q) 

17. 3   1   4   2 quadruple exchanges (not rigid) 

18. 3   4   2   1 

19. 4   1   2   3 triple counterclockwise rotation (R3) 

20. 4   1   3   2 triple exchanges (not rigid) 

21. 4   2   1   3 

22. 4   3   2   1 double exchange: reflection on the horizontal axis (T3) 

23. 4   2   3   1 exchange (not rigid) 

24. 4   3   1   2 quadruple exchange (not rigid) 

 

1. R0, T0 
í
ì
ë

¹

¹

yY

xX
 

2. R1  
í
ì
ë

-¹

¹

xY

yX
 

3. R2, T2 
í
ì
ë

-¹

-¹

yY

xX
 

4. R3  
í
ì
ë

¹

-¹

xY

yX
 

5. T1  
í
ì
ë

¹

-¹

yY

xX
 

6. T3  
í
ì
ë

-¹

¹

yY

xX
 

7. P  
í
ì
ë

¹

¹

xY

yX
 

8. Q  
í
ì
ë

-¹

-¹

xY

yX
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S8 permutation group (with 8!=40320 elements, but its rigid subgroup has 48 elements only) 

 

1. 1   2   3   4   5   6   7   8  identity 

2. 4   1   2   3   8   5   6   7  rotations around the z axis 

3. 3   4   1   2   7   8   5   6 

4. 2   3   4   1   6   7   8   5 

5. 4   3   7   8   1   2   6   5  rotations around the x axis 

6. 8   7   6   5   4   3   2   1 

7. 5   6   2   1   8   7   3   4 

8. 2   6   7   3   1   5   8   4  rotations around the y axis 

9. 6   5   8   7   2   1   4   3 

10. 5   1   4   8   6   2   3   7 

11. 1   5   6   2   4   8   7   3  rotations around the vertices 

12. 1   4   8   5   2   3   7   6 

13. 6   7   3   2   5   8   4   1 

14. 8   4   3   7   5   1   2   6 

15. 3   2   6   7   4   1   5   8 

16. 6   2   1   5   7   3   4   8 

17. 3   7   8   4   2   6   5   1 

18. 8   5   1   4   7   6   2   3 

19. 7   3   2   6   8   4   1   5  rotations around the middle point of the edges 

20. 4   8   5   1   3   7   6   2 

21. 7   8   4   3   6   5   1   2 

22. 2   1   5   6   3   4   8   7 

23. 7   6   5   8   3   2   1   4 

24. 5   8   7   6   1   4   3   2 
 

25. 5   6   7   8   1   2   3   4  elementary specularities 

26. 2   1   4   3   6   5   8   7 

27. 4   3   2   1   8   7   6   5 

28. 3   2   1   4   7   6   5   8 

29. 1   4   3   2   5   8   7   6 

30. 6   2   3   7   5   1   4   8 

31. 1   5   8   4   2   6   7   3 

32. 1   2   5   6   4   3   7   8 
 

33. 8   7   3   4   5   6   2   1  composed specularities 

34. 8   5   6   7   4   1   2   3 

35. 7   8   5   6   3   4   1   2 

36. 6   7   8   5   2   3   4   1 

37. 8   7   3   4   5   6   2   1 

38. 4   3   2   1   8   7   6   5 

39. 1   2   6   5   4   3  7    8 

40. 6   2   3   7   5   1   4   8 

41. 2   1   4   3   6   5   8   7 

42. 1   5   8   4   2   6   7   3 

43. 3   7   6   2   4   8   1   5 

44. 8   4   1   5   7   3   2   6 

45. 3   4   8   7   2   1   5   6 

46. 6   5   1   2   7   8   4   3 

47. 3   2   1   4   7   6   5   8 

48. 1   4   3   2   5   8   7   6 
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Original and dual 2D graphs (exchanging points and regions) 
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2D lattices 

 
1. Parallelogram lattice (translations and 180° rotations) 
 

 
 
2. Rectangular lattice (translations, 180° rotations and reflections) 
 

  
 
3. Rhombic lattice (translations, 180° rotations, reflections and glisso-reflections) 

 

 
 
4. Square lattice (translations, 90° and 180° rotations, reflections and glisso-reflections) 
 

 
 

5. Hexagonal lattice (translations, 60°, 120° and 180° rotations, reflections and glisso-reflections) 
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Linear symmetry 
 

Ç p111 translations:    F    F    F    F    F    F  (1) 

 
Ç p1a1 translations and glisso-reflections: p    b    p    b    p    b  (2) 
 

 
 

Ç p112 translations and 180°rotations:  S    S    S    S    S    S  (3) 

 
 

Ç pm11 translations and orthogonal reflections: A    A    A    A    A    A (4) 
 

 
 

Ç p1m1 translations and parallel reflections: E    E    E    E    E    E  (5) 
 

 
 

Ç pma2 translations, 180° rotations, orthogonal reflections and glisso-reflections: 

bd   pq   bd   pq   bd   pq (6) 
 

 
 

Ç pmm2 translations, 90° and 180° rotations, parallel and orthogonal reflections: 

X   X   X   X   X   X  (7) 
 

 
 

Plane symmetry 
 
Ç p111 = p1  translations (parallelogram lattice with parallelogram fundamental region) 
 

     (1) 
 
Ç p211 = p2  translations and 180° rotations (parallelogram lattice with triangular fundamental 

region) 
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       (2) 
 
Ç p1m1 = pm  translations and reflections (rectangular lattice with rectangular fundamental region) 
 

        (3) 
 
Ç p1g1 = pg  translations and glisso-reflections (rectangular lattice with rectangular fundamental 

region) 
 

       (4) 
 
Ç c1m1 = cm  translations, reflections and glisso-reflections (rhombic lattice with triangular 

fundamental region) 
 

       (5) 
 
Ç p2mm = pmm translations, reflections and 180° rotations (rectangular lattice with rectangular 

fundamental region) 
 

       (6) 
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Ç p2mg = pmg translations, reflections, glisso-reflections and 180° rotations (rectangular lattice with 
two different rectangular fundamental regions) 

 

        (7) 
 

Ç p2gg = pgg translations, glisso-reflections and 180° rotations (rectangular lattice with two 
different rectangular fundamental regions) 

 

       (8) 
 

Ç c2mm = cmm translations, reflections, glisso-reflections and 180° rotations (rhombic lattice with two 
different rhombic and triangular fundamental regions) 

 

       (9) 
 

Ç p411 = p4  translations, 90° and 180° rotations (square lattice with two different square 
fundamental regions) 

 

       (10) 
 

Ç p4mm = p4m translations, reflections, glisso-reflections, 90° and 180° rotations (square lattice with 
triangular fundamental region) 

 

       (11) 
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Ç p4gm = p4g translations, reflections, glisso-reflections, 90° and 180° rotations (square lattice with 
triangular fundamental region) 

 

       (12) 
 

Ç p311 = p3  translation and 120° rotations (rhombic lattice with rhombic fundamental region) 

 

        (13) 
 

Ç p31m = p31m translations, reflections, glisso-reflections and 120° rotations (rhombic lattice with 
triangular fundamental region) 

 

       (14) 
 

Ç p3m1 = p3m1 translations, reflections, glisso-reflections and 120° rotations (rhombic lattice with 
triangular fundamental region) 

 

      (15) 
 

Ç p611 = p6  translations, 60°, 120° and 180° rotations (rhombic lattice with ñkiteò fundamental 

region) 
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       (16) 
 
Ç p6mm = p6m translations, reflection, glisso-reflections, 60°, 120° and 180° rotations (rhombic lattice 

with triangular fundamental region) 
 

       (17) 
 

 

Plane tessellation 
 

Spatial symmetry 
 
1. triclinic 
2. monoclinic 
3. orthorhombic 
4. trigonal 
5. tetragonal 
6. hexagonal 
7. cubic 
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32 crystal groups of symmetry 
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14 Bravaisô spatial lattices (for a total number of 230 3D group of symmetry) 

 

      

Penroseôs star and sun    Penroseôs a-periodic tessellation 
 

   

3D a-periodic tessellation     Quasi-crystals 
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PART II ï PHOTOGRAMMETRY 

 

From image space to object space 
 

Ç 3D S-transformation 
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Legend: 
 

Ç (x, y ,z)  image coordinates of the image point Q 

Ç (X, Y, Z)  image coordinates of the object point P 

Ç (X
o
, Y

o
, Z

o
)  coordinates of the projection center  

Ç l   variation scale 

Ç 

333231

232221

131211
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R=  rotation matrix, where:  
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Ç 3D S-transformation versus collinearity equations: 
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being: cconstzij ==   ij"  
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Rotation matrices 

 
Linking between Eulerôs angles and the angles traditionally used in surveying and geodesy: 

 

Ç surveying: 

 

JpJ -=2   J azimuthal angle 

zpz -=   z zenithal angle 

aa=    0¹a  

 
Ç geodesy: 

 

lpJ @2=   longitude 

jpz @2=   geocentric latitude (note: ( )[ ]jpz tanearctan 212 -= @ )  

apa -= 2   azimuth 

 

Rodriguez matrix: 

( )( )1-
+-= SISIR   where:  
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(note: first order development:  
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Collinearity equations 

X

Y

ZQ

C

P
H

P

P

Q

Q

x

x

y

y

pp

0

 
 

3D Thalesô theorem:     
HC

HP

PPC

PPQ xx =  

HC

HP

PPC

PPQ yy
=  

Ç using the internal direction tangents: 
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Ç using the image coordinates: 
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Ç linearization of the second expressions by a first order Taylorôs expansions: 
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where: 
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       + ( )[ ]( )}0ZZcosysinsinksinsinkcoscosc --- jwjww  
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moreover: 
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being: ( ) ( ) ( )033032031 ZZrYYrXXrD -+-+-=  

 

In geodetic coordinates: 
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11 N geoids undulation. 
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Splitting in two groups the external parameters of the collinearity equations of two images 
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External parameters: 

 

projection center coordinates: 010101 Z ,Y ,X   020202 Z ,Y ,X  

sensor angles:   
111 k , ,jw   

222 k , ,jw  

 

first image parameters:  K , , ,t ,t ,t zyx FW  

second image parameters:  kK   ,   ,   ,zt   ,yt   ,xt zyx DjDFwDWDDD ++++++  

222 kK   ,   ,   ,bt   ,bt   ,bt zzyyxx ++++++ jFwWlll  

 

Relative orientation parameters:  222 k , , ,b ,b zy jw     (asymmetric case) 

22211 k , , ,k , jwj  being: 
11 0=w  (symmetric case) 

 

Absolute orientation parameters: K , , , ,t ,t ,t zyx FWl  

 

Coplanarity equations ï relative orientation 
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Asymmetric case: 
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Ç linearization of this expression by a first order Taylorôs expansions: 
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Ç elementary case: 222
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Symmetric case: 
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Ç linearization of this expression by a first order Taylorôs expansions: 

 

02

2

2

2

2

211

=öö
÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
+öö

÷

õ
ææ
ç

å
+ k

k

CCC
b

k

C
b

C
C
~

zy d
µ

µ
dj

µj

µ
dw

µw

µ
d

µ

µ
d

µj

µ
 

 

( )( )

( )( )c~sin~cosyk
~

sin~cos~cosxk
~

cos~cos~coscr~yr~xr~        

csinksinyk
~

sin~cos~sinxk
~

cos~cos~coscr~yr~xr~
C

...

...

111111111123222222212

111111111123322232213

1

jwjwjw

jjwjw
µj

µ

-+--+-

+----+=
 

( )( )( )( )11131123233222322131112112223222222212

1

yr~xr~cr~yr~xr~yr~xr~cr~yr~xr~

k

C
.......... --+---+=

µ

µ
 

( )( )

( )( )cr~yr~xr~cr~yr~xr~        

cr~yr~xr~cr~yr~xr~
C

......

......

2332223221313311231113

2322222221213211221112

2

+---+-

+-+-+=
µw

µ

 

( )( )

( )( )csinksinyk
~

sin~cos~sinxk
~

cos~cos~coscr~yr~xr~        

c~sin~cosyk
~

sin~cos~cosxk
~

cos~cos~coscr~yr~xr~
C

...

...

222222222213311231113

222222222213211221112

2

jjwjw

jwjwjw
µj

µ

----+-

+-+--+=
 

( )( )( )( )22122222133112311132213223313211221112

2

yr~xr~cr~yr~xr~yr~xr~cr~yr~xr~

k

C
.......... --+---+=

µ

µ
 

 

Ç transformation between the asymmetric and symmetric parameters of the relative orientation: 
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( ) ( )( )111122222222 kRkRbbkR T
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Ç general case: 
 
Ç exhaustive analysis of preliminary values 12: 

 

(note: 12.800 systems are solved and only 4 solutions could be valid, differing in 
2w  and 

2k  for p) 
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ƺ k1¹0 if j1¹°p/2 and/or k2¹0 if j2¹°p/2 
 
Ç generalized coplanarity equations 13: 

 

111 uĔxxĔ =¯-  

111 vĔyyĔ =¯-  

222 uĔxxĔ =¯-  

222 vĔyyĔ =¯-  

 

0

222

111 =

zhx

zhx
ĔĔĔ

ĔĔĔ

bĔbĔb zyx

  ( )
c

yĔ

xĔ

k
~

 ,~ ,~R

Ĕ

Ĕ

Ĕ

T

-

= 1

1

1111

1

1

1

jw

z

h

x

  ( )
c

yĔ

xĔ

kĔ ,Ĕ ,ĔR

Ĕ

Ĕ

Ĕ

T

-

= 2

2

2222

2

2

2

jw

z

h

x

 

 
Model coordinates 
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12 This solutions are performed using the coplanarity equations of the symmetric case. 
13 This solutions are performed using the coplanarity equations of the asymmetric case. 
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External direction tangents, then referred to the first and second images: 
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Ç elementary case: 
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12 YĔYĔVĔ -=    residual parallax 

 

(note:  ¯=uXĔ  ¯=vYĔ   ¯=wZĔ  in the follows) 

 

Ç general case: 
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where:    
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Ç linearization of this expression by a first order Taylorôs expansions: 
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Three images procedure: 

 

Ç a bridging between 2 models, starting from 1644 =³  possible cases (where 4 are the solution 

obtained from the general case of the relative orientation), leads to 2 valid solutions (where the first 
solution is specular respect the second one and vice-versa): 

 

Mode

ls 
2A 2B 2C 2D 

1A 1A ï 2A 1A ï 2B 1A ï 2C 1A ï2 D 

1B 1B ï 2A 1B ï 2B 1B ï 2C 1B ï 2D 

1C 1C ï 2A 1C ï 2B 1C ï 2C 1C ï 2D 

1D 1D ï 2A 1D ï 2B 1D ï 2C 1D ï 2D 

 

Ç a successive absolute orientation individuates the correct solution between the last 2 valid ones. 
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Quasi-exact solution in the absolute orientation: 
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Atmospheric refraction and earth curvature effects 
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Critic cylinder in the relative orientation 
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Aerial triangulation 

Block adjustment among several images or models, using many tie points and few control points: 

 

Ç longitudinal overlapping (min 60%): 
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b
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Ç transversal overlapping (min 20%)     (60%) 

A B C

D E
A B
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Anblock method: 
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Ç splitting in two groups the horizontal and vertical parameters  

 

ii YĔ,XĔ   yx tĔ,tĔ   jj KĔ,Ĕl   (i.e.: jj bĔ,aĔ ) 

iZĔ  
jztĔ  jj

Ĕ,ĔFW  

 

j

jijjij

j

jijjij

jijijij

jijijij

i

Ĕ

KĔsinvKĔsinu

Ĕ

KĔsinvKĔsinu

Ĕwuv

Ĕwvu

ZĔ

YĔ

XĔ

ll

l

l

¯+¯-¯+¯

¯-¯¯

¯¯-¯

=

00

0

0

jijjz

y

x

j

ĔwtĔ

tĔ

tĔ

Ĕ

Ĕ

bĔ

aĔ

l
F

W
¯

++ 0

0

 

 

Ç horizontal equations: 
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Ç vertical equations: 
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Image analysis 
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Re-sampling: 
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Image matching: 

 
Ç homology correspondence and image pyramid: 

   
 

Ç least square adjustment 14:  ( ) ( )( ) minj,igj,ig
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Ç affine transformation:  ( ) ( )54210 jciccj,icrigccj,ig rp ++D++D++=  

                                                 
14 Robust procedures, as well as different transformation (considering the following point) are possible alternatives. 
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PART III ï CARTOGRAPHY 

 
From a spherical or ellipsoid object to a plane representation 

 

Ç Map projection equations: ( )lj,xx=   ( )lj,xx=  

( )lj,yy=   ( )lj,yy=  

 

 

Development of triangle from a one-curvature surface to a plane 

 
Types of deformation starting from a two-curvature surface 
 

 

Linear deformation 

 
Areal deformation 
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Angular deformation and meridian transformation 

 

 
Geodetic line and its representation 

 

Metric evaluation of the cartographic equivalencies 
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Map projection classification 
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Map projection examples 

 
Mercator conformal projection 

 

 

 

Ç Map projection equations: 
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Ç Linear deformation:  
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Ç Angular deformation: 0=-aa'  
 

Sanson-Flamsted or natural equivalent projection 

 

Ç Map projection equations: ñ=
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Ç Areal deformation:  1=Am  
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Universal stereographic polar (UPS) conformal projection 
 

 

 

Ç Map projection equations: l
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Ç Linear deformation:  
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Lambert cylindrical equivalent projection 

 

 

 

Ç Map projection equations: lRx=  
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Ç Areal deformation:  1
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Ptolemy conic quasi-equivalent projection 

 

Ç Map projection equations: ( ) ljJ bsinRasinpx -==  
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Cassini-Soldner polyhedral quasi-equivalent projection 

 

Ç Map projection equations: Yy=   being: ( )0jjj -= QmY  
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Ç Linear deformation:  
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Ç Areal deformation:  
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Ç Angular deformation: +ö
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Differential equations 

 
Conformal map projections 

 

Ç 1st geometric condition: 01=-=
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Ç 2nd geometric condition: 0==
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Ç Partial differential equations: 
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Ç Linear deformation:   
r

e
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Ç Complex representation:  )iu(fixy l+=+  
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being: i  the imaginary unit, so that: 12 -=i  
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Equivalent map projection 

 

Ç Geometric condition:  1=Am  

 

Ç Partial differential equations: r
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Gauss universal transversal (cylindrical) Mercator (UTM) conformal projection 
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Ç Geometric condition: ( ) () ññ ====
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Ç Map projection equations: ( )422342 495
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Meridian convergence 
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Linear deformation 
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Ellipsoid geometry 

 
BESSEL (1841)  m..a 3973776=  22991 ./=a  

HAYFORD(1909)  m..a 3883786=  02971 ./=a  

WGS84 (1984)  m,..a 01373786=  2572235632981 ,=a   

 

 

 

 

Ç Ellipsoid principal axes: 
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Ç Local sphere radius: 
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PART IV ï A SUMMARY OF THE MOST IMPORTANT HISTORICAL PASSAGES 
 
The maps of Western culture 
 

 

The birth of thought and Western civilization in Mesopotamia and Egypt 
 

 

Development of Western thought and civilization from classical Greece to Hellenistic world 



 

 69 

 
The apogee of the ancient world from the late Roman Republic to the Roman Empire 

 

 

The high Middle Ages between Byzantium and Islam in North Africa 
and Southwest Europe (mainly Spain and Sicily) 
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A path of space and time, from Ancient World to Middle Age and Renaissance, through art, architecture, 

music, literature, philosophy, physics and mathematics, shows the passage from a circular time to a linear 

one, and from a space based on the Euclidean geometry to an other one founded on the perspective. 

 

  

The Parthenon (Athens) and the ñgolden meanò 
 

 

 

Piero della Francesca, Scourging of Chrtist (Galleria Nazionale delle Marche, Urbino) 
and its ñsolidò reconstruction by means of a geometrically rigorous perspective 
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The Middle Ages of the free Italian municipalities, the Italian maritime republics 

and the Hanseatic League (in the North Sea and the Baltic Sea) 
 

 

Europe between Humanism (which developed from Italy and Flanders, 

spreading slowly in the rest of Europe) 
and the Renaissance (with a first significant presence of Northern Europe) 
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The European division between the Protestant Reformation and the Catholic Counter-Reformation, 
where France and Great Britain are in between 

(while Eastern Europe is already separated from the Orthodox schism) 
 

 

The beginnings of the Enlightenment (mainly France and Great Britain) 
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Europe in the Age of Enlightenment (with a first significant presence of Russia), 
but after, French Revolution, the Napoleonic adventure and the national Resurgences 

 

The conquest of freedom, in equity, in the United Europe, once again active in the Mediterranean basin 
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Nowadays the path of space and time, after the Golden siècle, the Enlightenment age, and the 19th and 20th 

centuries, shows a time part of the relativistic physics, and a space opened to the non-Euclidean geometries, 

where the innovations both in mathematics and physics not only involve other sciences and technologies, 

but also have influence on the modern development of art, architecture, music, literature and philosophy. 

 

 

The Tour Eiffel (Paris) with its hyperbolic profile 

 

   

Hyperbolic triangle      Elliptic triangle 


