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Abstract i A mixed collection of advanced mathematical and statistical methods, together with a summary

of some ideas, coming from the world of human sciences, is presented with the aim to join the two cultures.

FOREWORD *

Humani sm must hel p theathermalftof thought G.e1 & eontdins gusstions and solutions)
and not because it represents the other point of view, but because it holds together different points of view
andi t s abl eahem.o expl ain

Times explain technology, but humanism explains times.

C Technological knowledge captures the novum of the present. It has his gaze turned forward and adopts
the replacement paradigm of forgetfulness, chasing the urgency of the ars respondendi. It lives in space,
is familiar with life understood as "vital principle" and simplifies complexity.

C Humanistic knowledge knows the notum of history. It looks back and forth (the simul ante retroque
prospiciens by Francesco Petrarca 2), adopts the cumulative memory paradigm and knows the urgency
of the ars interrogandi. It lives in time, is familiar with life understood as "purely individual existence" and
interprets complexity.

"Man goes through the Oceans i so the first chorus of the old Greek tragedy Antigone (by Sofocle)
recites ideally listing the benefits of Prometheus 7 he tames the fairs, learns by himself words and the
thought of wind and desire of politics and he has the knowledge of the technique, beyond every hope.
He devised every remedy for irremediable ills, but he found no remedy at death. This is why it is the
most wonderful and tremendous beinga He solves problems, but he remains a problem to itself.

C The machine is ordered, predictable and programmabile;
C vice-versa man is disordered, unpredictable and imperfect.

We can create the perfect shape of the circle, but we remain 7 as said the Pythagorean philosopher and
physician Alcmeone (in 6t century BC) 7 an unfinished circle, an arch, "the arc of life". This is why we die:
beginning and end coincide in a perfect circle and d o hcéincide in an arc. Death and life are inscribed in the
word fhioso, f or a wonder ful and tr emendeaka mdni, 8 ggen L resoct
to a sort of deviation from the machine, of waste: between finitude and utopia, and of a clinamen of
Lucrezian memory. This is our condition but also our strength: technique is not enough and politics is not
enough. The truth is that while scientific-technological knowledge runs fast and celebrates its triumphs,
regardless of every telos and every dia-logos, the humanistic one appears in trouble, tenuous, if not residual.
This sleep of reason is likely to cost us dear:

Oxford is nice, but | wishitwer en ot dead

wrote the American modern poet, dramatist and essayist Thomas Stearns Eliot, happy for the beautiful
university, but worried about the extraneousness and impotence of academics and intellectuals, in the face
of the European dramatic situation in pre-world war.

There is a specific responsibility of us: university academics and students. We make the most beautiful job,
in the world, because we combine passion and profession; we can say what we think without risking our
position. As professors (from the Latin profiteri) we are called to profess the truth:

To publicly say all that a search, a knowledge and a thought of truth require (Jacques Derrida 3).

! Free translation from Italian of the inaugural address at the University of Macerata (Italy) of lvano Dionigi: The new humanism will save
us (La Repubblica, Wednesday April 18" 2018).

2 |talian famous medieval Italy poet and humanist.

3 French modern philosopher and essayist.
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University students 7 this is the appeal of the late Umberto Eco # i are expected to fight:
the interminable struggle for the progress between knowledge and pietas.

From this responsibility can escape: not only the humanists, but also the scientists and technologists, to
whom the American entrepreneur, business magnate, inventor and industrial designer Steve Jobs asked for
the prerogative of being "Renaissance". Indeed the whole world-society asks them for public responsibility
and we (humanists) ask to honor their Ph.D., which means Philosophiae Doctor: integral knowledge,
increased by long thoughts.

This responsibility calls into question the School and the boys. The School will train digital citizens, as it has
in the past trained agricultural citizens, industrial citizens and electronic citizens. There is a paradox:

C while the School is the institution that bears the greatest responsibility, transmitting the fundamentals of
knowledge, being the only public social reality where the daily, real, true encounter takes place between
peers and between adults and young people;

C unfortunately the School is the most neglected and tormented reality of the country: tormented, because
it is affected by permanent reforms, and neglected, because it h a s adéduate social recognition.

The School must be protected and helped. But there is a task that also calls the boys into question. You
make the unity, the beauty and the hope of the country blessed rich in talents and damn them regardless of
them. This my eyes have seen meeting thousands and thousands of your peers from the deep South to the
deep North. Be aware of your grace and your strength, because time is your friend:

every morning when the sun rises, a day begins that has never lived anybody (Davide Maria Turoldo 5).
Be dissatisfied, be demanding, be strict; | would like to say you are perfect and must dare to know. Engage

in politics. do it with passion and pride, not just to affirm yourself; but also do it for a kind of pietas towards us,
that we dfotkavé you anbatterevorld.

Raffaello Sanzio, La scuola di Atene (Musei Vaticani, Rome)

4 Italian modern writer and essayist.
5 Modern Italian poet and theologian, Servite friar.



PART |1 SUPPLEMENT DATA PROCESSING
Principal discrete distributions of probability ©

A. Binomial distribution:

Legend: n size of the sample
k favorable events
. .- . _ én(j K n-k .
Discrete probability density: p, = %ep (1- p) with  0<p<l1
cR+
and k=0-n
Mean value: m=np Mean value of the variable p/n: m=p
1-
Variance: s?= np(l- p) Variance of the variable p/n: s%= p( p)
n

B. Hyper-geometric distribution:

Legend: N size of the universe
r favorable events in the universe

size of the sample

favorable events in the sample

ar@aN - ro
R (8
Discrete probability density: P, = NG with  k=0-n
alNQ
&6
(; -
Mean value: m=np
N-n
Variance: s?=npll-
plt- p)
C. Geometric distribution:
Legend: k unfortunate events
Discrete probability density: P, = (1- p)k p with O0<p<1

6 At the end of the Elementary transformation paragraph, Cauchy probability distribution is presented, because of the singular behavior
in its principal statistics.
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1- 1-
Mean value: = _p Variance: s%= 2p
P p
D. Poissondds distribution:
Legend: k unfortunate events
/k
Discrete probability density: p, = e’ o with />0
and k=0-
Variance: s*=/

Mean value: m=1

E. Negative binomial distribution:

Legend: r favorable events
k unfortunate events
. . . é-r + k - 16 kK r .
Discrete probability density: P = &8 1- p) p° with 0<p<1
¢ k =
and k=0-
1- 1-
Mean value: m=r =P Variance: s?=r 2p
P P

Complementary statistical test of hypothesis
best fit to Normaldistribution

A. Shapiro-Wilk test: Null hypothesis: Hy:

Alternative hypothesis: H,
o . 2
a.’ A n(-nal - 058
58 (x - )N =260

. 2 = Cizt ¢ M -~

expected value: W = =
. e pdi- 05
a (x - xfaNIEe” =28
i=1 i=1 ¢c m =

w’(a)

theoretical value:



comparison: W ¢ vvz(a) H, true

W > w? (a) H, false
Bresch.Pagan test: Null hypothesis: Hy: Si2 =const "|
Alternative hypothesis: H,: s?, const $i
.
Legend: regression equations: Yi =ata ax; tv,

j=1
equations on the squares of the regression residuals:

n

2_ — L)

Vi =W _b0+abjxij U,
=

N N
determination index of the 2" regression: R>=SSHSST=1- 3’ /4 (V\li - \Tv)2
i=1 i=1
expected value: E2 = NR?
theoretical value: 2 (a)
comparison: = Vz(a) H, true
E2 > vz(a) H, false
Scheffé test: Null hypothesis: H,: m=const "i
Alternative hypothesis: Hl: m , const $i
.
Legend: weighted mean: y=a aj)_(j
=1
o o
regression mean: y=&+a &X,
=
<) .
variance of the weighted mean: s§ = .EQa ajz/nj
=1
.
variance of the regression mean: .S‘; = sé +a )_(jzsél + covariance
j=1
expected value: E=y/s,
theoretical value: t, (a)
comparison: Elet, (a) H, true
‘E‘ >, (a) H, false



OPERATIONAL SCHEMES OF STATISTICAL TESTS TO COMPARE TWO SAMPLES
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Note: The Mann-Whitney and Siegel-Tukey tests are ranks tests, related respectively to the ordered data and to the deviations from the
medians (in absolute value). The Thompson tests on the central values and on the dispersion are tests on the signs, related respectively

to the non-nil differences on the data and to the non-nil differences on the deviations from the medians (in absolute value).



APPROXIMATE DETERMINATION OF THE POWER OF A TEST TO BUILD
THE POWER CURVE OF STANDARD NORMAL DISTRIBUTION
(OR OTHER SYMETRICAL DISTRIBUTIONS FOR WHICH THE HYPOTHESIS
ALTERNATIVE IS A TRANSLATION OF THE REFE RENCE PARAMETER 7)

§hift =1
U = 5% b ~ 85%
b ~ 15%
— 1
3 .
§hift =2
U = 5% b ~ 50%
b ~ 50%
0‘/2 ) 0/2
i 7
| /
| /
| .
3 -2 -1 0 1 2
f::ohift =3
U = 5% b ~ 15%
1-b ~ 85%
a2 ar
\ % |
1
1 %
J %
| /
| S — 1///‘
-3 -2 -1 0 1 2
§hift =4
U = 5% b ~ O
b ~ 100%
| |
\ |
\ |
| |
| |
| ]
-3 -2 1 0 1 2

" The neutral element of a translation is null, i.e. zero, whilst the neutral element of a scale variation is the unity, i.e. the number one.
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APPROXIMATE DETERMINATION OF THE POWER OF A TEST TO BUILD
THE POWER CURVE OF THE CHI -SQUARE TYPE DISTRIBUTION 8
(OR OTHER "POSITIVE" DISTRIBUTES FOR WHICH THE HYPOTHESIS
ALTERNATIVE IS A SCALE VARIATION OF THE REFERENCE PARAMETER )

Scale variation= 1.5

U=5% b ~ 666%
1-b ~ 333%
(7/2 (1'/2
| |
| |
I e [ I% | [ [ | [ | [ [ | |
0 1 2 3 4 5 6 7 8 9 10 1" 12 13

Scale variation= 2

U= 5% b~ 50%
1-b ~ 50%
?/2 ?/2
| |
‘ |
| l
O
| : === % | [ I | | I |
0 i 2 3 4 5 6 7 8 9 10 " 12 13

§ca|e variation= 3
U=5% b~ 333%
1-b ~ 666%

al2 al2

[
[
|
|
|

mm

|
I [
0 1 2 3 4 5 6 7 8 9 0 N 122 13

N |

Scale variation= 4

U=5% b~ 25%
1-b~ 75%
2 a/2
| 1]
| [
| |
| [
/S ——
0 1 2 3 4 5 6 7 8 9 10 1 12 13

8 The chi-square distribution depends on its degrees of freedom; therefore this example is purely qualitative.
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Confidence bounds of the correlation coefficient

Data modeling about dependence conditions and error types

Independence:

1.

Bonf er r cesadnd®rrelatire caeaffisiantate £qual to deroc

he

t

wher e

2. Connection:

a P e a d b ihdités mrad carreldtion casfficer r o , w

indi ces

6s

whereBof f erroni

are near to zero.
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3. Regression:

1
1
1
1
where Bof f erroni 6s and Pearsonés indices are differen
near to zero.
4. Correlation:
1
1
1
1
where all the indices are different from zero.
5. Perfect dependence in law:
1
1
1
1
where all the indices are equal to one.
A. An outlier ®:
1
1
1
1

which asks for down-weighting robust procedures.

B. A leverage point:

1

which implies robust procedures with a very high break-down and a rejection point in their influence
functions.

9 Observations are usually supposed error free; otherwise two type of error can occur in the data.
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Elementary transformations

1. S transformation:

X =DX +x/ cosJ +y/ sinJ
Y =DY - x/ sinJ +y/ cosJ

(note: here and in the follows:

2. Rotary-translation:

X =DX +xcosJ +ysinJ
Y =DY - xsinJ + ycosJ

2D case

X =DX +xa+yb
Y =DY - xb+ya

being a=/ cosJ

b

and J = arctan—

a

/ =vJa®+b?
X=X- X y=y-y
X=X-X Y=Y-Y)

DX = X - Xa- yb
DY =Y +Xb-

and

va

b=/ sinJ

is solved using the same formulas, imposing a scale equal to one, because the S-transformation
preserves the angles. (being: S, =0, and therefore: 5, ;=0).

3. Affine transformation:

X =DX +xa+yb
Y = DY + xc+ yd

analogously:

or:

being: DX =X - Xa- yb

a=/cosJ b=/sinJ

X =DX + x/ cosJ +y/ sing
Y =DY - xmsin(J +g)+ ymcodJ + g)

DY =Y - xc- yd
c=- msin(J +g)

d = mcodJ +g)

12



J = arctanb/a g=arctan(- ¢/d)- J

/ =Ja?+b? m=+c?+d?

4. Particular affine transformation:

X =DX +x/ cosJ +y/ sinJ X =xa+yb
Y =DY - xmsinJ + ymcosJ Y =xc+yd

additional constrain: ac+bd=0

being: a=/cosJ b=/sinJ c=mosJ d=msind
ie.
s- Rz=0 and 2'Gz=0
where:
é',O 0 1 Og
: 0 0 % o o 1t
R= ey 3 and G=¢ u
® 0 x yyg € 0 0 Ou
© 10 of
least squares method and iterative solution:
g- (C+kG)z=0
2'Gz=0

being: g:éiRTSﬁ and C=éiRTR

Z=C'1(g- kGZ) (note: k =0
(z'ac e ek + 2(ge*ac iazk + gt aC g =0 k = min(k, .k, ))
o = E[?XE(xx)- k9)- E(xy)(E(yX)- kd)

ElJE(Y?)- (E()?
b= E(xy)(E(xX)- ko) + E(x? )(E(yX) kd)

el )Ely?)- (E(y))?

V- WV2-UW

13
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Plane elementary transformations

Rotary-translation

S transformation

Particular affine transformation

Affine transformation

Homographic transformations

Topological transformations

Spatial elementary transformation examples



U= 2(E(xy)2 +E(y?) )ac 2(E(x?)+ E(y?)E(xy)(ad + be) +2( (@) + E(xy)z)ad

v = (E(xy)? + E(y?) )(aE(xX) + cE(xY))- (E( 2)+ E(y?))E(xy)0
BoE(xX) + dE(xY) + aE(yX) + cE(yY)) + [E(x )} + E(xy) )(bE(yx)+dE(yY))

w = 2E(xy)? + E(y2) JEC)ExY)- 2(E(x2)+ E(y2)JE()ERX)E(yY) + E(xY)E(yx)) +

+2lE(e ) + E(xy) e (yX) (yY)

5. Homographic transformation:

_ ax+by+c
gx+hy+1

_dxtey+f
gx+hy+1

forming the normal matrix and the normal know-vector:

eE(x?) E(xy) E() 0 0 0 - E(x*x) E(xyX) o
: Ey?) E(y) o o o - E(xyX) = (0
2 1 0 0 0 - E(xX) - E(yx) 3
co6 E(x?) E(xy) E() E(x?v) SElyY) g
¢ E(y?) E(y) E(xyY) E(y?y) ¢
é 1 - E(xY) E(yy) 1
g sim. E(xzx 2)+ E(y2X 2) (xyX2%+ E Xsz)u
8 E(y X?)+E yzYz)g

d" =[E(x) E(yx) E(x) EXY) E(yY) E(Y) - E(oc)- E(xv?) - Elyx?)- Elyv?)
being: X =ax+by+c- gxX- hyX Y =ax+by+c- gxY- hyY
the normal system is easily solved; then:

DX =c DY = f
a = arctar(gcosb) @y b =arctar(- h) @ h

whilst the remaining parameters are obtained from the same formulas of the affine transformation.

3D case
1. S transformation:
y =/Rx+t
y=/RX+t
y- ¥=/R(x- X)
sothatt t=y- /RX and y'y=/’x"RTRx=/2x"xY / =y y/x"x

15



therefore:
y = /Rx (note: X =/X)
y=Rx=(1-9)*(1+s)x Y (1-9)y=(+9)x

being:
e0 ¢ -bg
R=(1-S)*(1+S)  and S=gc 0 ay
gb -a 0g¢g
so that:
el -c begXg él c - bgxg
é u ué,,u
e 1 -agvi=gc 1 agy
&b a 1pgZy éb -a 1 pezy
ie.
e O z-z -(Y- y)zeaz ex - Xg
é u u
e(Z z) 0 X - x£ou+§( yy=0
gy -(X-x) 0 ey €z-zgy
Rodriguezb6s matri x:
. d+a’-b*>-c  2(ab- ¢) 2(ac+b) o
é 2 pm2 2 u
+ -a’+b?- - <
kPl 2(ab+c) 1-a’+b’-c 2(2bc 2a 0
g 2(ac- b) 2bc+a)  1-a’- b?+c?Y
Cardanusd matri x:
ecosk sink OgeCOS/ 0 - sinj gel 0 0 g

R— > sink  cosk Oue 0O 1 0 320 cosw  sin Wgz
g 0 0 1@sm/ 0 cos g0 - sinw coswy
@cos/ cosk coswsink +sinwsin/ cosk sinwsink - coswsin/ coskg
:2- cos/ sink coswcosk - sinwsin/ sink sinwcosk + coswsin/ sinkg
g sin/ - sinwcos/ COSWCOS/ g

Eul erds matri x:

ecosk sink  Oggl 0 0 gdcosJ sind Og
R= -smk cosk o“eo coSsz smzﬁ- sind cosq 0u

g 0 0 1@) - sinz coszpg O 0 1g

@ cosJ cosa - sind cosz sina sinJ cosa + cosJ cosz sina  sinasinzg
= g- cosJ sina - sinJ cosz cosa - sinJ sina + cosJ coSz cosa cosa sinzH

g sinJ sinz - cosJ sinz cosz



Cardanusd angl es:
C J from Fa1 by means of  arcsinrg,
c k r, and Iy arctan(- r,,/r,,)
¢ w 32 33 arctar(— r32/ I‘33)
(note: ifj =°p/2 k1O
then w  from r, and T, bymeansof arctan(r,/r,,))
Eul erds angl es:
C z from I35 by means of arc Cosry,
c J r,, and oo arctar(r,, /- r,,)
C a r.13 rl23 arCtar(r13/r23)
(note: fz=0orz=p ato
then J from 1, and T, by means of arctar(rlz / rll))

. Rotary-translation:
(Note: the parameters are obtained from the same formulas of the S transformation, imposing: / 1 1)

. Affine transformation:

X =DX +xa+ yb+ zc
Y =DY + xd+ ye+ zf
Z =DZ +xg+yh+zl

being:

_ AE(xX)- BE(yXx)+CE(zX)

H

d=

b=-

BE(xX)+ DE(yX)- FE(zX)

H

_ CE(xX)- FE(yX)+GE(zX)

AE(xY)- BE(yY)+CE(zY)

- BE(xY)+ DE(yY)- FE(zY)

H H
‘= CE(xY)- FE(yY)+GE(zY)
H
_ AE(xZ)- BE(yz)+CE(z2) _ - BE(x2)+ DE(yz)- FE(zZ)
97 H h= H
‘= CE(x2)- FE(yz)+GE(z2)
H

17



H = (¢ JE(y?JE(2) + 2E00)E(v)E(9- EGCXEW) - ElyNE@ - 2 NE)’

so that:
DX = X - Xa- yb- zc / =vJa’+b*+c?
DY =Y - Xd - ye- Zf m=,/d*+e* + f?
DZ=Z- xg- yh- 2 n=yg?+h?+I?
moreover:
eA B Cg
_€ u
Q=D E Fy
€ H Lg
where:
A=codj +d)cosk B = coswsink + sinwsin(j + d) cosk
C =sinwsink - coswsin(/ + d)cosk
D =- coy sin(k+g) E = coswcodk + g)- sinwsin/ sin(k + g)
F =sinwcodk +g) + coswsin; sin(k +g)
G =sin/ K =- sin(w+ e)cos/
L = codw+ e)cog/
so that:
. . - H
j =arcsinG w+ e = arctan——
. -D
k +g=arcsin——
oy
W= arc sin Fcodk +g)- Eszlry tsw;(k +9) _ ArC COS Ecodk +g)+ I?s;r.y §|21(k +9)
cos’(k + g)+sin% sin®*(k +g) cos’ (k +g)+sin% sin®(k +g)
k = arc sin(Bcosw+ Csinw) j +d = arccos——
cosk

4. Particular affine transformation:

X =DX +x/ cog/ cosk + y/ (coswsink + sinwsinj cosk)+ z/ (sinwsink- coswsin/ cosk)
Y =DY - xnmcog sink + yn{coswcosk - sinwsin/ sink) + zm(sinwcosk + coswsinj sink)
Z =DZ +xnsirny - ynsinwcog + z/1coswcos/

X =xa+ yb+zc

Y = xd+ ye+ zf
Z =xg+yh+zl

additional constrains:
18



ad+be+cf =0

ag+bh+cl=0
dg+eh+ fl =0
ie.
s- Rz=0
2’Gz=0 277G z=0 277G z=0
where:
@( y z 0 00O0DO Oy:o'
R=0 0 0 x y z 0 0 0f
@0 000 OO0 Xx vy zg
e | Og € 0 Og € 0 Ig
_€ u _é u _é u
G=g 0 0f G=Q 0 Iy G=9 0 0
0 0 0oy @ | 0oy g 0 0y
least squares method and iterative solution (taking into account a 6" degree equation):
g- (C+kG+k,G +kG)z=0 z=C(g- (kG +kG +k,G)2)
2’Gz=0 2’Gz=0 2'Gz=0

being:  g=§ R's ad C=§ R'R

Homographic transformation:

X = ax+by+cz+d
px+qy+rz+1
y = ex+ fy+gz+h
px+qy+rz+1
7 = kx+ly + mz+n
px+qy+rz+1
ie..

X =ax+by+cz+d- pxX- qyX- rzX
Y =ex+ fy+gz+h- pxY- qyY- rzY
Z =kx+ly +mz+n- pxZ- qyZ- rzZ

forming the normal matrix and the normal know-vector:

u (note: the last matrix is the matrix S)



eE(xz) E(xy) E(x2 E(x)g & E(XZX) E(xyX) - E(xzX)e

1.6 E) Bl Eyg U =& ECyx) - E(y’X) - E(y2xX)y

é E(z2) E(z)u €& E(xzx) - E(yzx) - E(z2x)a

: i §- E(xx) E(yx)  E(X) g

& E(xY) - E(xyY) - E(xzY)e & E(xz) - E(xy2) - E(xz2)e

< E(xyY) - E(y?Y) - E(yzY)d ¢ Exy2) - E(y’z) - E(yz2)y

v=¢ EJ w=¢ u

€ E(xzY) - E(z2Y) - E(2Y)u ¢ E(xz2) - E(yz2) - E(z2z)0

¢ 0 ¢ 0

é- E(xY) E(yy) E(zY) g ¢- E(x2) E(yz) E(z2) g
eE(x2x?)+ E(y2x?)+ E(z2X?) E(xyx?)+ E(xy¥?)+ E(xyz?) E(xzx?)+ E(x2¥?)+ E(xz2*)o
S E(y?)+E(y2y?)+E(22v?) Elyzx?)+Elyzv? )+ Elyz2 )3
¢ E(x*z2)+E(y*z?)+ E(2Z? )y

d’ :luT vioow' ST_| (note: the last vector is the vector ST)

u" =[E(xX) E(yX) E(zX) E(X)] v =[E(xY) E(yY) E(zY) E(Y)]
w' =[E(xZ) E(yzZ) E(zZ) E(Z)]
|- E(xX?)- E(yX?)- E(2X?) - E(XY?)- E(YY?)- E(2Y?) - E(xZ?)- E(yZ?)- E(zZ?)]
the normal system is easily solved; then:
DX =d DY =h DZ=n

angles and scales are obtained as usual, and the solid angles suitably applying the following formula:

deRR,R,)
RRR, +(R &R,)R, +(R, &R, )R +(R, (R )R,

Cauchy probability distribution

W= 2arctan

p(x) = ;(]}7) where: p(0)=1/p @.32

pis) £

Generalized mean value and variance:
a(x) so that E, (arctan(x- g)) =0

d(x) = - log EX(Ey(e"X' d » "Xy, X
20



Random variable transformation: mean value theorem variance
covariance propagation law

C One-dimensional case: y= g(x):
x = E(x p(x)) y=E(y p(y))
s2=E|(x- x)* p(x) s2=E((y- ) py))
y= g(x) @y )‘Z) +g ()‘()(x )‘() (note: E( p(X)) =1 E((X )_() p(X)) =0)
output:

G Multi-dimensional case: Y = G(X):

X = E(X p(x)) Y =E(Y p(v))

Co =EX- X)(x- X)' p(x) C,, ={v-¥)(v- v) plv)

Y = G(X) @G()?)+ J()?)(X - )_() (note: J = |_|J.gi /},IXJJ "1i,] Jacobian matrix)

output:

Y =E(v ply) @(R)E(p(x) + 3(X)E(X - X)p(x) =6(x)

G =elfr- )ty ¥) piv) @eholx)+ 2(x)ox- x)(x - x) a(x) - () (o8
= 3(R)E((x - X)(x - X) pX(X)" = 3(X)C,I(X)

and in the linear case: (Y =AX+B):

Y =AX+B CYY=ACXXAT

i.e. algebraically:

y=aax+b "y
i=1

n n-1 n
si=Aa’sI+28 A aas,, "y

i=1 i=1 j=i+l

n n-1 n
sp=aabsi+a afap+ha)s,  "yz>y

i= i=1 j=i+
being:
Cy =ACLA" Y  vedC,)=(AA AvedC,,) (note: AAB=laB| "i,j)
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C Measurements of an example:

C base line: a
C height: b
C Observation variances: 52 ; stf (note: the measurements are usually independent)
C Estimation quantities: (partial derivates)
2 2
C perimeter: 2p=2a+2b M =2 M =2
Ha o
C Area: A=ab %Zb %:a
Ha Ho
d _a d_b
C diagonal: d =+a?+b? K_a K_o
pa  d w d
t t _t
C tangentof the angle: t=tanJ =b/a M =-— L
pa a o b
C Estimation variances:
C perimeter: 522p =2? Q‘s +2° ("3‘5
C Area: s;=p*G2+a’G;
o ~2 o ;./2
a b
C diagonal: si= &9 s? +5%° 852
cd =+ cd+
419 . Atg
C tangent of the angle: St2 =2 —0 Sj +a%o 55
¢ a=+ ch+
C Estimation covariances:
C perimeter/Area: S,on = 20s] +2as;
. . a _. b _»
C perimeter/diagonal: S(2p)a = 26 S 26 S,
: _ ot 2.8 td >
C perimeter/tangent: Sepy =275, +2% —0S,
b ¢ a+
a b
C Area/diagonal: Spg = ba s+ aa st
_ _a tg ., b
C Area/tangent: S=bae —06s;+ta-s;
¢ a+ b
ag to bt
C diagonal/tangent Sq = —% —85‘2 +——S§
d¢c a+ ° db
Complementary descriptive statistics
C One-dimensional case:
1.0 ) 2 1 .0 —\2
mean value: X=—a X variance: sT=——a ()(i - X)
nis n-17;



variance of the mean value:

condition number:

C Two-dimensional case:

regression lines:

covariance matrices:

interpolation:

interpolation variances:

residuals:

residual variances:

sigma naught:

linear correlation coefficient:

condition number:

local redundancy:

N

10 In the normal case.

s 2s*
s§ =— var. of the variance: S 22 = 10
n s n
c, =n’ local redundancy: n=1-1n
S S
a=—3 and c=—3
Sy Sy
b=y- ax d=X-cy
el X @
) éhc2 2 u
F,Sa Sabg=52énsx nsx l:l
Qﬂ ZL;I 07 XZ <
el Seu eq =420
€ ns. Y
el Vo
Mo 2 ehc? 2 u
&¢ Swl_ 2g"Sy sy 4
€q s2¥ 7% o 1. ¥R §
e du ~ ﬂ — 4+ >
e u
& N NSyg
y=ax+b and x=cy+d
2 _y2a2 2 2 _ (22 2 _
Sy, =XS;+2XS ,+ S, = Sy=Yy'sit2ys+si=
2 o \2 ~ 2 o \2 =
- 2o %+ (x- %) § :SOU%+ (y- v) 0
2 2. 0
n ¢ ns. 2 n ¢ ns; 9
V=Y,- Y and U=Xx,- X
2 - &2 2 - 2 _ A2 2 _
Sy =Sy -S,= Se =S, Sx=
°O ~ _2,., °O ~ _2~
_.28 1p (x-x)8 _.28 15 (v-y°8
=S - —0- 8 =S - —0- Q
0, n= ns? ¢ ! n= nsz O
C ; x = c . y =
1 .0 1 .0
2 2 2 2
So =——aAV, and S, =——au
0v n_ 22— ! Ou n' 22_ l
— Sxy i 2 2
My = (note: 5., S, and S, from data)
5,5,
c, =n°s?’ and c. =n’s;
3, 15 (x- x)? 3, 19 (y-y)
n =% 18. (x- %) n =518 y-y)
C n-+ ns, (o n-+ nsy

23



robust regressions: a= meo(coef.ang. P P I i) and C= mec(coef.ang. i > i)

b=medy)- amedx) d =medXx)- cmedy)
interpolation: y=ax+b x=cy+d
residuals: V=Y¥- Y U=x,- X
median abs. values: ma\(v) = mecﬂv|) ma\(u) = mecﬂu|)
: . 6 -
rank correlation coefficient: ry=1- ——— (rank - rankx)

Y n(n - 1) i=1

(note: rank, and rank, from data)

elementary transformations in the two-dimensional case:

C sum and difference: S(Od):X° y §Oa)= X°y
Sioq) =52 tS5;°25,
C product: p=xy p=Xy
P2, P p*
Si=SSsi+—5si+2—s
X y Xy
. X _ X
C quotient: q=— q=—
y y
2 2 2
s? :q—sf +q—s§ - 2q—sxy
X y Xy

Co-regression

. il _ 1A 0% . .
functional model: = here: dimly, )= and  dim =
¢ func Kl Al sners dimly)=m (v.)=m,
dim(x,) =%, dim(x,) =n,
G stochastic model: Sg = E§ where: £§ is coming from a separate regression
Il D
RW:D | digsmyi s the correlation bet\
2)1 2)1
so that: R;,j= (I - D ) 1 D( D i
(-0 (1-0?)

C least squares method: %(E- Vo) Qy;(E- y,)+ /T (AK- §)=min

C robust procedures: %(E- Yo) Y (Qy;)(E- yo)+ /" (AK- ) =min

24



Least squares with equalities and inequalities

C Mathematical model for the quadratic programming:

v=Ax+Db with x20 and v20

being vix=0
(note: b=d- y° and v x =0 is equivalent to ||\/||2 =min, i.e. least squares method)

C Linear complementary model, given by Karusi Kuhni Tucker conditions and solvable by the Lemke-
Ravindran algorithm:

g_eATA Amxp eATbg
e \_é AU é l:l
all & A oyl &by

w=Cz+d with z2 0 and w20

being W'z=0
C Mathematical model for linear la programming, solvable by Cottle-Dantzig algorithm:

v=Ax+Db with x20 and v20

being ||\/||l =min

Wavelet analysis

Note: recalling of the general expression for interpolation in one- and two-dimensional cases:

ye=8a"F (¢ - xm)/(xmx- xm™)  with  i= 0, T, a1, e

Zk — a a ai(jl)Fij ((Xk _ lein)/(xlmax_ lein),(yk _ ylmin)/(ylmax_ ylmin))
i
with i =1 1,11,é and ] =1,2,3,€

multi-dimensional cases are performed applying the well-known associative property of the product,
both in construction of the basic functions and in implementation of the interpolation.

Wavelet interpolation (in the frequency domain):

t- b
a

Qo

a>0

|- OO

1
Y (ap) (t) = ped

O

Examples of Wavelemothers:

C Haar Wavelet
25



6100t¢12
y()=1-1y2¢te1
' 0 otherwise

Shannon (or Sing Wavelet

y(t)=sinc— > Caos?”;t

Ricker or Mexican Hat Wavelet

2

2

Quadratic B-spline Wavelet

y(t)= - %8
-y

é

0 t— O¢ct<1

~ 2

! 3

1- t +3t- E 1¢t<?2

i
y=ipe

T—-3t+= 2¢t<3

12 2

I

bo otherwise

Haar Mexican Hat Shannon o Sinc Gauss o Spline

0; 06
06 04
i -

0 OMJH‘,M‘M WUWF\N
02} ool |
0;. 04}

08} o5l
! 5z ! ——
Daubechies 4 Daubechies 20 Coiflet 1 Biortogonale

08} ] 25

06} 2

04r 15

02t 4 1

Lt
62 B 0
04 0.5
06 1
08| | ; 2 . 1 15

10 15 20 25 30 o0 1 2 3 4 5 & 2 - 6 8

Wavelet mother examples
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Axonometric picture and contour line map of bi-cubic function

27



Topological transformations and symmetry groups

S4 permutation group (with 4!1=24 elements, where its rigid subgroup has 8 elements)

1. 1 2 3 4 identty

2. 1 3 4 2 triple exchanges (not rigid)

3. 1 4 2 3

4, 1 4 3 2 exchange: glissoi reflection on the bisector of the 15te 3" quadrant (P)

5. 1 3 2 4 exchanges (not rigid)

6. 1 2 4 3

7. 2 3 4 1 simple counterclockwise rotation (R1)

8. 2 3 1 4 triple exchanges (not rigid)

9. 2 4 31

10. 2 1 4 3 double exchange: reflection on the vertical axis (T1)

11. 2 1 3 4 exchange (not rigid)

12. 2 4 1 3 quadruple exchange (not rigid)

13. 3 4 1 2 double counterclockwise rotation, double exchange: double reflection (R2, T2)

14. 3 1 2 4 triple exchanges (not rigid)

15. 3241

16. 3 2 1 4 exchange: glissoi reflection on the bisector of the 2" e 4" quadrant (Q)

17. 3 1 4 2 quadruple exchanges (not rigid)

18. 3421

19. 4 1 2 3 triple counterclockwise rotation (R3)

20. 4 1 3 2 triple exchanges (not rigid)

21. 4 2 1 3

22. 4 3 2 1 double exchange: reflection on the horizontal axis (T3)

23. 4 2 3 1 exchange (not rigid)

24. 4 3 1 2 quadruple exchange (not rigid)

1. Ro, To i b 2] — - |b_2
iYty b -~
. 1 i 7] 1 3]

2. Ra ieX Y . | -
[Yt-Xx - -
ex 1t -x L (I —

3. Ry, T2 i L, -
iYt-y L .

1 . i

4. Rs iex Y H mesg |
iY1x e |
w1 _ _ !

5. T1 ieX X ‘. | " :
iYty e P
iy 1 -

6. Ts ieX X Ty
iY:-y | et e
iy 1 )

7. P iex y i :_ | F "t I
iYlx b« — = 3]
. 1 _ ® X

8. Q ieX y 0° | emes I
jYt-x |22 .




40320elements, but its rigid subgroup has 48 elements only)

S8permutation group (with 8!

rotations around the middle point of the edges

rotations around the Z axis
rotations around the X axis
rotations around the Y axis
rotations around the vertices
elementary specularities
composed specularities

identity

N~ O LW LW SOMNMOOAEOO0OAdMUOANgMNTAN <N O 0 Mmoo oM N AL O0OMNML O MmO o

fe'o] < o I —

. © 0O OTONNMNYSALDSIONAO 4OAM ™MW N~~~ 22142674871%5457
™ To)

o PO~ Nm DANDOMOAANOOTNNTNT ANONOOAOM O J©ONMLD©OM—®O©
N~

587614812642554727836331 O O0OMNL LN 54325845624727_/5

GOPNAOOLAONONONNNOTTOAMOOO© ONOATANTO IO  FTHONOITNONSNTN

NN ATNONMNOSTOONMOAOANGLOOON MSTNAMMOL MOLOLOMONOMNTOOA0AAM

NATOON~NOOUOAULSSNMNgG NANNMNIOOMOEAO©0O OAdMANSTANOLN MOOMMNONNANSIONS

A ONSTOOLNODAAOOMOMONMNSNMNANNLD ODANSTMAOAA 0OOMNOOTAONAMOMWOMA

. . . . . L. oA N ON OO AN T DO N~NO0DO0 AN OTNDO N OO AdAN®mS WO N0

A N M T WO O~ A A A A A A A A o 4N NN NN N N AN AN ANOMOOm”OM MmO M oo OO T T T T T
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ROTATIONS AROUND THE CENTERS OF THE FACES

3?2 /2

~

2 24
e, G .
L [ =
— Z 4
4 | X'

ROTATIONS AROUND THE CENTER LINES OF THE EDGES

ROTATIONS AROUND THE VERTICES

ELEMENTARY SPECULARITY

30



2D lattices

1. Parallelogram lattice (translations and 180° rotations)

2. Rectangular lattice (translations, 180° rotations and reflections)

1

3. Rhombic lattice (translations, 180° rotations, reflections and glisso-reflections)

R

4. Square lattice (translations, 90° and 180° rotations, reflections and glisso-reflections)

5. Hexagonal lattice (translations, 60°, 120° and 180° rotations, reflections and glisso-reflections)

31



Linear symmetry

C pli1 translations: F F F F F F 1)

= = 4 = e

C plal translations and glisso-reflections: p b p b p b (2)

C pli12 translations and 180°rotations: S S S S S S (3)

C pmi1l translations and orthogonal reflections: A A A A A A (4)

L 4L

C plmi translations and parallel reflections: E E E E E E (5)

A% X ¥ Y ¥©T
4 4 4 4 4

C pma2 translations, 180°rotations, orthogonal reflections and glisso-reflections:

bd pg bd pg bd pg (6)

C pmm2 translations, 90° and 180°rotations, parallel and orthogonal reflections:
X X X X X X (7)

L N4 AL AL L
7Y T 7Y 7

Plane symmetry

C plli=p1 translations (parallelogram lattice with parallelogram fundamental region)
(1)
C p2l1=p2 translations and 180° rotations (parallelogram lattice with triangular fundamental
region)

32



¢

¢

)

plml =pm translations and reflections (rectangular lattice with rectangular fundamental region)

®3)

(4)
clml=cm translations, reflections and glisso-reflections (rhombic lattice with triangular
fundamental region)

+ + L) + + + +
+ + + + + + +
+ + 4+ + + 4+ +
+ + + + + + +
+ + 4 + 4 + +
+ + + + + + +
L b + + 4 + +
+ + 4 + 4 + +
+ + + + 4+ + +
(5)

p2mm = pmm translations, reflections and 180° rotations (rectangular lattice with rectangular
fundamental region)

+
b
+
4
\
4
b/
L/
+

D e e S
[ == == = == == == == = 3
DU ST S S S S S S
> o+ 5 & > 4+ &
S s st

= == R
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C p2mg =pmg

two different rectangular fundamental regions)

=

My mim
1151

=

8 1 1
115159 1

=

minlnln
R

translations, reflections, glisso-reflections and 180° rotations (rectangular lattice with

&

noninn
5801115

¥

(7)

C p299 =pgag translations, glisso-reflections and 180° rotations (rectangular lattice with two
different rectangular fundamental regions)

1
;
5
i
]
i
5
i

J
L
i
L
L
]
L

191

eyl yupie el ey

<

el sl dpel

ik kg hgitd
i L L il

p-F-p-f-p-E-f- 8

(8)

C c2mm=cmm translations, reflections, glisso-reflections and 180°rotations (rhombic lattice with two
different rhombic and triangular fundamental regions)

- _l,_ —|l_. _:_ _‘L -
g | = Y | e (9)
C p4lli=p4 translations, 90° and 180° rotations (square lattice with two different square

fundamental regions)

A Sl R

sl St

T L A R

A B S (e ]|

= R T .

e e L

(10

C p4mm =pdm translations, reflections, glisso-reflections, 90° and 180° rotations (square lattice with
triangular fundamental region)

IR

ARAIRAIRS
2 2 | Y4

I AIAN L .
NN Vil s /F

IS
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C p4gm =p4g translations, reflections, glisso-reflections, 90° and 180° rotations (square lattice with
triangular fundamental region)

(12)

Z! (13)

C p3lm=p31lm translations, reflections, glisso-reflections and 120° rotations (rhombic lattice with
triangular fundamental region)

y 4 7

C p3ml=p3ml translations, reflections, glisso-reflections and 120° rotations (rhombic lattice with
triangular fundamental region)

(15)

C p6ll=p6 translations, 60° 120° and 180°r ot ati ons (rhombic | attice
region)
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e S e P B e B e |

el e e e

j*\?j'\?j'\fj*\i

s e

\L['\?j*\fj'\ff"

b iy 0 Gl R
SRR R L/

PSS S AN AN AN " " (16)

C p6mm =p6m translations, reflection, glisso-reflections, 60° 120°and 180°rotations (rhombic lattice
with triangular fundamental region)

At SN S SN
jeilLez s I Aol Lo e e A1)

(17)

7
VT BT
STl

s
12 13

J ..4 3
"!, B
v

Plane tessellation

Spatial symmetry

1. triclinic

2. monoclinic

3. orthorhombic
4. trigonal

5. tetragonal

6. hexagonal

7. cubic
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Cﬁv

e

B.E.B,.B.8., B.0.
I =2 EER
gnb sEh = = %@%'O
B . 5,8 .8 .®. %@%@ﬁ
A L B @T

32 crystal groups of symmetry

37



< q
a
a A b =
a p p
P
e
- .’4,4 o o X8
G
a a b
y cC g i
aj *> v - BC m'
a
ab TETRAGONAL BC
FC ',I
o 'I.ﬂ -
b MONOCLINIC
a
P FC
!
RHOMBOHEDRAL
: A
a /? P d
1 'T A
2 IR
° L |2 Y
A s a a
CUBIC A= a CcC P
P
HEXAGONAL ORTHORHOMEBIC TRICLINIC
14 Bravais6 spati al l atti ces 2308BDgroupof symmetdy) number

o

Penroseb s

3D a-periodic tessellation

T

star and sun

AT A
e S ovd™ Fee ey
AT SO A
A AR AR A
FAR A A AV A
I CAr L e o e s
YA anWa¥ s G YaVanao Ay
AP R AR
T VARG AN
i vevan ] gb@!ﬁg@%‘
R Ty AL
g AL
AR A Ay
AR VoY SRR VY R Y
RASTA SSas,
N VeV

) 6¥ARY

Quasi-crystals
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PART II'T PHOTOGRAMMETRY

From image space to object space

C 3D S-transformation

o

X X Xog
y|=/RegY|- Y, |6
- AR
Legend:

¢ (xvy.2

¢ X\Y.,2

¢ (Xo’ Yo’ Zo)

c /

C 3D S-transformation versus collinearity equations:

o, ~

ij Q

being: Z; =const=c

image coordinates of the image point Q

image coordinates of the object point P

coordinates of the projection center

variation scale

rotation matrix, where:

B

IR

1-O:O: O: OO

J

k=12,3
k,|l=1-2,1- 3,2- 3
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Rotation matrices

Linking bet ween Hhednges fiaslitionallyqi$ee is suvayidg ahd geodesy:
C surveying:
J=2p-J J azimuthal angle
Z=p-z Z zenithal angle
a=a ato
C geodesy:
J=p/2@ longitude
z=p/2@ geocentric latitude (note: Zz=p/2 @arctar[(l- ez)tari/' |_|)
a=p/2-a azimuth
Rodriguez matrix:
0O c -
R:(I - S)(I +S)'l where: S:%- c 0 a
b -a O
1 -c¢/2 b2 1 c/2 -b/
|- S=|c/2 1 -a | +S=|-¢/2 1 a/2
-b/2 a2 1 b/2 -a2 1
b . 4+a® ab-2c ac+2b
defl +5)=1+2 T2 *C (+8)'=— = _lab+2c 4+b? bc- 2
4 a“+b°+c )
1+f ac- 2b bc+2a 4+c
2 12 A2
1+ 8 b™- ¢ - c+£ab b+£ac
4 2 2 2 2 2
R= 2 : 2, 2 C+Eab 1+—(- a+b-c ) - a+ibc
1+ 2 +b“+c 2 4 , 22 ,
4 - b+>ac a+1bc 1+ a 4? +c’)
1 -¢c b 1 k -/
(note: first order development: R=|c 1 -a=-k 1 w
-b a 1 J -w 1
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Collinearity equations

PPQ, _ HP,
PPC HC

theor em:

3D Thal esbo

HC

PPQ, _HP,
PPC

C using the internal direction tangents:

W
sl oy
whpur
+ |+
Lyoiye
P
u_.rﬂ E.m
+ | +
3 o
._|VN _|VN
373
VE1|.. vF—ﬂ
11
[ (&)
x|

E
z)

)

o

(=

El(%' )EO)"' Ez(

C using the image coordinates:

2(\E' \Eo)"' Eja(g' Eo

5
:

(O

second expressions by a first

he

t

of

C linearization

+

Q

§ i

a
w%ﬁ
cH J=

~

T ool
Clt W

Q

é
9:;%0 :

ot

é‘
9%11

+

¢

Q
A 0
¢

a/x 0
+%gy}(o
GH =

Q

X=X
!
cHX =
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<
]
<1
+QJ
&
| gOl
%
S
5
:
NE
=
)
B
S
I
QD
CEO
Q)
i
:

CHo = CHTo + CH~o H W G /= GHR =
A A Y
CHX = oY= g+

where:

1 1 . ..
:2(0 = B(cr11 +Xb,) = B(ccosl cosk + xsiry )

1 1 . . .. . .
%O = B(cr12 +Xr,,) = B[c(coswsmk+ sinusin/ cosk)- xsinwcoy |

1 1 . . .. .
Azﬁo =5 (cry + xr,) = 5 [c(sinusink - cosmsin/ cosk)+ xcoswcosy |

1
,uﬁW: - B[(' Crs+ ers)(Y - Y0)+ (Crlz + XI’32)(Z - ZO )] =

=- —lcl- sinusink + cosusin/ cosk)+ xcoswcos/ |Y - Y, )+
5

+[c(coswsink+ sinusinj cosk)- xsinwcos/ ](Z - Z,}

ZIx

- (ccoswcos cosk + xcosusin/ (Z - Z,)]

=y=- —[- cog sink(X - X,)+(ccoswcosk + sinusinj sink)(Y - Y, )+

<
D

+(sinwcosk + cosusiny sink)(Z - Z,)]

,w(ﬂo :%(cr21 +Yry,) = %( ccos/ sink + ysiry )
1 1 . e ) .
%O =5 (cr,, + yr,) = B[c(coswcosk - sinusiny sink)- ysinwcosy |
1 1 . C .
ﬂ% =5 (cr, +yr,)= 5 [c(sinwcosk + cosusiny sink) + y coswcosy |
1
,uﬂl/l/z - B[' (CI’23 + yr33)(Y - Yo) + (Crzz + yrsz)(z - Zo )] =

- 1g c{sinwcosk + cosusiny sink)+ ycoswcos/ (Y - Y, )+
D

=. %[( csiny cosk +xcog J(X - X, )+ (csinwcos’ cosk + xsinusinj )(Y - Y, )+
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+[c(coswcosk - sinusiny sink)- ysinwcos/ |(Z - Z,)}

,uﬂj =- l[(csiry' sink+ ycoy )(X - X0)+(- csinwcoy sink + ysinusin/ )(Y - YO)
+ (ccoswcos/' sink - ycosusiny )(Z - ZO)]
% =-x= %[cosj cosk(X - X,)+ (cosusink + sinusin/ cosk)(Y - Y, )+

+(sinusink - cosusinj cosk)(Z - Z, )]

moreover

XK KKK K
X N, iz g,
W
XX N, iz iz,

being: D= r31(X - Xo)"' rsz(Y - Yo)"' I’33(Z } Zo)

In geodetic coordinates:

_ _RlX-X)
x=/R(X - X X=-C
- o) R (x- x,
y=-c¢ RQ(X - Xo)
RS(X - Xo)
0 (N +h)cos cos/
being: G=|/|; G, =/, X =X(G)=|(N +h)cos/ sin/
h h, (N@- &)+ h)sin/
n=nl)
Y=y rL,=r() (note: h=H+N 1)

k r3:r3(y)

x:§+ﬂﬁcﬁ+ﬂ&cﬁo+ _&_i_ﬂ&o
2 gre Xy 1G5, CHLHY H3sH )=
y:?+ﬂ%d}+ﬂ&d}o+a &4_&&0
KX LG HXo 1G5, CH HY H3 H =

11N geoids undulation.
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Splitting in two groups the external parameters of the collinearity equations of two images

X .=-C §12( '2 - jz02)"'§22(\Ez - \Eoz)"'ga
’ ElZ(%Z - ﬁoz)"’ Ezz(\{zz - \%2)"' gaz(gz - Eoz)
y,=- Ct::uz( 2~ %02)"'%22(\&2 - \%z)"'%sz( 2~ Eoz)
’ EJJ_Z(%Z - jgoz)"'Eszz( 2" \Eoz)"'Esaz(Ez - Eoz)

External parameters:

projection center coordinates: Xo11 Yo1: Zos Xo21 Y021 Loz
sensor angles: w,.J 1, K W,/ 5, K,
first image parameters: tt,,t,,WF,K

second image parameters:

Lo+, t,+ Dy, t,+ 0, W+Dw, F+0, K+Ik

to+/b, t, /b, t,+/b, W+w, F+j,, K+k,

Relative orientation parameters:

by’bz'M/Z’jZ’kZ

J KW/ 5k

Absolute orientation parameters:

Coplanarity equations i relative orientation

being:

tot,,t,/ ,\WF,K

(asymmetric case)

(symmetric case)

W =0
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Asymmetric case:

1 1

11 b
X Xl X2 XZ XZ
G b h|= ho| =R (W, , K
= v Y1 2| = | =R W/ 5, K ) Ys
0 b vy b +h,
b, -c 2z, z, -C
O b -c b+z

Bx(ylzZ +Ch2)' by(Xlzz +CX2)+ bz(thZ - y1X2) =0
Bx[yl (r13X2 T3y, - rssc) + C(r12x2 LY, - I‘320)] +
- by[xl(rlaxz T3y, - I’33C)+ C(rllXZ 1Y, - I’310)] +

+ bz[xl(rlzx2 Ty, - rszc) + yl(rllxz +1Y, - r31(:)] =0

C linearization of thisexpressionby a first order Tayl ord6s expansi ons:

b b B E b

%:'(&224'0;2) %:Xiﬁ2+yl;2
ﬁ/: 5 [y (r 2X5 +1, 22Y2 " C)+C(' i’13)(2 - i’;3)/2 + i;;30)] +

- By)(l(EZXZ + I-;ézyz - r32(:)"' Ble(' Fisxz - I7;33/2 + Fézzc)
£, = (5 - b, xl)( COSWW, COY 2cosk X, +COSIW, COY 2S|nk2y2 +COS,SINj ,C )
+(5 +b, x1Xsint?T/ O, COSK,X, - Sinit, cog7,Sink, Y, - sinﬁ/zsin/”zc)+
(b +b yl)( Siry 2cosk X, +siry ,sink,y, - coy ,C )

:5x[yl(f;3x - 13y2)+c( M55X; - 12y2)] b [Xl(EBX - 13y2)+c( 1%, - 11y2)]

*[®

+ 62 [z(ﬂzxz - Fizyz)' yl(lexz - F;.lyZ )]

C elementary case: V= Dy— - % E + 2 yg Cg y—2§@ —y XZIE2
X X - C
1 k -y
with the approximation: R=-k 1 w
/S -w 1
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Symmetric case:

1 1 1 1 _
0 b x, b +x b, X X,
SR 0 h hy=0

0 0 h h,
0 =z 2z,

0O 0 2 2z
Xl Xl XZ XZ

hz,- z,h,=0 hlzRiT(W1:O’/.11k1) Y1 h, :RzT(Wz’/.zikz Y,
z, -C z, -C

(r121X1 Y1 - r3ZlC)(r132X2 t1,Y, - I’332(:) +

- (r131X1 Fa1Y1 - r3SlC)(r122X2 PP P rszzc) =0

C linearization of this expressionby a first order Tayl ordés expansi ons:

éf %gb #Wadw /z %%

K~ (FraX, +Tya, Y, - r}szc)(- cosit, cos, cosk, X, - sini#, cosy,sink, y, - sinj 1sinklc)+
H 4
Y (A VAR 322c)(— COSIW, cog/ -, cosk, x, +Ccosi, oS/, Sink, Y, - cosvT/lsinflc)
IC _ _ _
ﬂ_< (r122X2 + rzzzYz rgzzc)(rzmxl B 121y1) (132X2 + rzaz Yo - r332c)(r23lxl B r131Y1)
1
L
T ( F121% + 501 Y1 - 3210)(r122X + 1022 - 3220) +
4
) (r131X1 F Y- 331C)( MaoXp - o3, + rsazc)
% = (Elel + Fém)’l ) Emc)(' COSI7V2 COS/~2 cosk,X, + COSWZ COS/NZSinkzyz ) COSWzSin/NzC)"'
) (Ealxl + F;alyl ) F;alc)(' COSWZ COS/~2 COSk,X, - Sian COS/~ZSink2y2 - siry 2Sinkzc)
e _ — ~ ~ ~
K ( M21% + r221y1 3210)(r332X2 - s yz) B ( Maa% + r231y1 331C)(r222X2 " T2 Y2)
2

C transformation between the asymmetric and symmetric parameters of the relative orientation:

b, = cos/ , cosk, J , =arcsinb,

b, = coy ;sin b
y =009 ysink, klzarctanb—y

b, =sin/ ,
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RI(Vo/ dkolbb,) = RE(v o/ k)R (v 1K)

RV o) =RV o ko0, )R (v k)
C general case:

C exhaustive analysis of preliminary values *2:

(note: 12.800 systems are solved and only 4 solutions could be valid, differing in 1, and k2 for p)

J1 ka s /2 ko
0-p2 |3 3
H-p4 7
0 7
p4 7
p2 2
304
o
504
302
704

7
7
7

E]

N A RN AN D™
N A A AN
N A QA AN

3 ktOif/11°p2 andlorket Oif /1 ° pl2

C generalized coplanarity equations 13;

N3 R 2 1 (S =9 (G 4y
él X <
N|| n
S F A

(

& 3
E|=R (#.7,.k ) &

NNl

£

I\)>FI-I(|—\>FI-I(><UI
,\F‘I( B T
(b—\l*ln(N
1
o
I\)'*.n(l\m( N>F|-|‘
I
9,
r\“ﬁ'l(
?ru
nSTIC

N

Model coordinates

X X,| 8 x| IX] X,
. C 1

y :/inj(Wz’/ 2K, - |Yo| O TR,' y| =Y - Yo

: Z,| 8 e |z] |z

ij i 0lj

ij g i

12 This solutions are performed using the coplanarity equations of the symmetric case.
13 This solutions are performed using the coplanarity equations of the asymmetric case.
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External direction tangents, then referred to the first and second images:

Xi - XOj — rllj Xij +r21j y”' - r3le
Zi - ZOj r13j Xij +r23] yij - r33jc
Y- Yo _ )% T Yy - I5C
Zi - ZOj r13j Xij + r23j yij - r331(3

C elementary case:

X _%. Y %
Z-h -c Z-h -c

X - 5x _ N12% + 1Y, - 15,0 Y-b _ NoX% T 155y, - T55C
Z- (h + bz) M13%; ¥ T3y, - T3C Z- (h + bz) N13X; T 53y, - T3C

-b glx_z + ély_z - §1C
" ’ ﬁ3x_2 + lgsy_z - Esc
Xi_l _ ElX_Z + §1y_2 - %10
-C E3X_2 + Esy_z - E33C

O

(

=(E )
-C

£=(E-n)2 N 2 P A P

' ( )'C ’ ’ ( ( )I%X2+€3Y2'Eac
\EZ‘EZ - ‘E residual parallax

(note: % = u Y=y E=w in the follows)

C general case:
b ""{fz
F,A Y- ”

3>
I
In(
+
N
=
MZt>
1l
<1
NP
=0



shre: o (sd)s)- (ba) £ (s0) (ba)s0)

1- (s@) 1- (s@f
a a
being: s=- L t=—2
&y 2,
% X,
a, =R; a, =R}
1 1 yl 2 2 y2
-C -C
Absolute orientation
) 5 8
v :EiRJ -E| ©
= Q
W Elo
i ¢l i~
C linearization of this expressionby a first order Tayl ordés expansi ons:

i 73 g
V] =7 SElo+ IR [,(Rya+ R +R k) gt
W s s
ij ij - i =
O r13 r12 r21 r22 r23
being: R,=0 - s Iy Ro=|-hy -y T
0 -1y 1y 0 0 0
- sinF cosK  sinWcosF cosK - cosWcosF coskK
I%. =| sinF sinK - sinWcosF sihnK  cosWcosF sinK
cosF sinWsinF - cosF sinF

Three images procedure:

C a bridging between 2 models, starting from 43 4 =16 possible cases (where 4 are the solution
obtained from the general case of the relative orientation), leads to 2 valid solutions (where the first

solution is specular respect the second one and vice-versa):

SMOde 2A 2B 2C 2D

1A 1AT 2A | 1AT 2B |1AT 2C|1AT2D
1B 1BT 2A|1BT 2B |1B7 2C|1Bi 2D
1C 1C7 2A|1C7T 2B|1C7 2C|1C1T1 2D
1D 1DV 2A 1DV 2B|1D7V 2C|1D71 2D

C asuccessive absolute orientation individuates the correct solution between the last 2 valid ones.



Quasi-exact solution in the absolute orientation:

ul a8 B8 I T B = I Ta R =
v| =RR(BEERE -l 0 |8 =£Rlv| +E =BR\V +F
Wi ¢ EZ,@ Ei bW Ezj Wi EZJ'
X el
Y=mA ] E
z Wi Ezj
f%-)? _Ju-a
‘[E-\? =RV -V
E-Zi W~ W,
. . . fii X u-u|
B = ‘()E- x| (-] EZJ|Ev| ooy 6o wWew) v
E-Zi wo- Wl
5? u i? )EV X u u-u|
‘%2 jTV being: ‘EZ‘{EV v :E:fv_-\_/_
Ei w, fi E Z. w, w- W,
5? u 0 c, - b
‘% :(I- Sj)'l(I+Sj \Y; where: S=|- C; 0 a,
E W b, -a O
i 1]
: u 1 c, b : 1 c, -bju
(1-s)¥ =(+s))v ¢, 1 -af=}¢ 1 al|v
AR -b.  a 1 b -a 1 |w]
i ij J J i J J ij
0 E-wy, - (B-v)&| [k -
'(E'W_ij) .0 k- U E*‘?'V_'i =0
‘E-V_i,- ( i'u_ij) 0 = E'W_ii
El X o 1+a®-b?-c>  2ab+c) 2(ac- b)
El =|Y|- BR|v T:1+ 2+1b2+ -l 2@b-c) 1-a*+b*-c*  2bc+a)
EZJ_ Z W, 4 “ | 2fac+b) 2(bc-a) 1-a’- b?+c?



Atmospheric refraction and earth curvature effects

Critic cylinder in the relative orientation

Aerial triangulation
Block adjustment among several images or models, using many tie points and few control points:

—a —H
C longitudinal overlapping (min 60%): " A T
+ B +
+ c +
Kk—b —H
C transversal overlapping (min 20%) (60%)
1 1
| |
| |
e
A B C i
+ + + -+
I |
[+ O BT
b E e
|
1




Anblock method:

o El S % B
vl =ER(WEE Elo g:}_é_;v +E
Wi ¢ E ig Ei bW J Ezj
: - E
§ 3 5 Elv E
: = 3 & % & +§
_ Ecosk+ lgink  fsink + Fcosk 1| Wi &,
F E El
where: Ej =COSIEJ-/EJ. —é—: §+ JZ
IEj = sinIEj / EJ IEJ. :arctang
5 1 0 OV 1 0 VcosI;E - sinl? cosl? - sinI? /E
ﬁjT =0 1 - 0 1 OfsinE cosk = sinlk coskk

o 1|-Fo 1 o 0 1 |- Fcosk+ BginkE fsink+ Bcoske 1

C splitting in two groups the horizontal and vertical parameters

ﬁvi 1E: E)(!Ey EJ aIE] (Ie E‘ 15)

e mE

o _ B = E -

&y -V 0 W / Ej £ E 0

=V Uy -yv_ij/ﬁj 5 0 gt 0
0 u, sinf, +v7 sinfe, - u; sin, +v7 sinfk, £ E W /E

; A
C horizontal equations:

. _ - - o

g = u_ \i +Z| W, f.(/.. where: W=F =0 (at the first step)

HovoullE -,

A1 5
|

X
= Y:| (for the control points)
i



C vertical equations:

—~ _ — T o

= _|&sinK// cosK// o & L
=lg S S e e+ +wlWE
ﬂi g'COSK// SinK//HJS\ﬂjjﬁJ Z|| W'J‘]/ 1‘

‘ﬂi = |ZTi (for the control points)

Image analysis

-1 .
intensity: = — I=1..N
C grey intensity g N-1
C red intensity: r :i i=1..M
y: Ve
C green intensity: g 2& j=1.M
g y: M1
k-1 .
blue intensity: b =—— i=1.M
C ue intensity k= M-1
Re-sampling:
N N < . 2 . 2
(,1)=5A AKE T kglkl)  wherer K(,jk)=10 0 K< L Ir1]<]
k=l 1= T 1 otherwise
NN ) cinf i
gci.i)=a a K@i kglk!) where: K(i',j k,l)= S"_],(' k) og'”f‘ )
k=1 1=1 i'-k ji-1
. 1 .
(note: Nyquist frequency: frox :Ecycleslpl)el)

Image matching:

C homology correspondence and image pyramid:

G least square adjustment 4: a a (gp(i,j)- g, (i,j))2 =min
i i
C affine transformation: gp(i .j)=c, +cg,(i +Dr +ic,,j + Dc+ic, + jc)

14 Robust procedures, as well as different transformation (considering the following point) are possible alternatives.
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PART IlIT CARTOGRAPHY

From a spherical or ellipsoid object to a plane representation

C Map projection equations: X = X(/ ,/) X = X(/ ,/)
y=y( /) y=y( /)

b o o - e s — — — ——

Development of triangle from a one-curvature surface to a plane

Types of deformation starting from a two-curvature surface

Az

PO
R

=<y

ds,

m = -

s =
Linear deformation

Ly

dop

>y

_ day
= doc

Areal deformation

=y
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ap

~

R
Y

Geodetic line and its representation

Metric evaluation of the cartographic equivalencies

-
=y




ds =r%d/*+r?%dj ?
d$ = dx? +dy? =€?dj 2 +2f dj d/ +g2d/?

where:

dx =g + By
W

2

o ~2 o ~2
Skt

¢H ~ CH ~

elr’=¢

W WY
dy=—d/ +=d/
W W

gJo
%
I-oon
+
“O) QN Qo
e
I-oor,

g:

N

g/r’=g

e f . : 5 . .
m? = — cos’ @ + = sina cosa +%sm2a =e cos’ a +2f sina cosa + g sin’a
r

ds,=rdj rd/ =rrdj d/

ds, =dmdpsinw=r dj Jerds \/Esinw

where: dm=rd/ Je
m, = ds, :@sinwz e g sinw
ds rr

moreover: tang,, = %( = de /uy ds
y W 2

tang, :d—X:L‘/Xd//”yd/

dy W
tang, - tang,
tanw= tan(qp . q’"): 1+ta;q tang,
p m

cosw=+1- serfw = f /,[eg

an

f\\\
IR
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tanw

1 a

_ X
serw= % —
Ji+tar? w/egCly W

finally:

being:

rd/ =dssina

d _r
— =—tana
da r

r dj =ds, cosa

_ tana - tana _

_dp_rd/yg _ [gd

dm /e

ed

r
= —\/Etana
rve

a o)
\/a - 18tana
crve =

tand:tan(a' - a)

Map projection classification

"~ 1+tana tana
1+r\/6tan2a
r\Ve

———
-
~
~
~
~
N - -~
NN ™ R\\
NN S~
N R
~N ~J ] S
~y I e Lo
"——:}*P ——eb=Za P
,”/,’l __—/J//
- N e s
Prs s 7 —\ i
S/ B T
s // s
- - /z.’/
-
e
-
-

b -
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Map projection examples

Mercator conformal projection

C Map projection equations:

C Linear deformation:

being:

C Angular deformation:

O

e

a&l- esiy @, ap J c”)(N)
:alnﬁ— t +7-0p
Y & +esinj§ ar‘é%i 298
g -
x=a/
1
2 . 2. —
ngzfl-esw.ljﬁz
r coy/
acoy

1

1- e’siny )2

a-a=0

Sanson-Flamsted or natural equivalent projection

C Map projection equations:

C Linear deformation:

C Areal deformation:

j
Y=y d

Jo
x=r(/-1/,)=Ncos/ (/ - /,)
m? =1- (/ - /,)sinj sin2a +(/ - /,) sin*j cos a =

-1 %(/ - 1,)sin/ sin2a

m, =1
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Universal stereographic polar (UPS) conformal projection

C Map projection equations: X = 2Rtar‘% - %8
g -—

sin/

y= 2Rtar&£ - /—gcos/
c4 2=+




_ | _ds _ 1
C Linear deformation: m= d_ - .
% o -1 8
(;4 2+
being: ds, =Rd/ ,and ds:
ds :@df e
/ cog -/ 8
(}4 2+

Lambert cylindrical equivalent projection

-y

I
|
A
Y
L oe=0
C Map projection equations: X =R/
y = Rsin/
C Areal deformation: m, =————RRcoy =1
RORcoy

Ptolemy conic quasi-equivalent projection

C Map projection equations: X = psinJ = (a- R/ )sin b/

y = pcosJ =(a- R/ )cosb/

Rcos/ , O .
here: J=—=0" =/sinj,=h/ <
where Ritany / o 2p
_ Rl -7 )=a- Ri
p tany (/ /o) R/

— 50°— 40°— 30°—20°—10°

r=0

10° 20° 30° 40° 50°
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& 1 .0
a=R —+/08

ctaly/ o <
b=sin/,

Cassini-Soldner polyhedral quasi-equivalent projection

C Map projection equations:

C Linear deformation:

C Areal deformation:

C Angular deformation:

S y=Y being: Y=ijQ-jo)
x=X X:(/P'/O)NPCOSjP
i
where: /-m_/o /o
2
/-Q:/-P+(/P'/O)ZNPSin2jP
ar,
X’ cos’ a
m=1+———
2r,N,
XXX o
m,=1+"2_""12 "2 cog’a',, (inthe segment 1,2)
67N,
2
L =1+ X
2r,N,
. _ Sscosa', § 1 . .0
a.,,~-a,,=- —— +-—-S Ssina +
12 12 2,,0N0 %1 3 12;

2 2 H 1 1
XXX X sina', cosa'y,
3 2r N,
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Differential equations

Conformal map projections

C 1stgeometric condition:

moreover: U=In

being: du=—ds

GH = ¢l - chu
where K:%ﬂzﬁg ﬂ:&&:L
oo 1 Woor

XYW
W W oW
Y KK + wﬂ =0
oW/
C Partial differential equations: 24 = el
TIRRY
W
W
C Linear deformation: m= @
r

C Complex representation: y+ix=f(u+i/)



y+ix=f(u)+ F' )i/ +%f“ (u)(i/)2+3!l g (u)(i/)3+zll Fv (u)(i/)ugl_ )i/ + .=

= f(u)+ ' (u)i/ - %f“ (u)/? - %f“' (u)i/3+zll Y (u) +§1_ £V (u)is®- ...

being: i the imaginary unit, so that: 2=-1
|

= etc

1 1
= f(u)- =" (u)/2+—fV(u)/4- ...
y=1)- Lot L)

1 1
=f') - =" (u)P+—=—=1"(u)°- ..
k=1 - e e

Equivalent map projection

C Geometric condition: m, =1
C Partial differential equations: ﬂ% - Kﬂ =rr
W
v WXy
Hu o/

+ 909

xY

+—90°
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C Geometric condition: Yi=o) = f (u)= r’jr du= r'ﬁ ras

where: f(u)=1, =A/ - Bsin2/ +Csin4/ - Dsing/ +...

f'(u)=r =Ncoy

u=—=——-=-rsin/ =-Nsin/ cos/

G Map projection equations: 'y =1, +%/2N sin/j cos/ +%{/4N sinj cos’j (5- t? + 9h° +4/74)
H 1 3 ; 2 2
x = /N cos/ +5/ N cos’j (1-t +h )+

+1—;0/5N cos’; (5- 1&2 +t* +1417 - 5&°n7)

being: t =tany
= N; r_ azc;zc2 co)
C Map projection reverse equations: Yy +ix = f(u + i/) Y u+i/ = g(y+ ix)
X2 4

. . X
J =i e W+ B3l el - enit)
1

1

3 5
f=— X X (422 +h?)+ (54287 + 24t + 647 + 8472
N,cos/, 6N, cos/ , 120N, cos/
being: t, =tary, hi = %N/—p_rg
g +/-=/'1

Meridian convergence

XV
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3

y:ﬂd/ dx

tang = —
g dx d/ d/

¢

a 2 2_ .2 =3
+..=1 sinj §+§/2co§/ L CZC cog) %a..:
¢ ¢ =

oo

g=1sin/ %+%lzco§j (1+3/72)
¢

X2

ax. & 1 o)
= arctarg—tan/ @&+-————+..,
% / ? 3N?cos/ @

o 2 ~
being: dy = /N sin/ cosj%+/—coszj (5- t2)+...§
d/ c 6 <

o 2 ~

N cos/ %+/—cosz/ (1- t2)+ g

d/ & 6 0

g=tang- tan®g/3+tar’ g/5- ...

Vo 3
©
i
-
e @ o g .
B8 8 9 <
e 8 g <

| NG L
lJ > {)\v &r10°
L NPT
\ B XY 51 TS
( /] { —20°

—20° 0° 20° 40° 60° 80° 100° . 120°

Linear deformation

m* =g =g/r? = (oW F + (y/w P )/r? =1+ /% cog’

2
m=,/1+/?cos/ @1+%coszj =1+ 2)’(\|2

dy/dx - T A S S L
d =—2/-"=/sin +-——cos/ (1+t?)+..8=/ sinj +—sin/ +
TR A J () §= /sy T sy
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ds a x @ a x> 9_ dx 1 X
ds = F =ds /g + - = X dx
® m S’/? 2N2§@d$? 2N2§ sind 2sind N?
_ dx
sinJ

X-% 1 xzd_xz-x1 1

3_ 3
Xz'X:L:

being: S, = - -
¥ > sing " sing R oN? sind  6r_N_ sinJ

XX 1 X~ X (2 + 2)
= - X, + X )=
sind  6r_N,_ sinJ b+ xx, +x¢) =5

2 2
S + XX, +X .
m,=-"=1+ KX TX (in the segment 1,2)
S, 6r N,
}z
P,
o
Py
Y
|
X
§ @s,
Ay !
I
| v '
> &
-
/ |
o
Py # !
by
7
v
s 7 P’y
V13
- LIT) A A/
l Uiz
Z Dl 0%
Py X2
"1:\
\\
P’ ~ oy
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8, X +xx £
? 6r N, Q

xy
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x(x +s sina)s’cos’ a

S-S —

S 24N*
67— (%1 ¥,)2% + %)
12 6,_CNC 1 2 2
6= (y,- y)(2% +x,)
21 6chC 2 1 2

Ellipsoid geometry

BESSEL (1841)
HAYFORD(1909)
WGS84 (1984)

X
C Ellipsoid principal axes: r =
N =
C Local sphere radius: R=

ZA

a=6.377397m
a=6.378388m
a=6.3781370m

a =1/2992
a=12970
a =1/29825722356.

<Yy

being: €° :a(2- a)
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PART IVT A SUMMARY OF THE MOST IMPORTANT HISTORICAL PASSAGES

The maps of Western culture
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Development of Western thought and civilization from classical Greece to Hellenistic world
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The high Middle Ages between Byzantium and Islam in North Africa
and Southwest Europe (mainly Spain and Sicily)

69



A path of space and time, from Ancient World to Middle Age and Renaissance, through art, architecture,

music, literature, philosophy, physics and mathematics, shows the passage from a circular time to a linear

one, and from a space based on the Euclidean geometry to an other one founded on the perspective.

Piero della Francesca, Scourging of Chrtist (Galleria Nazionale delle Marche, Urbino)
and its i s o tecodstruction by means of a geometrically rigorous perspective
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LIBYAN EGYPT

L\

The Middle Ages of the free Italian municipalities, the Italian maritime republics
and the Hanseatic League (in the North Sea and the Baltic Sea)
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Europe between Humanism (which developed from Italy and Flanders:
spreading slowly in the rest of Europe)
and the Renaissance (with a first significant presence of Northern Europe)
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ALGERIA

LIBYAN

The European division between the Protestant Reformation and the Catholic Counter-Reformation,
where France and Great Britain are in between
(while Eastern Europe is already separated from the Orthodox schism)
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The beginnings of the Enlightenment (mainly France and Great Brltam)
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Europe in the Age of Enlightenment (with a first significant presence of Russia),
but after, French Revolution, the Napoleonic adventure and the national Resurgences

The conquest of freedom, in equity, in the United Europe, once again active in the Mediterranean basin
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Nowadays the path of space and time, after the Golden siécle, the Enlightenment age, and the 19t and 20t
centuries, shows a time part of the relativistic physics, and a space opened to the non-Euclidean geometries,
where the innovations both in mathematics and physics not only involve other sciences and technologies,

but also have influence on the modern development of art, architecture, music, literature and philosophy.

The Tour Eiffel (Paris) with its hyperbolic profile

Hyperbolic triangle Elliptic triangle
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